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Extension of Poincaré Group and of Yang-Mills Theory
Proton Structure, Tensorgluons, PDF, Grand Unification

George Savvidy PARTICLEFACE 2019
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The extension of the Poincaré algebra.
New generators Lλ1...λsa carry higher spins and charges.

[Pµ, P ν ] = 0,

[Mµν , P λ] = i(ηλν Pµ − ηλµ P ν),

[Mµν , Mλρ] = i(ηµρ Mνλ − ηµλ Mνρ + ηνλ Mµρ − ηνρ Mµλ),

[Pµ, Lλ1...λsa ] = 0,

[Mµν , Lλ1...λsa ] = i(ηλ1νLµλ2...λsa + ...+−ηλsµLλ1...λs−1ν
a ),

[Lλ1...λna , L
λn+1...λs
b ] = ifabcL

λ1...λs
c (s = 0, 1, 2, ...).

Unification of the Poincaré and internal algebras.
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The Lµ1...µsa are high helicity generators

Lµ1...µsa =

s∏
n=1

(eiϕeµn+ + e−iϕeµn− )⊕ La, (1)

eµ± is the polarisation vector of helicity ±1,

kµ1L
µ1,...,µs
a = 0, k2 = 0, kµeµ = 0 (2)

The Lµ1...µsa carry the helicities:

h = ±s,±(s− 2), ......, (3)
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The non-Abelian tensor gauge fields are:

Aµ(x, L) =

∞∑
s=0

1

s!
Aaµλ1...λs(x) Lλ1...λsa . (4)

the field strength tensor is

Gµν(x, e) = ∂µAν(x, e)− ∂νAµ(x, e)− ig[Aµ(x, e) Aν(x, e)] (5)

The invariant Lagrangian

L(x) = 〈 Gaµν(x, L)Gaµν(x, L) 〉 (6)
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In terms of the field components the Lagrangian L is

L = − 1

4
GaµνG

a
µν

− 1

4
Gaµν,λG

a
µν,λ −

1

4
GaµνG

a
µν,λλ +

+
1

4
Gaµν,λG

a
µλ,ν +

1

4
Gaµν,νG

a
µλ,λ +

1

2
GaµνG

a
µλ,νλ+

where the field strength tensors are:

Gaµν = ∂µA
a
ν − ∂νAaµ + gfabc Abµ A

c
ν , (7)

Gaµν,λ = ∂µA
a
νλ − ∂νAaµλ + gfabc( Abµ A

c
νλ +Abµλ A

c
ν ),

Gaµν,λρ = ∂µA
a
νλρ − ∂νAaµλρ + gfabc( Abµ A

c
νλρ +Abµλ A

c
νρ +Abµρ A

c
νλ +Abµλρ A

c
ν ),

...... . ............................................
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Helicity spectrum of the tensor-gluons

Aaµ ±1

Aaµλ1 ±2,

Aaµλ1λ2 ±3,

Aaµλ1λ2λ3 ±4,

......... ..............,

Aaµλ1...λs ±s,
........ ...........,
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b, β

a, ’αα c, ’γγ

k

p

q

b, β

d, ’δδ c, ’γγ

k p

qr

a, α

Splitting of gluons into tensorgluons,
the coupling constants are dimensionless g and g2
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We consider a possibility that inside the proton and, more
generally, inside hadrons there are additional partons -
tensorgluons, which can carry a part of the proton momentum.

If there is an additional emission of tensorgluons in the proton,
then one should introduce the corresponding density T (x, t) of
tensorgluons

uu d
Gluons

Tensor Gluons

PROTON
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What we whant to know - are the Parton Distribution Functions -
PDF

for the new partons → TensorGluons

uu d
Gluons

Tensor Gluons

PROTON
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The generalisation of the parton evolution equations

q̇it(x) = α(t)
2π

∫ 1
x
dy
y [qj(y, t) Pqiqj +G(y, t) PqiG], (8)

Ġt(x) = α(t)
2π

∫ 1
x
dy
y [qj(y, t)PGqj +G(y, t)PGG + Tr(y, t)PGrT ],

Ṫr(x) = α(t)
2π

∫ 1
x
dy
y [G(y, t) PTrG +

∑
s Ts(y, t) PTrTs ].

The α(t) is the running coupling constant (α = g2/4π)

α(t) =
α

1 + b1 α t
, (9)

where b1 is the one-loop Callan-Symanzik beta coefficient,
it receives an additional contribution from the tensorgluons.

b1 = bquarks + bgluons + btensorgluons

G.S. Phys.Lett.B732, 2014
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Asymptotic Freedom of Tensor-Gluons

β1 =

∑
s(−1)2s(12s2 − 1)C2(G)− 4nfT (R)

48π2
g3

where s= 1, 2,..... at s=1 it reproduces the Gross-Wilczek-Politzer
result

Tensorgluons ”accelerate” the asymptotic freedom !
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Extension of Poincaré Group and of Yang-Mills Theory Proton Structure, Tensorgluons, PDF, Grand Unification

Splitting probabilities PCBA(z)

BhA
h

hC

A B + C

A B 

C 
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The DGLAP quark and gluon Splitting Probabilities in QCD are:

Pqq(z) = C2(R)

[
1 + z2

(1− z)+
+

3

2
δ(z − 1)

]
,

PGq(z) = C2(R)
1 + (1− z)2

z
, (10)

PqG(z) = T (R)[z2 + (1− z)2],

PGG(z) = 2C2(G)

[
z

(1− z)+
+

1− z
z

+ z(1− z)
]

+

+

∑
s(12s2 − 1)C2(G)− 4nfT (R)

6
δ(z − 1),

(11)

where C2(G) = N,C2(R) = N2−1
2N , T (R) = 1

2 for the SU(N).
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Extension of Poincaré Group and of Yang-Mills Theory Proton Structure, Tensorgluons, PDF, Grand Unification

BhA
h

hC

A B + C

A B 

C 

Figure: Splitting of the tensorgluons PC
BA.

P hChBhA =
1

z2ηhB−1(1− z)2ηhC−1 , hC + hB + hA = η = ±1.

The formula describes all known splitting probabilities found earlier
in Gauge theories and the generalised Yang-Mills theory.
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The splitting probabilities of gluons into tensorgluons is

PTsG(z) = C2(G)

[
z2s+1

(1− z)2s−1 +
(1− z)2s+1

z2s−1

]
,

PGTs(z) = C2(G)

[
1

z(1− z)2s−1 +
(1− z)2s+1

z

]
,

PTsTs(z) = C2(G)

[
z2s+1

(1− z) +
1

(1− z)z2s−1
]
.
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For spin 2 we shall have

PTG(z) = C2(G)

[
z5

(1− z)3 +
(1− z)5
z3

]
,

PGT (z) = C2(G)

[
1

z(1− z)3 +
(1− z)5

z

]
, (12)

PTT (z) = C2(G)

 z5

(1− z) +
1

(1− z)z3 +

5∑
j=1

1

j
δ(1− z)
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Tree level scattering amplitudes of (n-2)-gluons and 2-tensorgluons
calculated using BCFW formalism.G.Georgiou and G.S. IJMP 2011.

M̂n(1+, ..i−, ...k+s, ..j−s, ..n+) =

= ign−2(2π)4δ(4)(P aḃ)
< ij >4∏n

l=1 < ll + 1 >

(< ij >

< ik >

)2s−2
,

They reduce to the Parke-Taylor formula when s = 1.
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The collinear behavior:

M tree
n (..., aλa , bλb , ...)

a ‖ b
→

∑
λ=±1

Splittree−λ (aλa , bλb)×M tree
n−1(..., P λ, ..),

Mn Mn-1

a

b
P

a

b

z

z-1
Splitting

Antoniadis and Savvidy, Mod.Phys.Lett.(2012)
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Spin sum rule of helicity weighted distributions:

1

2
∆Σ + ∆G+

∑
s

s ∆Ts + Lz =
1

2
~.

The lowest moment of the spin-dependent structure function

Γp1 =

∫ 1

0
dx gp1(x,Q2) = I3 + I8 + I0

The singlet part of the proton spin structure function,
contribution of a tensorgluon of the helicity s

I0 =
1

9

(
∆Σ− nf

α(Q2)

2π
∆G

) (
1− α(Q2)

2π

3(12s2 − 1)− 8nf
3(12s2 − 1)− 2nf

)
+

+ nf
α(Q2)

2π
∆Ts

∑2s+1
k=1

1
k

3(12s2 − 1)− 2nf
.

Extension of Efremov-Altarelli-Ross formula
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Extension of Poincaré Group and of Yang-Mills Theory Proton Structure, Tensorgluons, PDF, Grand Unification

How the contribution of tensor-gluons changes the high energy
behaviour of the coupling constants of the SM ?
The coupling constants evolve with scale as

1

αi(M)
=

1

αi(µ)
+ 2bi ln

M

µ
, i = 1, 2, 3, (13)

consider only the contribution of s = 2 tensor-bosons:
For the SU(3)c × SU(2)L × U(1) group with its coupling
constants α3, α2 and α1 and six quarks nf = 6 and SU(5)
unification group we will get

2b3 =
1

2π
54, 2b2 =

1

2π

10

3
, 2b1 = − 1

2π
4,

the solution of the system of equations (13) gives

ln
M

µ
=

π

58

(
1

αel(µ)
− 8

3

1

αs(µ)

)
, (14)
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If one takes αel(MZ) = 1/128 and αs(MZ) = 1/10 one can get
that coupling constants have equal strength at energies of order

M ∼ 4× 104GeV = 40 TeV,

it is much smaller than the previous GU scale M ∼ 1014GeV
the value of the weak angle remains intact :

sin2 θW =
1

6
+

5

9

αel(MZ)

αs(MZ)
, (15)

the coupling constant at the unification scale is of order
ᾱ(M) = 0, 01.

George Savvidy PARTICLEFACE 2019
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Summary

uu d
Gluons

Tensor Gluons

PROTON

St
re

ng
th

 o
f F

or
ce

s 

1

↵i

ln
M

µ
0

1

↵1

1

↵2

1

↵3

6 105

MGU ⇡ 4 ⇥ 104GeV

1

2
∆Σ + ∆G+

∑
s

s ∆Ts + Lz =
1

2
~
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Thank You
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We suggest an extension of the gauge principle which includes new
tensor gauge bosons. The vector bosons of SM become the
members of the bigger family of gauge bosons of larger spins. The
extension is essentially based on the extension of the Poincaré
algebra. We calculated the scattering amplitudes of tensor bosons
at tree level, as well as their one-loop contribution into the
Callan-Symanzik beta function. This contribution is negative and
corresponds to the asymptotically free theory. This leads to a
natural inclusion of the Standard theory of fundamental forces into
theory in which vector bosons, leptons and quarks represent a
low-spin subgroup. We consider a possibility that inside the proton
and, more generally, inside hadrons there are additional partons -
tensorgluons, which can carry a part of the proton momentum.
The parton distribution functions (PDF) of the tensorgluons is
calculated. The extension of QCD influences the unification scale
at which the coupling constants of the Standard Model merge,
shifting its value to lower energies.
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Extension of Poincaré Group and of Yang-Mills Theory Proton Structure, Tensorgluons, PDF, Grand Unification

The Killing forms are:

〈Pµ;P ν〉 = 0

〈Mµν ;Pλ〉 = 0

〈Mµν ;Mλρ〉 = ηµληνρ − ηµρηνλ
L(P) :

〈Pµ;Lλ1...λsa 〉 = 0,

〈Mµν ;Lλ1...λsa 〉 = 0,

LG(P) :

〈Lλ1...λna ;L
λn+1....λ2s+1

b 〉 = 0, s = 0, 1, 2, 3, ...

〈Lλ1...λna ;L
λn+1....λ2s
b 〉 = δabs!(η

λ1λ2ηλ3λ4 ...ηλ2s−1λ2s + per)
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