Search and Discovery Statistics

in HEP Lecture 2

Eilam Gross, Weizmann Institute of Science

This presentation would hav-e no;{ t?een possible without the tremendous
elp of

the following people throughout many years

Louis Lyons, Alex Read, Bob Cousins Glen Cowan ,Kyle Cranmer
Ofer Vitells & Jonathan Shlomi

o L]
g S Eilam Gross Statistics in PP March 2019 /




What can you expect from
the Lectures

Lecture 1: Basic Concepts
Histograms, PDF, Testing Hy.potheses,
LR as a Test Statistics, p-v-alue, POWER, CLs
Measurements
Lecture 2: Wald Theorem, Asymptotic Formalism, Asimov- Data
i Set, Feldman-Cousins, PL & CLs

. Lecture 3: AsimoVv- Significance
Look Elsewhere Effect
1D LEE the non-intuitiv-e thumb rule
(upcrossings, trial #~2)
2D LEE (Euler Characteristic)
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Profile Likelihood &Wilks Theorem
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Wilks theorem in the presence of NPs
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I Given n parameters of interest and any number of NPs, th
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/Bu.mp Hunt
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Test H, withqg,, Rgect H,! Discovery
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Classification of Test Statist

Test Purpose Expression LR
Stat.
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Study Case 2: Bump Hunt




/Bump Hunt

Gamma Gamma like BG and a Gaussian signal on top of it

N events
4000} S/ B =0.5%
3000} F(m) ~ Wl3
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A GammaGammalike Signal

N events
3000

2500
2000
1500
1000

500

f00 110 120 130 140 150 1e/ass [GeV

Nowertn
A

Luminosity is the number of events in the histogre ...

S/B=05%
1(m)- o

00)

0o




Asy mptotic Approximation

Asymptotic formulae or likelihood-based

tests of naw physics

Glen Cowan (Roya Holoway, U. o London], Kyle

Cranmer (New York U)), Eilsm Grozs. Ofer Vitells A

(Neizmamn nst.). cul 10, 201C. 25 pp.

[y Published in EurPhys.J. C71 (2011) 1554, Erralum:
Eur.Fhys.J. C73 (2013) 2501

Cranmer .. Glen
= ﬁCowan




" Test Statistic 7, =—2/nA(w)

L( ’621)
)= —E7
L(u,0)

Higher values of t, correspond to increasing

=—2InA(l)

Ly

incompatibility between the data and U




: Wald Theorem

Jy= 2001, ==2InA(p)
L({1,6)

Wilks = f(t, | 1) ~ x;

How does t, distributes under H , (1" # 1)

hypotheses, Ann. Math. Statist. 9 (1938) 60-2.

S.S. Wilks, The large-sample distribution of the likelihood ratio for testing composite

2
i

tu:—ZZn/l(,u):('u;'u) +0(1/4N)

where R~G(U’,! )

N is the sample siz

(Usethe Asimov Dataset to estimate! )

f(t, I ) follows a noncentral Chi squared distribution

O_2

# 1y
with non-centrality parameter " = (H# 1) with 1 d.o.f
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"Wald Theorem

AN\2
tu:—2lnl(,u):('u ;“ ) +O(1/N)  HA=CW.0)

z N is the sample si:

f(, | i) follows a noncentral Chi squared distribution

7\2
with non-centrality parameter A = (W= p) with 1 d.o.f

2

(0}

N T | 1 — 2 1, — 2
Hl.p,‘\ 2\/7‘.},, \/_27_ exp (_Z (\, by + ﬁ) ) + exp (_Z (\/lﬂ. — ﬂ) )]
for i’ = 1 we retrieve Wilks’ theorem
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Wald Theorem Demonstration

- 2
—2InA{j) = W 2“’) + O(1/V'N)

L = 60000
fffff ! e
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‘Wald Theorem Demonstratian.. w
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Wald Theorem |  (u-jpy

A = o -
Relative Error
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Wald Theorem |  (u-jpy
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Asy mptotics

WllkS A f (qnull | Hnull ) . Z i
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The Feldman Cousins
Unified Method
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The Flip Flop Way. of an Experiment

. The most intuitiv-e way to analyze the results of an
experiment would be

if the significance based on qqs, is less than 3
sigma, deriv-e an upper limit (just looking at tables), if
the result is >5 sigma deriv-e a discovery central
confidence interval for the measured parameter

(cross section, mass....)

I This Flip Flopping policy leads to undercoverage:
Is that really. a problem for Physicists?
Some physicists say., for each experiment quote
always two results, an upper limit, and a (central?)
discovery confidence interv-al

. Many LHC analyses report both ways.
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Frequentist Paradise - F&C Unified with Full Cov-erage

| Frequentist Paradise is certainly made up of an interpretation by
constructing a confidence interv-al in brute force ensuring a cov-erage!

I This is the Neyman confidence interv-al adopted by F&C....

I The motiv-ation:
| Ensures Coverage

' Av-oid F:ip-Flopping - an ordering rule determines the nature of the
interv-a
(1-sided or 2-sided depending on your observ-ed data)

| ' t
Ensures Physical Interv-als N CLL) S
o L(s+Db)
| Let the test statistics be 9= L(s+Db)
—21In s
L(b)

where S is the
physically allowed wmean s that maximizes L(5+b)

(protect a downward fluctuation of the background, n >b ; 8§50 )

obs

I Order by taking the 68% highest q’s
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How to tell an Upper limit from a Measurement without Flip Flopping

I A 6 M T T T T
meaqsureme .
nt (L sided)
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4 ™

How to tell an Upper limit fram n Mencurement without Flip Flopping

An upper o “AERN LALEILLE | AR REALI RALE
limit (4
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Asymptotic Feldman — Cousins

_fu for (> 0

CCGV
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4 . .
Feldman Cousins - Asy mptotic

If 1120 dueto physics constraints, for (1 <0 the best agreement
between data and the physical 1 is (1 =0.We define

/ A
L (41,60 (42))

t, = —2loc (5\ I ) M) ={ @)
H vy (/ ) Alp) = < L(p,0(p))
\ £(0,6(0))
Wald !
) (“_5)2 >0
WPV R V) R (- L
o Uzlll — 'uog — /(;2 H < 0

=0

jr <0
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Feldman Cousins - Asy mptotic

ry ; 2 24,2
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FC confidence belt
Givenpu, =0.2

derivethe @interval
for which p,>0.05
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4 .
FC confidence belt - A Shortcut
f.  >>0! {’fu p, >O.95} " 3.84
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|FC confidence belt )
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F C C o n’f ldv e ﬂ' C e b e lt Depends on the observation

one might get 1-sided or 2-sided Cl
For a given [1
use the confidence belt 1.0,
to extract the CI of U

2 sided
Cl

1 sided
Cl




FC confidence belt - A Shortcu.t W
ILQTUG':>:> () | { }II :3 E}Zl '

\

04

Use 'fu = 3.84 to construct the belt
The CI will be at CL >95%

(Conservative) ~,
;ﬁ é Hirue =0.001
s 0 “{4 0.0 o,s“ 0 s M




| 2logA(w) @20
0 <0

q, tor discovery

| 2log (L) Q=0
0 <0

If
ONI
|l
N

9

CCGV il

.

Downward fluctuations of the background
do not serve as an evidence against the background
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(PDF of (g0|0) and (g0|1) W
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Estimating the Sensitiv-ity of an Experiment

. Estimate the expected significance one could achiev-e
(for discov-ering the Higgs Boson) with a giv-en analysis, a
givren Luminosity and CM energy..

1 Option 1:
I Toss, say., 1,000,000 BG only. events (null) and deriv-e the

BG-only. pdf of q, f(q,,,BC).
Toss another 1,000,000 S+BG (alt) events and find the

significance for each one of them
then, find the median significance....

| This may take ages..., is there a shortcut?

1 Option 2:
| Asymptotics+Asimov- Data Set

’.sxwi;‘ % Eilam Gross Statistics in PP
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"The Asimov- Data SRE 24

WORLDS OF
@ f SCIENCE FICTIO
l @ FRANCHI SE

of| v-l
< fh:}:
v;.“.
.Xl) |

In the future, the \)mted States has conv-erted
to an "electronic democracy" where the
computer Multiv-ac selects a single person to
answer a number of questions. Multiv-ac will
then use the answers and other data to
determine what the results of an election would

be, av-oiding the need for an actual election to
be held.

AR
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. The use of a single representativ-e
individual to stand in for the entire
population can help in ev-aluating the
sensitiv-ity of a statistical method.

| The "Asimov- data set”:
an ensemble of simulated experiments can
be replaced by a single representativ-e one.

;,sxwi;‘ % Eilam Gross Statistics in PP
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/Estima,ting the Sensitiv-ity of an Experiment\

1 one can replace each ensemble of the alternate-hypothesis experiments with
one data set that represents the typical experiment.

This “Asimov” data set deliv-ers the desired median sensitiv-ity. Hence, one is

exempted from the need to perform an ensemble of experiments for each set
of parameters.

| The Asimov- data set is constructed such that when one uses it
to ev-aluate the estimators for all parameters, one obtains the
true parameter values.

| the Asimov- data set can trivially be constructed from the true
parameters Vralues. For example, a set corresponding to the H,
hypothesisisn, =s + b. and the one correspond to the H, hypothesis is
n, =b.
A

I As strange as it reads, the Asimov- data set is not necessarily an
integer.

P IiBl Im Eilam Gross Statistics in PP
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Back to Spin
Distribution of po-v-alue under H1
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"‘The Magic of Asimov-

|Asimov DATASET q, ,(f1=1,5(125)+b)|

/ med(a, 1)
| /

L 18"
S 114t "
< & e
&
T
o - IR e
| " 4 3! %
(




\

Back to Wald, whatis (O )

— 2l A(p) — G ;_f I O(1/VN) lu
FOI:'[i’IEASim;/TZE;ﬁJ:;ueEE=== <‘[:[> _ 1138f
| = | / _('ul 'utrue)z‘ 28
d,,="'2In! (1) = Ea— 20:/ l
: 2 ’ I -4 -2 2 4 2
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Back to Wald, whatis () . )
. a4
‘ - (—=p) o = ‘L[
— 2In A(p) = - ‘f FO1/VAN)
. a2 . )
| 2 = 'u_
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q, tor exclusion

CCGV ( —2log A1)
q, =+ )

.

u<u
> p

Upward fluctuations of the signal

do not serv-e as an ev-idence against the signal
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0.20-

PDF of q1\1 q1\1)
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N Experiments
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Exclusion at 95% CL

. We test hypothesis,H

I We calculate the
(profile likelihooc

D'L
) ratio with

the one observed

! q,u, obs

data

i [L%9 Eilam Gross Statistics in PP
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Exclusion at the 95% CL

I Find the p-value of the signal

hypothesis H

p.=" f(q|H)a,

qp ,0bs

. In principle if p<5%, "

H, hypothesis is excluded at the

95% CL

. Note that His for a given Higgs

mass m

;“‘"Jli [LE3 Eilam Gross Statistics in PP
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Find u Let () =0, Wald! Z= fg, =22
| HZ) g ,="2n L(¢[0)
‘ u,A (6=
0.50 (£=0]0)
| .
7 q,,

[@,10) s,

1, ={ulp, =5%}
J7

0.10}

0.05 .. )
| 1, = 5+ 0 (1, ) (L 0.05) = fo+ 0, (1, )1.64
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Find expected i g¥scen ¥

).50

). 10}

.05

f(a,!

1) 0 find g = med[ f(q,, |0)]
O, == F(f(g) 1) =5%]

O1=F(fg 10)= ] oy, 1|0

n,=f+o,(u )0 (1-0.05)=i+0,(u,).64
fH=0—-
n,=0,(1 )0 (1-0.05)=0,(1,)1.64

)-O 10 5 * * : . 1 'O . L . . 1 |5 . . . , 2.Oql
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a ™
Find expected u,

n, =f+o,(u )0 (1-0.05) = i+0,(u,)1.64
fi,=0—
=0, (1, )0 (1-0.05) =0, (u7")1.64

1.0 — uup
E 7,
| / 164/ =164 U
0.2 - E 'uup q
I : Hyp A
U, =0.47
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Bra,zu Plot

Hup

1.5¢

Every Discovery starts with the inability to exclt
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Understanding the Brazil Plot

The expected 955% CL exclusion region covers the my range [tom 110/GeY o 382 Ge V. 'The obscrved
05% CI. exclusion regions are trnm 1 GeVto 122.6 GeV and I"‘) 7 (’e\. to "'nR GeV. The addition of

& ' S Prcllmmary 011 +20l2'Data |
| —n " <1l " (o] 10:— he. i3~ Ty Dd - 45421’ 3
) Up (m H)/ SM(IrnH) L luded > & L -of|Exp. 13- BTeV 4t 2g.8-59 o' |
<" t10 -1
"(my)<" su(my)! SM m, exclude = e
o A
& = &
| The line 'up=1 corresponds tb [ ]
CLs=5% (pS5%)
. . 1P
I The smaller lup<1 is, the exclusion of a Cislimis ‘ o]
I I A~ 04" 100 200 300 400 500 €00
SM Higgs is deepkrpOs<59%;, m [GeV)

pOs=Clls CL=1-pOs>95%
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Implications in Astro-Particle Physics

WIMP-Nucleon Cross Section [cm’)
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L pam =t €YY <

XENONTOO {2012)
ubserved it (9024 CL)
Expected limir of this run:
B+ | ooexpecred

+ 2 a expecrad

100 200 300 400

The lack of events in spite of an expected background allows us to set"
a better limit than the expected
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Rev-ised CLs
(and Asymptotic)




e

C L_ S Birnbaum (1962) suggested that o | 1- f3

(significance | power)should be used as a measure of

the strength of a statistical test,rather than o alone

pP=5%— p'=5%/0.155=32%

) e

o _ Py
PhTT,

ﬁ ‘ The CLs method
(1P :PM(’@}%}H) Was brought into

A.L. Read,

Presentation of search results:
The CL(s) technique,

" J\ Phys.\ G {\bf 28}, 2693 (2002).

) HEP By Alex Read (2002)

Birnbaum was re-discovered later
By O. Vitells

/
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The Asymptotic and CLs

LTI

P =11 (e
P =" (\fOueen ! \fOhun ) #
1" (o)
(et o)
scan y and find u,,
I o
" (JQTA M) A

lf-‘ﬂt'tfll" %‘g’ Ellam GrOSS Stat|St|CS N PP




Examples (if time permits)
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Po— fgo|0)dgo

Yo ibs

observed one
Small p0 leads to an observation
A tiny p0O leads to a discovery

R -3
Iz N2m
Z—-® ‘(1-p)

P, is the probability to observe a less BG"
like result (more signal like) than the"

p= — ¢ " tdx=1 D(Z)

Eilam Gross Statistics in PP

PO and the expected p0O

=] ! '
i_: ATLAS Praliminary 2011 + 2012 Data
2 —— Ohs. \2-7TaV Jldt-46a2m’
— \2=3TaV: JLdt-5655 '
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4 ™
Understanding the CLs plot

I CLs Is the

compatibility of g 10* = ATLAS Preliminary ?on + 2012 Data
: 10° e —Obs. Vs=7TeV: [Ldt=4.6-4.81b"
:rh]e data \;Vlth 102 Ex:. \s=8TeV: [Ldt=58591b"
e sigha 10
- 1 ...............................................................
hypothesis 10~ 5 T £495%
I The smaller the S e i
CLs, the less o
compatible the 10° -.,‘
data with the it \
prospective 10° .
. 100 200 300 400 500 600
signal m,, [GeV]
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e
Understanding the CLs plot

| Here, for each
Higgs mass m g 10* = ATLAS Preliminary 2011 + 2012 Data

: 10° — Obs. s=7TeV: [Ldt=4.6-481b"
one finds th? s \s=8TeV: |Ldt=5.8-5.9 b
observed RO

value, I.e. O SO £ 95%

' This modified" "
p-value, pOs by
definition CLs

400 500 600
m,, [GeV]

00

The smaller CLs, the dee er Is the exclusion,
Exclusion CL=1-CLs=1-

to the previous mmbmul k arch [1]. Vigure 2 shows L C'L¢ valuegtor jo = 1, where it can be seen that
Lthe regions between 111.7 GeV 1o 121.8 GeV and 130.7 GeV (0 523 GeV are excluded at the 99% CL.

BTl [2) Eilam Gross Statistics in PP
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e
Test Spin O parity

e _y o1 L(Ho)

HO = O+ X L(Hl)

Y | AL T L B B

H =0 : ]
1 = Z0.25- ATLAS Preliminary  —pata -
w H—)ZZ — 4l Signal hypothesis ]
expl| H.) = 0.37% \s=7TeV: [Lat =461 (m =125 GeV)
le (( p|) ()l)s(y ’ 0'2; :I;TSTQ\:]L.&—%”U‘ _J&_o,
Py, (0bs) =1.5% 045 T
1 A0 S
_ A10 i I
Py, (0bs) =31% o
CL _ 0
Py~ c(00s)=2.2% 0.051-
) p/-/l 1.5% 0 AR \ :
Pr =7 =7 031=2-2A’ %50 3 o0 5 10 15
P H, ) log(L(H }/L{H.)

Which means
Jp=0- is excluded at the L —

97.8% CL in favour of Jo=0* H ) li ke
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More Magic (if time permits)




e
The New s/#b

The new s/#b

ZA = qO,A

med[Z()\l} — \/m = \/2 ((S + b) II‘I(] + S/b) B L’)

ZA _ qO,A s/b«1 S \/81—9 n qs/ b)

R [117]
)§ 4
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e
The New s/#b

med[Z 11]

s/#b 77

0 . - R 1.. voatew :L-.'“
The new Ss/#b 10~ 1 10 102

med[Zo|l \/(_ = \/‘2((8 +0)In(1 4+ s/b) — s)




4 N
Taking Background Systematics into Account

| The intuitive explanation of/# b Is that it compares the
signals, to the standard deviation afassuming no signal)#

I Now suppose the value bfs uncertain, characterized by a
standard deviatiom,.

I A reasonable guess is to replac®ytthe quadratic sum '6f

#b ando), I.e.,
biA-b=>0b=\/(\/E)Z+(A-b)2 NN
s/Jb = /b1 + bA?) —L== >S2b

%b" 5# s/b" 05 for! ~10%

If s/b<0.5 we will never be able to make a discovery
But even that formula can be omproved using the Asimov formalism

BeTill 2 Eilam Gross Statistics in PP
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e

Significance with systematics
' We find (G. Cowan)

s .\ D) 1/2
_la((s (s+b0)(b+op)| ¥ 7
Ly = [2 (1, | b)In lb2+(s+b)0§} 52 In [l | b(b+ o2)

o

Expanding the Asimov formula in powerssoh and'

0,2l b gives'
1 S
\/b+ o

Zp = (1+O(s/b) + O(a2 /b))

I So the OintuitiveO formula can be justified as a limiting ca
of the significance from the profile likelihood ratio test evalué

with the Asimov data set.
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Significance with systematics
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