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Nucleon landscape 
 

Factorization theorems help us to relate functions 
that describe the hadron structure and the 
experimental observables

Factorization is a controllable approximation and the 
goal of theorists and phenomenologists is to test 
and improve the region of applicability of 
factorization and/or construct new factorization 
theorems

Hadron structure is the ultimate goal of 
measurements and phenomenology

The main goal of phenomenology now is 
to have a well defined methodology that 
allows to study hadron structure              The polarized proton in momentum

space as “seen” by the virtual photon 
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Spin is a fundamental quantum degree of freedom 

Test of a theory is not complete 
without a full test of spin-dependent 
decays and scattering

Spin provides a unique opportunity to probe 
the inner structure of a composite system 
(such as the proton)

Why Spin?

Spin plays a critical role in 
determining the basic structure 
of fundamental interactions

Xiangdong Ji at DIS08
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 TMD distributions 

8 functions in total (at leading 
twist)

Each represents dif ferent 
aspects of partonic structure

Each depends on Bjorken-x, 
transverse momentum, the 
scale 

Each function is to be studied

Kotzinian (1995), Mulders, Tangerman (1995), Boer, Mulders (1998)

Quark TMDs

Collinear functions
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GPDs                                        TMDs 
 

DVCS SIDIS

ensures hard scale, pointlike interaction
momentum transfer can be varied 
independently 

Connection to 3D structure Burkardt (2000)
Burkardt (2003)

Drell-Yan frame Weiss (2009)

ensures hard scale, pointlike interaction
final hadron transverse momentum
can be varied independently 

Connection to 3D structure

     
    is the transverse separation of parton fields
 in configuration space 

Ji, Ma, Yuan (2004)
Collins (2011)    

AP (2012)

P P 0

Q2

�

Kotzinian (1995),  
Mulders,  
Tangerman (1995),  
Boer, Mulders (1998) 

Q2
PhT

k?

Ji (1997) 
Radyushkin (1997)
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Why TMDs, factorization, and evolution
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proton

lepton lepton

pion

electron

positron
pion

Collins, Soper (1983) 
Collins, Soper, Sterman (1985) 

Collins (2011) 

TMD evolution equations

Collins, Soper (1983) 
Collins (2011)

Meng, Olness, Soper (1992) 
Ji, Ma, Yuan (2005) 

Idilbi, Ji, Ma, Yuan (2004)  
Collins (2011)

TMD factorization
e+e–

SIDIS

Drell-Yan

proton positron

electronprotonpion

Collins, Soper, Sterman (1985) 
Ji, Ma, Yuan (2004) 

Collins (2011)

qT ≪ Q
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proton

lepton lepton

pion

electron

positron
pion

proton

proton

pion

TMD evolution equations

Qiu, Sterman (1990)

Only one scale is 
measured in PP 

TMD factorization is 
not applicable?

TMD factorization
e+e–

SIDIS

PP

?

Drell-Yan

proton positron

electronprotonpion

Collins, Soper, Sterman (1985) 
Ji, Ma, Yuan (2004) 

Collins (2011)

Collins, Soper (1983) 
Collins, Soper, Sterman (1985) 

Collins (2011) 

Collins, Soper (1983) 
Collins (2011)

qT ≪ Q

Meng, Olness, Soper (1992) 
Ji, Ma, Yuan (2005) 

Idilbi, Ji, Ma, Yuan (2004)  
Collins (2011)
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proton

lepton lepton

pion

electron

positron
pion

proton

proton

pion

TMD evolution equations

Qiu, Sterman (1990)

e+e–

SIDIS

PP

!

Drell-Yan

proton positron

electronprotonpion

Collins, Soper, Sterman (1985) 
Ji, Ma, Yuan (2004) 

Collins (2011)

Twist-3 factorization
DGLAP equations

Global fit is needed.
Work in progress

• Twist-3 functions are related to TMD via OPE 
•  TMD and twist-3 factorizations are related in high QT region 
• Global analysis of TMDs and twist-3 is possible: 
All four processes can be used. 
• Data are from HERMES, COMPASS, JLab, 
BaBar, Belle, RHIC, LHC, Fermilab

TMD factorization
Collins, Soper (1983) 

Collins, Soper, Sterman (1985) 
Collins (2011) 

Collins, Soper (1983) 
Collins (2011)

qT ≪ Q

Meng, Olness, Soper (1992) 
Ji, Ma, Yuan (2005) 

Idilbi, Ji, Ma, Yuan (2004)  
Collins (2011)



TMD factorization vs CSS 
•Collins-Soper-Sterman formalism (1985) provides a method to calculate a differential in qT 
cross section taking into account logarithmic corrections up to all orders in as. 

•TMD formalism (Collins 2011) and CSS results can be matched  

•The main advantage of TMD formalism with respect to CSS - well defined individual TMD 
(universal) functions - is a possibility of a global fit of experimental data from various 
processes . 

•Universal or quasi-universal TMD functions encode the hadron structure we are interested in. 

•Perturbative quantities are known up to several orders in log resummation in CSS and can be 
readily used in TMD formalism 

•As TMD formalism deals with regulated TMD functions, some ambiguity in hard factor that is 
present in CSS is resolved   

Collins, Rogers Phys.Rev. D96 (2017), 054011

this makes the relation between the results of fits and the
actual TMD parton densities much more transparent.
The TMD functions, with their new definitions, are

demonstrably process independent, within the set of proc-
esses considered, i.e., all kinds of Drell-Yan-like process,
SIDIS, and eþe− annihilation to back-to-back hadrons. This
process independence is modified by the well-known sign
change between Drell-Yan and SIDIS for T-odd TMD parton
densities like the Sivers function. In the factorization formula,
only the perturbatively calculable hard scattering contains
process dependence. Themethod also avoids the divergences
that were found byBacchetta et al. [24] AppendixAwhen the
original CS definition of TMD densities is taken literally.
Despite these changes, the new method should be

considered a scheme change relative to the original CS/
CSS definitions, as we will see in later sections.
A summary of the new method can be found in [25],

together with a set of different forms of solution. Here, we
will present only those results needed for our purposes, but
adapted to the cross section given in Eq. (2).

Within the framework of SCET, closely related TMD
factorization results have been given by Becher and Neubert
[26] and by Echevarría et al. [5]. The results of Echevarría
et al. are equivalent [27] to those presented here, with the
TMD functions being the same (up to possible elementary
changes in the scheme used for UV renormalization); their
formula defining the TMD densities is simpler than that of
Ref. [4]. Becher and Neubert did not define separately finite
TMD functions. But they did define the product of two such
functions, as used in factorization formulas, and the product
agrees with the product of the TMD functions used here and
by Echevarría et al. (Details of this can be extracted from a
comparison of the relevant formulas in [5,26,27].) There is
also the formulation of TMD factorization given by Li et al.
[28], which looks rather different. We will show in
Appendix B how it can be mapped, nontrivially, onto the
CSS2 formalism; the result will enable use in CSS2 of the
order a3s calculations of the evolution of the soft factor that
were given by Li and Zhu [13].
The TMD factorization formula in the new scheme is

dσ
dQ2dydq2T

¼ 4π2α2

9Q2s

X

j

HDY
j|̄ ðQ; μQ; asðμQÞÞ

Z
d2bT
ð2πÞ2

eiqT·bT ~fj=AðxA; bT;Q2; μQÞ ~f|̄=BðxB; bT;Q2; μQÞ

þ suppressed corrections; ð6Þ

where the hard scattering factor HDY
j|̄ is normalized so that

its lowest order term is e2j . The scale argument ofH is set to
μQ to avoid large logarithms. The last two arguments of the
parton densities, fj=Hðx; bT;Q2; μQÞ, are normally written
as ζ and μ, and these arguments refer to effective cutoffs on
rapidity and transverse momentum as implemented by the
definitions in [4].
Predictions are obtained with the aid of evolution equa-

tions and the small-bT OPE of the TMD parton densities:

∂ ln ~ff=Hðx; bT; ζ; μÞ
∂ ln ffiffiffi

ζ
p ¼ ~KðbT; μÞ: ð7Þ

d ~KðbT; μÞ
d ln μ

¼ −γKðasðμÞÞ; ð8Þ

d ln ~fj=Hðx; bT; ζ; μÞ
d ln μ

¼ γjðasðμÞÞ −
1

2
γKðasðμÞÞ ln

ζ
μ2

; ð9Þ

~fj=Hðx; bT; ζ; μÞ ¼
X

k

Z
1þ

x−

dξ
ξ

~CPDF
j=k ðx=ξ; bT; ζ; μ; asðμÞÞfk=Hðξ; μÞ þO½ðmbTÞp&: ð10Þ

(For an explanation of the notations x− and 1þ for the integration limits, see [4] pp. 248 & 249].) A solution that
corresponds to Eq. (2) is

dσ
dQ2dydq2T

¼ 4π2α2

9Q2s

X

j;jA;jB

HDY
j|̄ ðQ; μQ; asðμQÞÞ

Z
d2bT
ð2πÞ2

eiqT·bT

× e−gj=AðxA;bT;bmaxÞ
Z

1

xA

dξA
ξA

fjA=AðξA; μb' Þ ~C
PDF
j=jA

"
xA
ξA

; b'; μ2b' ; μb' ; asðμb' Þ
#

× e−g|̄=BðxB;bT;bmaxÞ
Z

1

xB

dξB
ξB

fjB=BðξB; μb' Þ ~C
PDF
|̄=jB

"
xB
ξB

; b'; μ2b' ; μb' ; asðμb' Þ
#

× exp
$
−gKðbT;bmaxÞ ln

Q2

Q2
0

þ ~Kðb'; μb' Þ ln
Q2

μ2b'
þ
Z

μQ

μb'

dμ0

μ0

%
2γjðasðμ0ÞÞ − ln

Q2

ðμ0Þ2
γKðasðμ0ÞÞ

&'

þ suppressed corrections: ð11Þ

JOHN COLLINS and TED C. ROGERS PHYSICAL REVIEW D 96, 054011 (2017)

054011-4
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Prokudin, Sun, Yuan,  Phys.Lett. B750 (2015) 533-538
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Collinear PDFs

✓ DGLAP evolution

✓ Resum

✓ Kernel: purely perturbative

TMDs

✓ Collins-Soper/rapidity evolution 
equation

✓ Resum

✓ Kernel: can be non-perturbative 
when 

● Just like collinear PDFs, TMDs also depend on the scale of the probe 
= evolution

TMDs evolve
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Collins, Soper, Sterman 85, ResBos, Qiu, Zhang 99, Echevarria, Idilbi, Kang, Vitev, 14, 
Aidala, Field, Gamberg, Rogers, 14, Sun, Yuan 14, D’Alesio, Echevarria, Melis, Scimemi, 14, Rogers, Collins, 15, 
Vladimirov,  Scimemi 17…

longitudinal/collinear part transverse part ✓ Non-perturbative: fitted from data
✓ The key ingredient – ln(Q) piece is 

spin-independentSince the polarized scattering data is still limited 
kinematics, we can use unpolarized data to constrain/
extract key ingredients for the non-perturbative part

▪ Fourier transform back to the momentum space, one needs the whole 
b region (large b): need some non-perturbative extrapolation
▪ Many different methods/proposals to model this non-perturbative   

part

▪ Eventually evolved TMDs in b-space

TMD evolution and non-perturbative component



TMD factorization 
•TMD factorization organizes a differential in qT cross section as a convolution of TMD 
functions  (W term) in the region of applicability of TMD factorization qT ≪ Q 

•CSS formalism provides a W+Y method to make the cross section accurate in a wide region of 
qT by adding a Y term, which is a difference of a Fixed Order calculation in collinear 
approximation and its asymptotic expansion qT      0 

•At some large qT ~ Q calculation is switched to a Fixed Order

Monday,	October	29,	2018 5:34	PM

Collins, Soper, Sterman (1985) 
Collins (2011)



Success of  TMD factorization predictive power

Upsilon production at the LHC

Quarkonium production in hadronic collisions in TMD framework Kazuhiro Watanabe

0 5 10 15
100

101

102

103

104

⌥(1S)

P? [GeV]

B
r µ

+
µ
�

d2
�

dP
?
dy

[p
b
/G

eV
]

CDF :
p
s = 1.8 TeV, |y| < 0.4

ATLAS :
p
s = 7 TeV, |y| < 1.2 (⇥5)

Figure 2: Differential cross section for °(1S) production in hadronic collisions at Tevatron and the LHC in
the middle rapidity region. All the input parameters are chosen to be the same as in Ref. [7]. Data are taken
from [13, 14].

section at RHIC energy. For the qq̄ channel, the b?-distribution of Wqq̄ is more broad so that the
nonperturbative form factor is more relevant. Nevertheless, in our calculations, we do not need to
worry too much about it because the size of contribution from the gg channel is more than an order
of magnitude larger than that from the qq̄ channel.

Figure 2 displays differential cross sections for °(1S) production in hadronic collisions at
Tevatron and the LHC by computing Eq. (2.3) with Eq. (2.1). We set µ = 0.5

q
M2 +P2

? for the
perturbation term. At Tevatron, we reproduce the early prediction in Ref. [7] by setting Fbb̄!° =

C° = 0.044 that was obtained by data fitting in Ref. [7], which is effectively a Color-Evaporation-
Model calculation [4]. To compare with data, we simply switch the resummation term to the NLO
perturbative term at the intersection of two curves around P? ⇠ M°/2, instead of using the Y -term.
We have also multiplied the resummation term by a factor Kr = 1.22 to match the perturbation result
at the intersection. At the LHC, there is more phase space for gluons shower, and we expect our
predictions with the same parameters set to be consistent with the data, which is confirmed nicely
by the data up to around P? = 10 GeV. It is worth noting that the matching point shifts toward
larger P? at the LHC compared to that at Tevatron. This is because an increase in the scattering
energy allows more phase space for incoming partons to radiate.

4. Summary

We have performed numerical calculations for ° production in high-energy hadronic colli-
sions in terms of the Collins-Soper-Sterman resummation formalism in the TMD framework. The
behavior of Wgg and Wqq̄ in the b?-space at Tevatron and the LHC clearly shows that our perturba-
tively calculated results are reliable without much ambiguities associated with the nonperturbative
Sudakov factor at large b?. Our results can naturally describe both the Tevatron data and the LHC

4
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Fig. 8. Compare the resummation prediction for Z boson production at the LHC.49–51 The data
in left one is from the ATLAS collaboration, the right one is for CMS collaboration. These data
are not included in our fit.

parameters are fitted only with the Drell–Yan type data. From the comparison to
the experimental data, we can see that the new form is equally good as compared
to the original BLNY parametrization.

4. Fitting Semi-Inclusive DIS Data with New Parametrization

The universality of the parton distribution functions (PDFs) is a powerful prediction
from QCD factorization. According to the TMD factorization, the nonperturbative
functions determined for the TMD quark distributions from the Drell–Yan type
of processes shall apply to that in the SIDIS processes. Of course, the transverse
momentum distribution of hadron production in DIS processes also depends on
the final state fragmentation functions, which we will parametrize. Following the
universality argument, we introduce the following parametrization form to describe
the nonperturbative form factors for SIDIS processes,

S(DIS)
NP = g2 ln(b/b∗) ln(Q/Q0) + g1b

2/2 + g3(x0/xB)
λ + ghb

2/z2h . (16)

In the above parametrization, named as SIYY-2 form, g1, g2 and g3 have been
determined from the experimental data of Drell–Yan lepton pair production. The
only unknown parameter gh will be determined by fitting to the HERMES and
COMPASS data. Although there has been evidence from a recent study34 that gh
could be different for the so-called favored and dis-favored fragmentation functions,
we will take them to be the same in this study, for simplicity. With more data
coming out in the future, we should be able to fit with separate parameters.

In principle, we can fit g1, g2, g3, and gh together to both Drell–Yan and SIDIS
data. However, the DIS data do not cover large range ofQ2. In addition, the differen-
tial cross-sections in SIDIS depend on the fragmentation function, which themselves
are not well constrained at the present time. Therefore, in this paper, we will take
the parameters g(1,2,3) fitted to the Drell–Yan data to compare to the SIDIS to
check if they are consistent with the SIDIS data.
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Z boson production at the LHC

•TMD factorization (with an appropriate matching to collinear results) aims at an accurate 
description (and prediction) of a differential in qT cross section in a wide range of qT 

•LHC results at 7 and 13 TeV are accurately predicted from fits of lower energies 
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Qiu, Watanabe arXiv:1710.06928 Sun, Isaacson, Yuan, Yuan arXiv:1406.3073



“Problems” of  TMD factorization at low Q
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Figure 6. dσNLO, dσASY, WNLL and the sum WNLL+Y (see eq. (3.3)), corresponding to the three
different SIDIS kinematical configurations defined in figure 1. Here bmax = 1.0GeV−1, g1 = 0.3
GeV2, g1f = 0.1GeV2, g2 = 0GeV2.

3.3 Y term matching

It should now be clear that a successful matching heavily depends on the subtle inter-

play between perturbative and non-perturbative contributions to the total cross section,

and that finding a kinematical range in which the resummed cross section W matches its

asymptotic counterpart dσASY, in the region qT ∼ Q, cannot be taken for granted.

In figure 6 we show, in the three SIDIS configurations considered above, the NLO

cross section dσNLO (solid, red line), the asymptotic cross section dσASY (dashed, green

line) and the NLL resummed cross section WNLL (dot-dashed, cyan line). The dotted blue

line represents the sum (WNLL + Y ), according to eq. (2.19).

Clearly, in none of the kinematical configurations considered, WNLL matches dσASY,

they both change sign at very different values of qT . Moreover, the Y factor can be very

large compared to WNLL. Consequently, the total cross section WNLL + Y (dotted, blue

line) never matches the fixed order cross section dσNLO (solid, red line). At low and

intermediate energies, the main source of the matching failure is represented by the non-

perturbative contribution to the Sudakov factor. As we showed in section 3.1, the resummed

term W of the cross section is totally dominated by the non-perturbative input, even at

large qT . Notice that, in the kinematical configurations of the COMPASS experiment, the

matching cannot be achieved simply by adding higher order corrections to the perturbative

calculation of the Y term, as proposed in ref. [8], as WNLL is heavily dependent on the

non-perturbative input.

Interestingly, the cross section does not match the NLO result even at the highest

energies considered,
√
s = 1TeV and Q2 = 5000GeV2: further comments will be addressed

in the following subsection.

3.4 Matching with the inclusion of non-perturbative contributions

As discussed above, the mismatch betweenWNLL and dσASY at qT ∼ Q is mainly due to the

non-perturbative content of the cross section, which turns out to be non-negligible, at least

at low and intermediate energies. To try solving this problem one could experiment different

– 10 –

•At low Q the Y term becomes unreasonably large (larger than the W term) in the region of the 
maximal validity of TMD factorization (cross section should be given by W with a small error) 
•W term changes sign at a different qT compared to ASY, making matching problematic 
•The reason: Y=FO-ASY has constant terms that do not depend on qT and may be large 
compared to W if cross section itself is small 
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Sun, Isaacson, Yuan, Yuan arXiv:1406.3073
Boglione, Gonzalez, Melis, AP arXiv:1412.1383 
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FIG. 10: Y -term contribution (dashed curve) to the multiplicity distribution as a function of

transverse momentum, compared to the leading power transverse momentum dependent result
(solid curve), for the experimental data from HERMES Collaboration at Q2 = 3.14GeV2.

carry out this computation and come back to this issue in the near future. This may also
indicate that we need to take into account higher power corrections for SIDIS processes in
the relative low Q2 range. In this context, it means that certain terms in the Y -term may
come from higher power correction in the TMD factorization, which could result in different
resummation results. This is similar to what has been discussed in Ref. [40] for higher-
twist contributions to the SIDIS, where cosφ and cos 2φ azimuthal asymmetries in SIDIS
processes come from higher-twist effects in the TMD framework. However, the factorization
for higher-twist contribution in the TMD framework is not fully understood at the present.

On the other hand, the consistency between the leading power TMD results and the
experimental data from HERMES and COMPASS collaborations, cf. Fig. 9, supports the
application of the TMD factorization in the relative low Q2 range of these two experiments.
To further test the TMD resummation formalism in the SIDIS experiments, we need more
data with large Q2 values, where the Y -term contributions will become much less impor-
tant. In Fig. 11, we show some numeric results for Q2 = 10, 20 GeV2. In particular, for
Q2 = 20GeV2, its contribution is negligible for all p⊥ range of interests. Higher Q2 range
is particularly one of the important focuses for the SIDIS measurements in the planned
electron-ion collider [1], where the above assumptions can be well tested.

V. DISCUSSION AND CONCLUSION

In this paper, we have re-analyzed the transverse momentum distribution of the Drell-
Yan type of lepton pair production processes in hadronic collisions in the framework of CSS
resummation formalism. Our goal is to find a new form for the non-perturbative function
which can be used to simultaneously describe the semi-inclusive hadron production in DIS
processes (such as from HERMES and COMPASS Collaborations) and all the Drell-Yan
type processes (such as W , Z and low energy Drell-Yan pair productions). In Secs. II and
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SIX

Relating transverse-momentum-dependent and collinear factorization
theorems in a generalized formalism

J. Collins,1,* L. Gamberg,2,† A. Prokudin,2,3,‡ T. C. Rogers,4,3,§ N. Sato,3,∥ and B. Wang4,3,¶
1Department of Physics, Penn State University, University Park. Pennsylvania 16802, USA

2Science Division, Penn State University Berks, Reading, Pennsylvania 19610, USA
3Theory Center, Jefferson Lab, 12000 Jefferson Avenue, Newport News, Virginia 23606, USA

4Department of Physics, Old Dominion University, Norfolk, Virginia 23529, USA
(Received 24 May 2016; published 8 August 2016)

We construct an improved implementation for combining transverse-momentum-dependent (TMD)
factorization and collinear factorization. TMD factorization is suitable for low transverse momentum
physics, while collinear factorization is suitable for high transverse momenta and for a cross section
integrated over transverse momentum. The result is a modified version of the standard W þ Y prescription
traditionally used in the Collins-Soper-Sterman (CSS) formalism and related approaches. We further argue
that questions regarding the shape and Q dependence of the cross sections at lower Q are largely governed
by the matching to the Y term.

DOI: 10.1103/PhysRevD.94.034014

I. INTRODUCTION

Much of the literature on the TMD factorization for-
malism is based on methods like those of Collins, Soper
and Sterman (CSS) [1–4] where, traditionally, applications
have been at very high scales. The formalism involves a
factorization with TMD parton densities and/or fragmen-
tation functions together with evolution equations and
associated properties like universality. TMD correlation
functions have attracted interest, both for their usefulness
in perturbative calculations, and for their potential to
yield information about underlying nonperturbative QCD
structures. Results with essentially the same or a related
structure are also found in SCET [5–7]. In this paper, we
focus on the CSS formalism and its updated version
in Ref. [4].
TMD correlation functions are most useful for qT ≪ Q,

where qT is the relevant transverse momentum and Q is the
overall hard scale. When qT is of order Q, the cross section
does not factor into TMD correlation functions, but normal
collinear factorization applies. It is, of course, necessary to
be able to analyze cross sections over the whole range of qT
including intermediate transverse momenta. To this end,
CSS organized the cross section into an additive form,
W þ Y, whereW is the pure TMD factorization term and Y
is a correction term using collinear factorization. Here, W
dominates in the limit of small qT=Qwhile Y is a correction
for large qT=Q. This was designed with the aim to have a

formalism that is valid to leading power in m=Q uniformly
in qT; here, m is a typical hadronic mass scale.
However, it has become increasingly clear that the

original CSS W þ Y method is not sufficient for modern
TMD applications. One reason is that there is a growing
number of lower-Q phenomenological studies focused on
the intrinsic transverse motion related to nonperturbative
binding and nucleon structure. The advantages of the usual
W þ Y decomposition are clearest when Q is large enough
that there is a broad intermediate range of transverse
momentum characterized by m ≪ qT ≪ Q; that is, there
is a range where qT=Q is sufficiently small that TMD
factorization is valid to good accuracy, while m=qT is also
sufficiently small that collinear factorization is simulta-
neously valid. However, at lower phenomenologically
interesting values ofQ, neither of these ratios is necessarily
very small. Some other difficulties are summarized below.
These particularly concern the ability of the originalW þ Y
method to properly match collinear factorization for the
cross section integrated over qT.
The problems create practical difficulties for studies

specifically devoted to extracting and analyzing nonper-
turbative transverse momentum dependence. For such
applications, the relevant experiments often involve hard
scales of only a few GeV. The phase space of qT has a
narrow transition window between a solidly perturbative
transverse momentum region [where qT ≃OðQÞ] and a
nonperturbative region [where qT ≃OðmÞ], making the
treatment of matching the perturbative and nonpertubative
content in the intermediate region rather delicate. A classic
analysis of the issues concerning the matching of the
TMD factorization and collinear factorization was given
by Arnold and Kauffman [8], and more recently in
Refs. [9–12]. See especially Sec. II.6 of Ref. [9] for a
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We construct an improved implementation for combining transverse-momentum-dependent (TMD)
factorization and collinear factorization. TMD factorization is suitable for low transverse momentum
physics, while collinear factorization is suitable for high transverse momenta and for a cross section
integrated over transverse momentum. The result is a modified version of the standard W þ Y prescription
traditionally used in the Collins-Soper-Sterman (CSS) formalism and related approaches. We further argue
that questions regarding the shape and Q dependence of the cross sections at lower Q are largely governed
by the matching to the Y term.
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I. INTRODUCTION

Much of the literature on the TMD factorization for-
malism is based on methods like those of Collins, Soper
and Sterman (CSS) [1–4] where, traditionally, applications
have been at very high scales. The formalism involves a
factorization with TMD parton densities and/or fragmen-
tation functions together with evolution equations and
associated properties like universality. TMD correlation
functions have attracted interest, both for their usefulness
in perturbative calculations, and for their potential to
yield information about underlying nonperturbative QCD
structures. Results with essentially the same or a related
structure are also found in SCET [5–7]. In this paper, we
focus on the CSS formalism and its updated version
in Ref. [4].
TMD correlation functions are most useful for qT ≪ Q,

where qT is the relevant transverse momentum and Q is the
overall hard scale. When qT is of order Q, the cross section
does not factor into TMD correlation functions, but normal
collinear factorization applies. It is, of course, necessary to
be able to analyze cross sections over the whole range of qT
including intermediate transverse momenta. To this end,
CSS organized the cross section into an additive form,
W þ Y, whereW is the pure TMD factorization term and Y
is a correction term using collinear factorization. Here, W
dominates in the limit of small qT=Qwhile Y is a correction
for large qT=Q. This was designed with the aim to have a

formalism that is valid to leading power in m=Q uniformly
in qT; here, m is a typical hadronic mass scale.
However, it has become increasingly clear that the

original CSS W þ Y method is not sufficient for modern
TMD applications. One reason is that there is a growing
number of lower-Q phenomenological studies focused on
the intrinsic transverse motion related to nonperturbative
binding and nucleon structure. The advantages of the usual
W þ Y decomposition are clearest when Q is large enough
that there is a broad intermediate range of transverse
momentum characterized by m ≪ qT ≪ Q; that is, there
is a range where qT=Q is sufficiently small that TMD
factorization is valid to good accuracy, while m=qT is also
sufficiently small that collinear factorization is simulta-
neously valid. However, at lower phenomenologically
interesting values ofQ, neither of these ratios is necessarily
very small. Some other difficulties are summarized below.
These particularly concern the ability of the originalW þ Y
method to properly match collinear factorization for the
cross section integrated over qT.
The problems create practical difficulties for studies

specifically devoted to extracting and analyzing nonper-
turbative transverse momentum dependence. For such
applications, the relevant experiments often involve hard
scales of only a few GeV. The phase space of qT has a
narrow transition window between a solidly perturbative
transverse momentum region [where qT ≃OðQÞ] and a
nonperturbative region [where qT ≃OðmÞ], making the
treatment of matching the perturbative and nonpertubative
content in the intermediate region rather delicate. A classic
analysis of the issues concerning the matching of the
TMD factorization and collinear factorization was given
by Arnold and Kauffman [8], and more recently in
Refs. [9–12]. See especially Sec. II.6 of Ref. [9] for a
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Finally, we restore the explicit ΞðqT=Q; ηÞ in the
asymptotic term and calculate the Y term according to
Eq. (57) for two values of Q, one large and one small.
The results are shown in Figs. 3(a) and 3(b). Here, we
use C5 ¼ 1.0 as a compromise between the various
choices in Fig. 2 and to match with a common choice
used in calculations like those of Ref. [14]. For Q ¼
20 GeV (Fig. 3(a)), there is a region 1.0 GeV≲ qT ≲
6.0 GeV where the Y term is a useful nontrivial correc-
tion. Beyond about qT ≈ 6.0 GeV, the Y term simply
approaches the FOðqT; QÞ calculation (where the W term
vanishes).
Within our W þ Y method, the Y term remains a

reasonable correction for large qT=Q even down to
Q ¼ 2.0 GeV, as shown in Fig. 3(b). There it forces a
matching with the FOðqT; QÞ calculation at qT ¼ OðQÞ,
while it vanishes for small qT.
Note that, if the entire range of qT up to order Q is

considered, then the treatment of the Y term plays an
important role in describing the general shape of the qT
spectrum, particularly for the smaller Q values. Indeed, for
smaller Q, the Y term appears to dominate the tail region.
These observations highlight the importance of achieving
well-constrained collinear treatments of the large qT
region. Most likely, calculations of the fixed-order term
to rather high order should be included in implementations
to adequately describe the large qT behavior. For instance,
Ref. [30] finds that order α2s fixed-order calculations are
needed to get acceptable phenomenological success (see
the comparison of curves in Fig. 4 of Ref. [30]).
Reference [31] finds that threshold resummation correc-
tions are also needed.

X. BREAKDOWN OF FACTORIZATION
IN THE PHOTOPRODUCTION LIMIT

Of course, both TMD and collinear factorization theorems
apply to the limit of a large hard scaleQ; part of the statement
is that corrections to the factorized formulas are suppressed by
powers ofm=Q. Therefore, one expects factorization towork
well in practice for very large Q and to fail completely for
Q → 0, with the in-between region being less clear. In the
SIDIS case, theQ → 0 limit corresponds to photoproduction:
γ þ P → H þ X. If Q is gradually decreased from some
initially very large values, one expects uncertainties related to
the general onset of non-perturbative physics beyond fac-
torization to gradually increase.
This is, of course, a standard and well-known aspect of

QCD. The most obvious signal of the breakdown of

FIG. 2. The absolute value of the asymptotic term calculation
with Ξ replaced by 1, and with the substitutions in Eqs. (65) and
(66) and various choices for C5. The brown dashed curve is the
limit of the standard CSS Y term approach. In all cases, C2 ¼ 1.
The blue dotted and magenta dash-dotted curves correspond
C5 ¼ 0.5 and C5 ¼ 2.0, respectively. All curves are normalized
to FOðqT; QÞ for C2=C5 ¼ 0 and qT ¼ 1 GeV. The variation
between the curves can be viewed as an measure of the sensitivity
of the AYðqT; QÞ calculation to different choices of C5. In all
cases, we take x ¼ 0.1 and z ¼ 0.5.

FIG. 3. The Y term (blue solid curves) calculated using the
method of Eq. (57) and Sec. VIII. One calculation (a) is for a large
scale, Q ¼ 20.0 GeV and one calculation (b) is for a small scale,
Q ¼ 2.0 GeV. For comparison, the FOðqT; QÞ (green dashed)
and AYNewðqT; Q; η; C5Þ (magenta dot-dashed) calculations are
also shown. In all cases, C5 ¼ 1.0. The curves are normalized to
the value of FOðqT; QÞ at qT ¼ 1.0 GeV. In all cases, we take
x ¼ 0.1 and z ¼ 0.5.
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We construct an improved implementation for combining transverse-momentum-dependent (TMD)
factorization and collinear factorization. TMD factorization is suitable for low transverse momentum
physics, while collinear factorization is suitable for high transverse momenta and for a cross section
integrated over transverse momentum. The result is a modified version of the standard W þ Y prescription
traditionally used in the Collins-Soper-Sterman (CSS) formalism and related approaches. We further argue
that questions regarding the shape and Q dependence of the cross sections at lower Q are largely governed
by the matching to the Y term.
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I. INTRODUCTION

Much of the literature on the TMD factorization for-
malism is based on methods like those of Collins, Soper
and Sterman (CSS) [1–4] where, traditionally, applications
have been at very high scales. The formalism involves a
factorization with TMD parton densities and/or fragmen-
tation functions together with evolution equations and
associated properties like universality. TMD correlation
functions have attracted interest, both for their usefulness
in perturbative calculations, and for their potential to
yield information about underlying nonperturbative QCD
structures. Results with essentially the same or a related
structure are also found in SCET [5–7]. In this paper, we
focus on the CSS formalism and its updated version
in Ref. [4].
TMD correlation functions are most useful for qT ≪ Q,

where qT is the relevant transverse momentum and Q is the
overall hard scale. When qT is of order Q, the cross section
does not factor into TMD correlation functions, but normal
collinear factorization applies. It is, of course, necessary to
be able to analyze cross sections over the whole range of qT
including intermediate transverse momenta. To this end,
CSS organized the cross section into an additive form,
W þ Y, whereW is the pure TMD factorization term and Y
is a correction term using collinear factorization. Here, W
dominates in the limit of small qT=Qwhile Y is a correction
for large qT=Q. This was designed with the aim to have a

formalism that is valid to leading power in m=Q uniformly
in qT; here, m is a typical hadronic mass scale.
However, it has become increasingly clear that the

original CSS W þ Y method is not sufficient for modern
TMD applications. One reason is that there is a growing
number of lower-Q phenomenological studies focused on
the intrinsic transverse motion related to nonperturbative
binding and nucleon structure. The advantages of the usual
W þ Y decomposition are clearest when Q is large enough
that there is a broad intermediate range of transverse
momentum characterized by m ≪ qT ≪ Q; that is, there
is a range where qT=Q is sufficiently small that TMD
factorization is valid to good accuracy, while m=qT is also
sufficiently small that collinear factorization is simulta-
neously valid. However, at lower phenomenologically
interesting values ofQ, neither of these ratios is necessarily
very small. Some other difficulties are summarized below.
These particularly concern the ability of the originalW þ Y
method to properly match collinear factorization for the
cross section integrated over qT.
The problems create practical difficulties for studies

specifically devoted to extracting and analyzing nonper-
turbative transverse momentum dependence. For such
applications, the relevant experiments often involve hard
scales of only a few GeV. The phase space of qT has a
narrow transition window between a solidly perturbative
transverse momentum region [where qT ≃OðQÞ] and a
nonperturbative region [where qT ≃OðmÞ], making the
treatment of matching the perturbative and nonpertubative
content in the intermediate region rather delicate. A classic
analysis of the issues concerning the matching of the
TMD factorization and collinear factorization was given
by Arnold and Kauffman [8], and more recently in
Refs. [9–12]. See especially Sec. II.6 of Ref. [9] for a
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•Tame the Sudakov form factor in the small bT by introducing bmin, bc(bT=0) = bmin 
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•The integration over qT means limit in bT, and we restore the “naive” interpretation of 
integrals of TMDs. See talk by Leonard Gamberg. 

•Corrections from Y term are important even in iCSS, especially for higher qT 
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• Numerical precision and the speed of FT and the is important, especially in high qT, where 
matching and switching happens
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(a) fWG(bT,�,�) and W0G(qT,�,�) at di↵erent values of Q.
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FIG. 2: The variance is set to 2.5 for each of the input functions.
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Where all of the renormalization functions at NLO, NLL are given in [11]. We take the parton distribution func-
tion (PDF), f

j

0
/A

(x, µ), and fragmentation functions (FF), d
B/j

0(z, µ), in [12] and [13], respectively. The functions
g
A

(x, bT, b
max

), g
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), and g
K

(bT, b
max

) contain all of the non-perturbative physics. In this paper, we will
take the parameterization used in [14, 15]

g
A

(x, bT, b
max

) = g
q

b2 g
B

(z, bT, b
max

) =
g
h

z2
b2 g

K

(bT, b
max

) =
g2

2
ln(

b

b
⇤

) ln(
Q

Q0
) (26)

We will take Q0 = 2.4GeV , g
q

= 0.3GeV 2, g2 = 0.84, and g
h

= 0.12GeV 2. It was shown that TMDs will peak close
to 1/Q in [16–18]. Here we define the exact value of the numerical inversion by performing the Fourier transform with
adaptive quadrature at the lowest achievable relative error.

VI. CONCLUSIONS

The high precision determination of non-perturbative hadronic physics is vital to generating an accurate three
dimensional picture of hadrons. The scale of data to achieve high precision requires sophisticated numerical methods.
The numerical method that we present here can be used to optimize the Fourier transforms. This numerical method, in
particular within the region of large transverse momentum, is a bottleneck of the numerical fits. The adaptive methods
that we present utilizes the double exponential Ogata quadrature method. We find that the error is determined
primarily from the neglected nodes rather than the quadrature method. The adaptive quadrature method that we

• Ogata integration method allows to boost the speed and improve precision of the numerical FT

• Especially important for future fits (including polarized data)

• To be released as a Python package

N~time

Kang, AP, Sato, Terry in preparation 2018

Numerical tools we need
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• Switching from non perturbative to perturbative regimes in bT space directly

• Resummation in qT space directly?

Alternative implementations to consider 
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the resummed and fixed-order calculations has to take place
at QT!50 GeV for W production when these two predic-
tions cross over "14#. On the other hand, as we discussed in
Sec. II, we expect the predictions derived from the b-space
resummation formalism in Eq. $1% to work better when QT is
larger because $1% the b integral is dominated by the smaller
b region and $2% the perturbatively calculated Y term is larger
than the resummed W̃ term. We find that this puzzle was
mainly caused by a lack of numerical accuracy of the Bessel
function used to perform the Fourier transform in Eq. $17%.
As we show below, the QT distributions derived from the
b-space resummation formalism are smoothly consistent
with data for all transverse momenta up to Q.
As a result of the oscillatory nature of the Bessel function,

a high numerical accuracy of the J0(z) with z!QTb in Eq.
$17% is necessary for ensuring an accurate cancellation in the
large z region for a reliable b integration. Because z is pro-
portional to QT , the number of oscillations of the Bessel
function strongly depends on the value of QT for the same
range of b. For example, when b!(0,2) GeV"1, J0(QTb)
crosses zero 0, 6, and 63 times for QT!1, 10, and 100 GeV,
respectively. It is clear that numerical accuracy of the Bessel
function is extremely important for the large QT region. We
noticed that most work published in the literature used some
kind of asymptotic form to approximate the Bessel function
when z!QTb is large. We find that the use of an asymptotic
form for the Bessel function is a major source of the uncer-
tainties observed for the large QT region. Instead of using an
asymptotic form, we use the following integral form for the
Bessel function:

J0$z %!
1
&!0

&
cos"zsin$'%#d' . $38%

The great advantage of using an integral form is that we can
control the numerical accuracy of the Bessel function by im-
proving the accuracy of the integration in Eq. $38%. One can
test the numerical accuracy of the Fourier transform in Eq.
$17% by using functions whose Fourier transform can be car-
ried out analytically. In view of the nonperturbative b depen-
dence in the large b region, we used two functions
exp("(b) and exp("b2/(2) to test the numerical accuracy of
the b integration in Eq. $17%. The b integration for these two
functions can be carried out analytically. Having an analyti-
cal solution in QT space, we can study the convergence and
numerical accuracy of the Fourier transform at different QT
by varying the parameter ( of these two functions. We find
that by using the integral form of the Bessel function, the
numerical integration over b defined in Eq. $17% is very ac-
curate for a wide range of ( and QT , and the accuracy is
only limited by the precision of variables used in a computer
programming language.

B. QT distributions of W and Z production

In this subsection, we compare the predictions of the
b-space resummation formalism with Fermilab data on W
and Z production, and quantitatively demonstrate the excel-
lent predictive power of the b-space resummation formalism

at collider energies "8#. We show that the b-space resummed
QT distributions are very insensitive to the parameters in the
nonperturbative FQZ

NP .
Since we are not interested in a detailed fitting to the data

in this paper, we did not perform any simulation on final-
state cuts to improve the theory curves in the following plots.
In all plots, CTEQ4M parton distributions are used, and for
the Y term in Eq. $1%, we use 1

2!Q2#QT
2 for the factorization

and renormalization scale ) in Eq. $15%. For W and Z pro-
duction, a fixed range of the rapidity was integrated and a
narrow width approximation was used for Q2 integration
"28#.
We test the sensitivities on the parameters in FQZ

NP by first
setting g2!0 and ḡ2!0 $no ‘‘power’’ corrections%. We then
fix g1 and * in Eq. $37% by requiring the first and second
order derivatives of the W̃ to be continuous at b!bmax
!0.5 GeV"1, and plot our predictions $solid lines% to the
QT distributions of Z and W production at Tevatron in Figs.
7 and 8, respectively. In Fig 7, we plot the d(/dQT of e#e"

pairs as a function of QT at !S!1.8 TeV. The data are from
the CDF Collaboration "29#. Theory curves (Z only% are
from Eq. $1% with W̃ given in Eq. $36%. The same as in Ref.
"29#, an overall normalization 1.09 was used. In Fig. 8, we
plot d(/dQT for W production with the same bmax and g2.
The data for W production are from the D0 Collaboration
"30#. For the theory curves, we integrate the rapidity of the W
particle from "3 to #3 and set the overall normalization to
be 1. From Figs. 7 and 8, it is clear that the QCD predictions

FIG. 7. Comparison between the b-space resummed QT distri-
bution and CDF data "29#. The inset shows the QT$20 GeV re-
gion.

FIG. 8. Comparison between the b-space resummed QT distri-
bution and D0 data "30#. The inset shows the QT$20 GeV region.

JIANWEI QIU AND XIAOFEI ZHANG PHYSICAL REVIEW D 63 114011
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“Problems” of  factorization at low Q and large qT

• SIDIS at low Q is challenging in both low and high qT regions
• Possibly we need to refit PDFs and FFs
• Higher twist contributions might be important
• Most probably combination of both
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FIG. 5. Ratio of data to theory for several near-valence region panels in Fig. 4. The grey bar at the bottom is at 1 on the
vertical axis and marks the region where qT > Q.

FIG. 6. Calculation analogous to Fig. 4 but for ⇡+ production measurements from [28].

clear how to interpret the disagreement here, however, since most of the existing data for lower Q regions are close to
the threshold region and including threshold resummation introduces extra subtleties.

The observations of this article have focused on unpolarized cross sections, but the implications extend to spin and
azimuthally dependent cross sections, since the key issue is the relevance of di↵erent types of transverse momentum
dependence.

There are a number of possible resolutions that deserve further investigation. An interesting one is that the
hadronization mechanism is di↵erent in high-transverse- momentum SIDIS from the usual picture in terms of universal
FFs. Models used in Monte Carlo event generators might be a source of ideas regarding this possibility. In the context
of this possibility, it is noteworthy that much of the data for SIDIS transverse momentum dependence is describable
in a Gaussian model of TMDs [29, 30]. In pQCD, there are also arguments that certain higher twist correlation
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Fits of  DY and SIDIS data

Framework W+Y HERMES COMPASS DY Z production N of points
KN 2006 

 hep-ph/0506225 LO-NLL W+Y ✘ ✘ ✔ ✔ 98

QZ 2001 
 hep-ph/0506225 NLO-NLL W+Y ✘ ✘ ✔ ✔ 28 (?)

RESBOS 
 resbos@msu NLO-NNLL W+Y ✘ ✘ ✔ ✔ >100 (?)

Pavia 2013 
arXiv:1309.3507 No evolution W ✔ ✘ ✘ ✘ 1538

Torino 2014 
arXiv:1312.6261 No evolution W ✔  

(separately)
✔  

(separately)
✘ ✘ 576 (H) 

6284 (C)
DEMS 2014 

arXiv:1407.3311  NLO-NNLL W ✘ ✘ ✔ ✔ 223

EIKV 2014  
 arXiv:1401.5078   LO-NLL W 1 (x,Q2) bin 1 (x,Q2) bin ✔ ✔ 500 (?)

SIYY 2014 
arXiv:1406.3073 NLO-NLL W+Y ✘ ✔ ✔ ✔ 140+SIDIS

Pavia 2017 
arXiv:1703.10157 LO-NLL W ✔ ✔ ✔ ✔ 8059

SV 2017 
arXiv:1706.01473 NNLO-NNLL W ✘ ✘ ✔ ✔ 309

• Perturbative precision improves with time
• Y term is not yet commonly used in fits
• TMD Collaboration should perform a fit of all available data 

http://arxiv.org/abs/hep-ph/0506225
http://arxiv.org/abs/hep-ph/0506225
http://hep.pa.msu.edu/resum/
http://arxiv.org/abs/arXiv:1309.3507
http://arxiv.org/abs/arXiv:1407.3311
http://arxiv.org/abs/arXiv:1401.5078
http://arxiv.org/abs/arXiv:1406.3073
http://arxiv.org/abs/arXiv:1703.10157


!23

Recent important developments

Sato et al., P.R. D94 (16) 114004

L1 L2

L3

L4

. .

.

.

(a)

.

L1

L2

L3

L4

X1

.

.

.

.

X2X3X4

(b)

Figure 1: Cartoon illustrating (a) the posterior of a two dimensional problem; and (b) the trans-
formed L(X) function where the prior volumes, Xi, are associated with each likelihood, Li.

be recovered by integration over its survival function (a result evident from integration by parts)
we have (unconditionally):

Z =

Z 1

0

X(�)d�. (5)

When L(X), the inverse of X(�), exists (i.e., when L(⇥) is a continuous function with connected
support; Chopin and Robert 2010) the evidence integral may thus be further rearranged as:

Z =

Z
1

0

L(X)dX. (6)

Indeed, if L(X) were known exactly (and Riemann integrable1), by evaluating the likelihoods,
Li = L(Xi), for a deterministic sequence of X values,

0 < XN < · · · < X
2

< X
1

< X
0

= 1, (7)

as shown schematically in Fig. 1, the evidence could in principle be approximated numerically
using only standard quadrature methods as follows:

Z ⇡ ˆZ =

NX

i=1

Liwi, (8)

where the weights, wi, for the simple trapezium rule are given by wi =
1

2

(Xi�1

�Xi+1

). With L(X)

typically unknown, however, we must turn to MC methods for the probabilistic association of prior
volumes, Xi, with likelihood contours, Li = L(Xi), in our computational evidence estimation.

3.1 Evidence estimation

Under the default nested sampling algorithm the summation in Eq. (8) is performed as follows.
First N

live

‘live’ points are drawn from the prior, ⇡(⇥), and the initial prior volume, X
0

, is set to
1We give a brief measure-theoretic formulation of NS in Appendix C.

4

unpolarized favored and unfavored FF widths. These values
are compatible with ones found in the analysis by
Anselmino et al. [54] of HERMES and COMPASS charged
hadron multiplicities. On the other hand, the similar values
found for the sea and valence PDF widths disagree with the
chiral soliton model [55], for which the sea to valence ratio
is ∼5. Note also that while there appear some incompa-
tibilities between the x dependence of the HERMES and
COMPASS Ph⊥-integrated π! multiplicities, our analysis
uses only Ph⊥-dependent HERMES data that are given in
bins of x, z, Q2, and Ph⊥.
The transverse momentum widths for the valence and

sea transversity PDFs are hk2⊥i
q
h1
¼ 0.5ð2Þ GeV2 and

1.0ð5Þ GeV2, respectively, and hp2
⊥i

π=q
H⊥

1

¼ 0.12ð4Þ GeV2

and 0.06ð3Þ GeV2 for the favored and unfavored Collins
FF widths, respectively. The relatively larger uncertainties
on the h1 and H⊥

1 widths, compared with the unpolarized
widths, reflect the higher precision of the HERMES
multiplicity data, and the order of magnitude smaller
number of data points for the Collins asymmetries.
Integrating the transversity PDFs over x, the resulting

normalized yields from our MC analysis for the δu and δd
moments are shown in Fig. 3, together with the isovector
combination gT . The most striking feature is the signifi-
cantly narrower distributions evident when the SIDIS data
are supplemented by the lattice gT input. The u and d tensor
charges in Fig. 3(a), for example, change from δu ¼
0.3ð3Þ → 0.3ð2Þ and δd ¼ −0.6ð5Þ → −0.7ð2Þ at the scale
Q2 ¼ 2 GeV2, while the reduction in the uncertainty is
even more dramatic for the isovector charge in Fig. 3(b),
gT ¼ 0.9ð8Þ → 1.0ð1Þ. The earlier single-fit analysis of
SIDIS data by Kang et al. [21] quotes δu ¼ 0.39ð11Þ and
δd ¼ −0.22ð14Þ, with gT ¼ 0.61ð25Þ at Q2 ¼ 10 GeV2, in
apparent tension with the lattice results. This can be
understood from Fig. 3(b), which demonstrates that the
peak of the SIDIS-only distribution at gT ∼ 0.5 is consistent
with the lower values found in earlier maximum likelihood
analyses [10,21], but does not give a good representation
of the mean value because of the long tail of the gT
distribution.

Future extensions of this work will explore incorporating
TMD evolution via the CSS framework [22,56], and the
improved treatment of the large-Ph⊥ contributions through
the addition of the Y term [50]. The inclusion of K! SIDIS
and eþe− annihilation data will allow further separation of
sea quark flavor contributions to h1 and better constraints
on the favored and unfavored Collins FFs. Upcoming high-
precision data from Jefferson Lab should also provide
significantly improved kinematical coverage at intermedi-
ate x and z values.

We are grateful to J. Qiu for helpful comments. This
work was supported by the U. S. Department of Energy
Contract No. DE-AC05-06OR23177, under which
Jefferson Science Associates, LLC operates Jefferson
Lab, and by the National Science Foundation Contracts
No. PHY-1623454, PHY-1653405, and PHY-1659177.
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FIG. 3. (a) A contour plot of δu and δd samples from the MC
analysis, for the SIDIS only (blue) and SIDISþ lattice (red)
analysis. The expectation values and 1σ uncertainties for both fits
are indicated by the respective error bars. (b) Normalized yields
for the isovector tensor charge gT , for the SIDIS-only (yellow
histograms) and SIDISþ lattice (red histograms) MC analyses.
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• New JAM and JAM3D methodology
(Jefferson Lab Angular Momentum Collaboration)

• Packages in Python are ready for use in parton 
model approximation

• First extraction of tensor charge from SIDIS data 
including constraints from lattice QCD on gT

• Regions of fragmentation in SIDIS

•  First implementation of all structure functions in 
SIDIS in WW approximation

• …

https://github.com/JeffersonLab/jam3d

Boglione, Collins, Gamberg, Gonzalez, Rogers, Sato arXiv:1611.10329

Bastami et al, arXiv:1807.10606 
https://github.com/prokudin/WW-SIDIS

https://github.com/JeffersonLab/jam3d
http://arxiv.org/abs/arXiv:1611.10329
https://github.com/prokudin/WW-SIDIS
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▪ TMD related studies have been extremely active in the past few years, lots of progress have 
been made

▪ We look forward to the future experimental results from COMPASS, RHIC, Jefferson Lab, 
LHC, Fermilab, future Electron Ion Collider

▪ Many TMD related groups are created throughout the world:

Italy, Netherlands, Belgium, Germany, Japan, China, Russia, and the USA

▪ We have all tools for a reliable fit of DY+SIDIS data, that would allow to compare various 
methods (schemes) of implementation of  TMD evolution.

▪ We have all tools for a reliable description of polarized data and predictions, for instance W 
asymmetry at RHIC due to Sivers effect, tensor charge extraction, predictions and impact 
studies for the future EIC, etc

▪ Robust methodology will be crucial and essential for future endeavors in studies of the 
structure of the nucleon and beyond


