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Purpose(s) of these lectures: 

Introduction to QCD (Quantum ChromoDynamics)

Refresh your knowledge on QCD (another view)

Understand the vocabulary!

New developments in the field (Lectures 3 and 4)

DISCLAIMER(S)

pQCD
QCD

QCD QCD
QCD

QCD QCD

QCD QCD
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‣ In the LHC era, QCD is everywhere!

‣ In these lectures : pQCD as precision QCD for Colliders

a

b

H, �, Z,W

jet
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‣ LHC incredibly successful at 7 , 8 & 13 TeV (Runs 1 and II)

‣ Everything SM like (including Higgs)

  

Gluon fusion status
● Leading Order: loop-induced

Triangle Box

Largest sensitivity to λ 
from interference

Large box-triangle 
cancellation at threshold

Glover, van der Bij 88

Mostly top contribution
(bottom effects <1%)

  

● Next-to-Leading Order approximations

 NLO in the Born-improved heavy mt limit (HTL)  +90%

 FTapprox: full mt dependence in real radiation   -10%

 1/mt expansion in virtual corrections   ±10%

● Full NLO corrections       -15% w.r.t. B-i NLO
Borowka, Greiner, Heinrich, Jones, Kerner, Schlenk, Schubert, Zirke 16;
Borowka, Greiner, Heinrich, Jones, Kerner, Schlenk, Zirke 16

Dawson, Dittmaier, Spira 98

Maltoni, Vryonidou, Zaro 14

Grigo, Hoff, Melnikov, Steinhauser 13; Grigo, Hoff, Steinhauser 15

New independent calculation,
see Julien Baglio’s talk

 Two-loop corrections computed numerically using sector decomposition

 Grid+interpolation for fast numerical evaluation

Heavy top limit / HEFT

Born improved:

2/16

arXiv:1212.5581

SM hh Production at the LHC

Production Mode Cross section 
(14 TeV)

ggF-hh 34 fb

VBF-hh ~2 fb

V-hh ~ 1 fb

tt-hh ~ 1 fb

Small in Standard Model.
 - hh production higher order in αEWK 
 - Reduced phase space: 2 heavy particles in final state.
 - Destructive interference among diagrams
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Figure 1: Feynman diagrams for double Higgs production via gluon fusion (an additional contribution comes
from the crossing of the box diagram). The last diagram contains the new non-linear Higgs interaction tt̄hh.

fermions in the spinorial (MCHM4 [27]) and fundamental (MCHM5 [28]) representations one gets

c = d3 =
p
1� ⇠ , c2 = �⇠

2
, MCHM4, spinorial representation , (6)

c = d3 =
1� 2⇠p
1� ⇠

, c2 = �2⇠ , MCHM5, fundamental representation . (7)

Equations (5), (6) and (7) account for the value of the Higgs couplings as due to the non-linearities

of the chiral Lagrangian. The exchange of new heavy particles can however give further corrections

to these expressions. In the following we will neglect these e↵ects since they are parametrically

subleading [37], although they can be numerically important when the top or bottom degree of

compositeness becomes large [38]. This is especially justified considering that in minimal composite

Higgs models with partial compositeness these additional corrections to the couplings do not a↵ect

the gg ! h rate because they are exactly canceled by the contribution from loops of heavy fermions,

as first observed in Refs. [39, 37] and explained in Ref. [38]. For double Higgs production we

expect this cancellation to occur only in the limit of vanishing momentum of the Higgs external

lines. In general, numerically important contributions might come from light top partners (light

custodians). In models with partial compositeness, where the dominant contribution to the Higgs

potential comes from top loops, the presence of light fermionic resonances is essential to obtain

a light Higgs [28, 40]. In particular, mh ' 120 � 130 GeV requires top partners around or below

1 TeV. It would be interesting to analyze in detail their e↵ects on double Higgs production.

3 Double Higgs production via gluon fusion

In the scenario we are considering, the leading-order contributions to the process gg ! hh come

from Feynman diagrams containing a top-quark loop. The three relevant diagrams are shown

in Fig. 1, and can be computed by using the results of Ref. [21]. We have implemented the

automatic computation of the matrix element as one of the processes of the ALPGEN MonteCarlo

generator [35]. The code will be made public with the next o�cial release of ALPGEN, and it allows
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Example Diagrams
   ggF-hh:

λ

Reference 

13

pp

500 µb−1500 µb−1

80 µb−1

W

81 pb−1

35 pb−1

Z

81 pb−1

35 pb−1

t̄t t
t-chan

WW H

total

VBF

VH

tt̄H

Wt

2.0 fb−1

WZ ZZ t
s-chan

t̄tW t̄tZ

σ
[p

b
]

10−1

1

101

102

103

104

105

106

1011
Theory

LHC pp
√

s = 7 TeV

Data 4.5 − 4.9 fb−1

LHC pp
√

s = 8 TeV

Data 20.3 fb−1

LHC pp
√

s = 13 TeV

Data 0.08 − 13.3 fb−1

Standard Model Total Production Cross Section Measurements Status: August 2016

ATLAS Preliminary

Run 1,2
√

s = 7, 8, 13 TeV
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many jets

 6



‣Hierarchy, naturalness problems

But…. there should be Physics Beyond the Standard Model (BSM)

‣Lacks description of Quantum Gravity

13 orders of magnitude between lightest and heaviest particle

Gravity is ~40 orders of magnitude weaker than EM in atom

‣No candidate for Dark Matter !!  
    >20% of universe

There are(?) TH candidates, but search is DRIVEN BY EXPERIMENTS now

‣ Matter-antimatter asymmetry

Finer tuning in Higgs sector 

‣ ….
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From
 D

. Sh
ih

 (from
 G

. Salam
)

- ATLAS and CMS have made a major effort to publish a large 
number of results first with the 2015 (with ~3 fb-1) and then 
with the 2015-2016 data with (~36 fb-1) approx. 10x as much 
data.

Run 2 Physics Program

- The doubling time of the luminosity should now be 
counted in several years.

- There is however plenty of room for discoveries!!

Preamble: Quick Review of where we Stand (II)

- These updates were crucial when running at almost twice 
the centre-of-mass energy w.r.t. Run 1.


- In 2017 the total integrated luminosity reached ~80fb-1 only 
doubling the 2015-2016 dataset. 


- Sufficient difference for landmark results in Higgs physics, not 
as much for searches.

- Most direct searches for new physics have been carried out with 
approximately 35 fb-1, so only ~1% of the data of the entire 
LHC program has been analysed so far for most searches.

‣ Most direct searches for new physics have been carried out with  
   approx. 35 fb-1, so only 1% of the data of the entire LHC program

‣There is plenty of room 
   for discoveries yet

‣It will take time (doubling time 
  of the luminosity should be 
  counted in several years)

from M. Kado

 8



‣Need for precision ~ 1% EXP-TH accuracy

Search for 
new states 
Resonances
“Descriptive TH”

Search for new
interactions 
Deviations from TH
“Precision TH”

SM

BSM

SM
BSM
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These Lectures
Toolkit for precise TH predictions at the LHC

Precision is the name of the game

mH , mt, ↵s, ...
• Need to be precise on cross-sections and SM parameters

‣ Very likely: New physics might show up in the detail

EW vacuum stability

• Explore Higgs sector with precision

• Multiple Gauge boson and HQ production (gauge/couplings
                                                                   to new physics)

• Flavor Physics 

• Contribution from new particles at loop level 
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✤ Basics of QCD : Lagrangian and Feynman rules

✤ QCD at work: beta function and running coupling  

✤ QCD at work in 

✤  Infrared Safety in QCD

✤  Jets in QCD

Outline of the lecture 1

e+e�
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The eightfold way (1961)

Then one asks ... what is the reason for this pattern?

Gell-Mann and Ne’eman

Everything starts by organizing hadron spectrum to show some pattern 
of symmetry (such as Mendeleev did for atoms in periodic table)

One still missing by that time, but predicted following pattern

   2011 School of High-Energy Physics Fabio Maltoni

3f ⊗ 3f ⊗ 3f = 10S ⊕ 8M ⊕ 8M ⊕ 1A

We need an extra quantum number (color) to have the Δ++ with similar 
properties to the Σ0. All particles in the multiplet have symmetric spin,flavour 
and spatial wave-function. Check that nq - nqbar  = n x Nc, with n integer.

Hadron spectrum

Note that physical states are classified in multiplets of the 
FLAVOR SU(3)f group!

12   2011 School of High-Energy Physics Fabio Maltoni

3f ⊗ 3f ⊗ 3f = 10S ⊕ 8M ⊕ 8M ⊕ 1A

We need an extra quantum number (color) to have the Δ++ with similar 
properties to the Σ0. All particles in the multiplet have symmetric spin,flavour 
and spatial wave-function. Check that nq - nqbar  = n x Nc, with n integer.

Hadron spectrum

Note that physical states are classified in multiplets of the 
FLAVOR SU(3)f group!

12
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Quarks in flavour SU(3)
1964: Gell-Mann and Zweig propose quarks

u

d

s “Explains” the pattern
Fractional charge!

No free quarks to be seen!

mu ⇥ 3� 9MeV

md ⇥ 1� 5MeV

ms ⇥ 75� 170MeV

Gell-Mann and Zweig propose the existence of elementary (spin 1/2) 
particles named quarks : with 3 of them (plus antiquarks) can explain the 
composition of all known hadrons 

Baryon

Meson qq̄

qqqBound states are only made by 3 quarks (baryon)
or by a quark+antiquark (meson). No other 
structure observed.

Quarks in flavour SU(3)
1964: Gell-Mann and Zweig propose quarks

u

d

s “Explains” the pattern
Fractional charge!

No free quarks to be seen!

mu ⇥ 3� 9MeV

md ⇥ 1� 5MeV

ms ⇥ 75� 170MeV

Quarks in flavour SU(3)
1964: Gell-Mann and Zweig propose quarks

u

d

s “Explains” the pattern
Fractional charge!

No free quarks to be seen!

mu ⇥ 3� 9MeV
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ms ⇥ 75� 170MeV

Quarks in flavour SU(3)
1964: Gell-Mann and Zweig propose quarks

u

d

s “Explains” the pattern
Fractional charge!

No free quarks to be seen!

mu ⇥ 3� 9MeV

md ⇥ 1� 5MeV

ms ⇥ 75� 170MeV

Quarks (1964)
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QCD matter sector

2nd1st

quark generation

up

down strange

u

d s

e
le

c
tr

ic
 c

h
a
rg

e

−
1
/3

+
 2

/3

c
charm

Computer reconstruction of 
a ψ′ decay in the Mark I 
detector at SLAC, making a 
near-perfect image of the 
Greek letter ψ

• Charm quarks were observed almost simultaneously in November 1974 
at SLAC and at BNL as charm anti-charm bound states (charmonium). 
The two groups had assigned the discovered meson two different 
symbols, J and ψ. Thus, it became formally known as the J/ψ meson 
(Nobel Prize 1976)

QCD matter sector

2nd1st

quark generation

up

down strange

u

d s

c
charm

e
le

c
tr

ic
 c

h
a
rg

e

−
1

/3
+

 2
/3

3rd

b
bottom

The “bump” at 9.5 GeV 
that lead to the discovery 
of the bottom quark at 
FNAL in 1977

• In 1977, physicists working at the fixed target experiment E288 at FNAL 
discovered the Υ (Upsilon) meson. This discovery was eventually 
understood as being the bound state of the bottom and its anti-quark 
(bottomonium)

More quarks

e

u ?

d s

µ
�e �µ

Bjorken and Glashow 
proposed a fourth quark 

to fit the pattern.

GIM mechanism (1970)

1971:       discovery at 
Brookhaven and SLAC

J/�

J/� = (cc̄)c
mc ⇥ 1.1� 1.3GeV

(1974) Discovered at SLAC and 
Brookhaven. Expected due to 
strong theoretical arguments 
(GIM mechanism)

(1977) Discovered at Fermilab (E288)
3rd family of quarks needed to account 
for CP violation

More quarks

• 1975-1976 naked charm

• 1975: tau discovered at SLAC

• 1977:            discovered at Fermilab (E288)

• 1980:                naked beauty

• 1995: top quark identified at Tevatron

b

t

� =( bb̄)

�0
b = (udb)

mb ⇥ 4.0� 4.4GeV

mt � 171GeV
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More quarks

• 1975-1976 naked charm

• 1975: tau discovered at SLAC

• 1977:            discovered at Fermilab (E288)

• 1980:                naked beauty

• 1995: top quark identified at Tevatron

b

t

� =( bb̄)

�0
b = (udb)

mb ⇥ 4.0� 4.4GeV

mt � 171GeV

Baryon

Meson qq̄

qqq
Bound states

4

Sunday, February 15, 15
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More quarks

• 1975-1976 naked charm

• 1975: tau discovered at SLAC

• 1977:            discovered at Fermilab (E288)

• 1980:                naked beauty

• 1995: top quark identified at Tevatron

b

t

� =( bb̄)

�0
b = (udb)

mb ⇥ 4.0� 4.4GeV

mt � 171GeV

More quarks

• 1975-1976 naked charm

• 1975: tau discovered at SLAC

• 1977:            discovered at Fermilab (E288)

• 1980:                naked beauty

• 1995: top quark identified at Tevatron

b

t

� =( bb̄)

�0
b = (udb)

mb ⇥ 4.0� 4.4GeV

mt � 171GeV

(1995) Discovered at Tevatron
EW precision measurements 
predicted mass with accuracy

quark charge mass (approx.)
u 2/3 ~4 MeV
d -1/3 ~ 7 MeV

c 2/3 ~ 1.3 GeV
s -1/3 ~150 MeV

t 2/3 ~171 GeV

b -1/3 ~4.4 GeV

QCD matter sector

t

b
c

s

d
u

100

10�1

10�2

10�3

10�4

10�5

10�6

up-type quarks

down-type quarks
t

top

2nd1st

quark generation

3rd

e
le

c
tr

ic
 c

h
a
rg

e

−
1

/3
+

 2
/3

up

down strange

u

d s

c
charm

b
bottom

• The masses of the up, down, and strange are much lighter than the 
proton. If one takes these light flavors to have an identical mass, the 
quarks become indistinguishable under QCD, and one obtains an effective 
SU(3)f symmetry  

proton

Y
u

k
a
w

a
 c

o
u

p
lin

g

Several orders of magnitude in masses
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The spin-statistics issue

�++ is a spin 3/2 particle with 3 “identical” up quarks !

St. Pauli’s exclusion 
principle endangered!

Spin-statistics issue

�++ = u " u " u "

Wave function (flavor+spin) completely 
symmetric : forbidden by Pauli exclusion 
principle Color SU(3)

Greenberg proposes a new degree of freedom: 

Color

u u u There are now 3 
kinds of up quarks

u u
u

�++

Why 3?

Introduce new additional quantum number : color

�++ = ✏ijk ui " uj " uk "

wave function becomes antisymmetric
 16



Will see that experiment directly confirms 3 colors

Only
Baryon

Meson qq̄

qqq
states results in color singlets

3 colors explain observed spectrum of hadrons!

SU(3)color is an exact symmetry of nature  i
f flavor

color

Hadron production

⇥(e+e� � hadrons)
⇥(e+e� � µ+µ�)

= Nc

�
e2
q = Nc

11
9

q

q̄

You can therefore measure the number 
of colors. Experiment yields Nc � 3.2

Upgrade color to “charge of the strong interactions”

So strong that only hadrons observed in nature are those 
combinations of quarks that result in color singlets!
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one single coupling constant

Finally, it turns out that in a non-Abelian gauge theory, it is necessary to add one extra term
to the Lagrangian density, related to the need for ghost particles. These are beyond the scope of this
course, but basically they arise because when a non-Abelian gauge theory is renormalized it is possible
for unphysical degrees of freedom to propagate freely. These are cancelled off by introducing into the
theory an unphysical set of fields, the ghosts, which are scalars but have Fermi statistics. For practical
purposes it is enough to know that there exist Feynman rules for ghosts and that in every diagram with
a closed loop of internal gluons, we must add a diagram where they are replaced by ghosts. It is worth
noting that in physical gauges, as the name suggests, ghost contributions always vanish and thus can be
ignored.

The final Lagrangian is therefore

LQCD = −1
4
FA

µνFµν
A +

n∑

i

q̄a
i (i /D − mi)abq

b
i −

1
2λ

(
∂µAA

µ

)2 + Lghost . (54)

1.5 Feynman rules
Just as in QED, it is straightforward to read off the Feynman rules from the action. We obtain in Feynman
gauge (only the gluon propagator is gauge dependent)

∆ab
i = δab i

/p − mi
= δabi

/p + mi

p2 − m2
i

, (55)

∆AB
g,µν = δABi

−gµν

p2
, (56)

Γµ
gqq̄ = −i gs tA γµ , (57)

Γggg = −gsf
ABC

[
(p − q)λgµν + (q − r)µgνλ + (r − p)νgλµ

]
. (58)

Note that, apart from the triple-gluon vertex, the only difference relative to QED is in the colour struc-
ture: propagators are diagonal in colour and the vertex for a gluon of colour A to scatter a quark of
colour b to a quark of colour c contains (tA)cb. Note also that unlike in QED, the quark–gluon ver-
tex is flavour-independent (it is straightforward to check that, unlike in QED, we cannot introduce a
flavour-dependence into the gauge transformation, Eq. (47), and retain gauge invariance). In the triple-
gluon vertex, the three gluons have momenta p, q, r, Lorentz indices µ, ν,λ, and colour indices A,B,C ,
respectively. The momenta are all ingoing: p + q + r = 0.

The Feynman rules for ghosts and for the four-gluon vertex can be found in Ref. [1] (p. 10). They
will not be needed for this course.

Note also that, in analogy with QED, the strong charge gs is usually substituted by αS,

αS ≡ g2
s

4π
. (59)

1.6 e+e− → qq̄

One of the most fundamental quantities in QCD is the total e+e− annihilation cross-section to hadrons.
We shall see in a later lecture that to leading order in αS this is equal to the total e+e− → qq̄ cross-
section. The calculation is very similar to that for e+e− → µ+µ−, the only difference being in the
colour structure. The photon is colour-blind, so the Feynman rule for a photon to couple to a quark
contains a trivial colour matrix, δab. Summing over colours and dividing by the number of incoming
colour states (1 in this case since electrons are not coloured), we therefore obtain

σ(e+e− → qq̄) = σ(e+e− → µ+µ−) × e2
q ×

∑

a,b

δabδba . (60)
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QUANTUM CHROMODYNAMICS

55

Original Lagrangian not invariant due to derivative of

Add all gauge invariants! (F is not invariant in non-abelian theories, but..)

(+ gauge fixing terms and eventually ghosts)
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gqq̄ = −i gs tA γµ , (57)

Γggg = −gsf
ABC

[
(p − q)λgµν + (q − r)µgνλ + (r − p)νgλµ

]
. (58)

Note that, apart from the triple-gluon vertex, the only difference relative to QED is in the colour struc-
ture: propagators are diagonal in colour and the vertex for a gluon of colour A to scatter a quark of
colour b to a quark of colour c contains (tA)cb. Note also that unlike in QED, the quark–gluon ver-
tex is flavour-independent (it is straightforward to check that, unlike in QED, we cannot introduce a
flavour-dependence into the gauge transformation, Eq. (47), and retain gauge invariance). In the triple-
gluon vertex, the three gluons have momenta p, q, r, Lorentz indices µ, ν,λ, and colour indices A,B,C ,
respectively. The momenta are all ingoing: p + q + r = 0.

The Feynman rules for ghosts and for the four-gluon vertex can be found in Ref. [1] (p. 10). They
will not be needed for this course.

Note also that, in analogy with QED, the strong charge gs is usually substituted by αS,

αS ≡ g2
s

4π
. (59)

1.6 e+e− → qq̄

One of the most fundamental quantities in QCD is the total e+e− annihilation cross-section to hadrons.
We shall see in a later lecture that to leading order in αS this is equal to the total e+e− → qq̄ cross-
section. The calculation is very similar to that for e+e− → µ+µ−, the only difference being in the
colour structure. The photon is colour-blind, so the Feynman rule for a photon to couple to a quark
contains a trivial colour matrix, δab. Summing over colours and dividing by the number of incoming
colour states (1 in this case since electrons are not coloured), we therefore obtain

σ(e+e− → qq̄) = σ(e+e− → µ+µ−) × e2
q ×

∑

a,b

δabδba . (60)
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Add all gauge invariants! (F is not invariant in non-abelian theories, but..)

(+ gauge fixing terms and eventually ghosts)

one single coupling constant

Finally, it turns out that in a non-Abelian gauge theory, it is necessary to add one extra term
to the Lagrangian density, related to the need for ghost particles. These are beyond the scope of this
course, but basically they arise because when a non-Abelian gauge theory is renormalized it is possible
for unphysical degrees of freedom to propagate freely. These are cancelled off by introducing into the
theory an unphysical set of fields, the ghosts, which are scalars but have Fermi statistics. For practical
purposes it is enough to know that there exist Feynman rules for ghosts and that in every diagram with
a closed loop of internal gluons, we must add a diagram where they are replaced by ghosts. It is worth
noting that in physical gauges, as the name suggests, ghost contributions always vanish and thus can be
ignored.

The final Lagrangian is therefore
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8 (32-1) generators obeying

The Gell-mann matrices

Phenomenology: lecture 3 (p. 56)

QCD basics

Lagrangian
Lagrangian + colour

Quarks — 3 colours: ψa =

⎛

⎝

ψ1

ψ2

ψ3

⎞

⎠

Quark part of Lagrangian:

Lq = ψ̄a(iγ
µ∂µδab − gsγ

µtC
abA

C
µ − m)ψb

SU(3) local gauge symmetry ↔ 8 (= 32 − 1) generators t1
ab . . . t8

ab

corresponding to 8 gluons A1
µ . . .A8

µ.

A representation is: tA = 1
2λA,

λ
1

=

0

@

0 1 0

1 0 0

0 0 0

1

A , λ
2
=

0

@

0 −i 0

i 0 0

0 0 0

1

A , λ
3
=

0

@

1 0 0

0 −1 0

0 0 0

1

A , λ
4
=

0

@

0 0 1

0 0 0

1 0 0

1

A ,

λ
5

=

0

@

0 0 −i

0 0 0

i 0 0

1

A , λ
6
=
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=
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=
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B
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√

3
0 0

0
1

√
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0 0
−2
√

3

1

C

A
,

One explicit representation: 

λA are the Gell-mann matrices

tA =
1
2
�A

Standard normalization: Tr(tatb) = TR �ab TR =
1
2

Notice that the first three Gell-mann matrices contain the three Pauli 
matrices in the upper-left corner
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QCD: non-abelian gauge theory under SU(3)

with 8 generators obeying

Simple recipe: take free Lagrangian for fermions

Force it to be invariant under non-abelian local transformation
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3x3 Gell-Mann matrices (1 representation)
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QCD: non-abelian gauge theory under SU(3)
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Feynman rules
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gµ1µ2(p1 − p2)
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+g
µ2µ3(p2 − p3)

µ1

+g
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µ2

]
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µ2 a2
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µ4 a4

p4

−ig2
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Propagators
α β

i j

p
i(/p + m)αβ

p2
− m2 + iϵ

δij

µ ν

a b

p
i

p2 + iϵ
dµν(p) δab

dµν(p) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

−gµν + (1 − α)
pµpν

p2 + iϵ
covariant gauges

−gµν +
pµnν + pνnµ

p · n
− n2

pµ pν

(p · n)2
axial gauges

dµν(p) =
∑

λ

ε
µ
(λ)(p)εν

(λ)(p)
�

spin polarization tensor

propagation of physical and
 unphysical polarizations (ghosts)

propagation of physical
 (transverse) polarizations only

Quark

Gluon

Explicit expression depends on gauge
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Color algebra

Tr(tatb) = TRδab TR = 1/2

CF =
N2

c − 1

2Nc

(tat
a)il = CF δil

CA = Ncfadcf bdc
= CAδab

i,j,..    quark
a,b,..   gluon

Color algebra: Casimirs & Fierz identity

Fundamental representation 3:

Adjoint representation 8:  
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Conventional normalization

Very useful Fierz identity

Fundamental representation 3

Adjoint representation 8
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QCD lecture 1 (p. 12)

Basic methods

Perturbation theory
What do Feynman rules mean physically?

A, µ

b a
ψ̄b(−igstA

baγ
µ)ψa

A, µ

b a

( 0 1 0 )

︸ ︷︷ ︸

ψ̄b

⎛

⎝

0 1 0
1 0 0
0 0 0

⎞

⎠

︸ ︷︷ ︸

t1
ab

⎛

⎝

1
0
0

⎞

⎠

︸ ︷︷ ︸

ψa

A gluon emission repaints the quark colour.
A gluon itself carries colour and anti-colour.
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A gluon emission repaints the quark colour.
A gluon itself carries colour and anti-colour.QCD lecture 1 (p. 13)

Basic methods

Perturbation theory
What does “ggg” Feynman rule mean?

A, µ

B, ν

C, ρ

p

q

r

−gs f ABC [(p − q)ρgµν

+(q − r)µgνρ

+(r − p)νgρµ]

A, µ

B, ν

C, ρ

p

q

r

A gluon emission also repaints the gluon colours.

Because a gluon carries colour + anti-colour, it emits ∼
twice as strongly as a quark (just has colour)
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Perturbation theory
What does “ggg” Feynman rule mean?
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A gluon emission also repaints the gluon colours.

Because a gluon carries colour + anti-colour, it emits ∼
twice as strongly as a quark (just has colour)

Gluon emission changes quark color

Gluon carries color + anticolor

Feynman rules
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]
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Compute those!Most relevant color structures

gluon          quark

quark         gluon

gluon         gluon

Compute those!Most relevant color structures
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QCD at work

 QCD can not be solved exactly: use perturbation theory

 Coupling constant “large” : many orders needed for precision

 Several problems appear in the calculation of perturbative 
corrections

Ultraviolet (UV) and InfraRed (IR) divergences

 24



A manifestation that QFT FAILS at very large energies!

To be able to use QFT, search for a procedure to isolate the “large” 
energy regime were it fails             renormalization  

1.  Regularize the divergency
2.  “Absorb” it by redefinition of  “bare” (g, m, A, ψ)  parameters in 
     Lagrangian (thanks to gauge symmetry!) 

p pk

p−k

⇥ g2

� �

p2
d4k

1
k2

1
(p� k)2

⇤⌅

 QFT has problems with loops: ultraviolet divergences
originate from integration over very large momentum
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 Example

Regularization

Renormalized (running) coupling constant :      dependent 

RGE

∼ αB

{

1 + αBβ0

∫ Λ
2

cut

p2

d4k

(k2)2
+ O(α2

B)
}

Renormalization
scale

∼ αB

{

1 + αBβ0(log
Λ2

cut

µ2
+ log

µ2

p2
) + O(αB

2)
}

d�s(µ2)
d log µ2

= �⇥(�s) ⇥(�s) = ⇥0�
2
s + ...

= α(µ2)
{

1 + β0α(µ2) log
µ2

p2
+ O(αB

2)
}

Renormalized 
cross-section

finite

finite

finite

↵s(µ
2) ⌘ ↵B

✓
1 + �0↵B log

⇤2
cut

µ2

◆
Renormalized 
coupling

 Example

Regularization

Renormalized (running) coupling constant :      dependent 

RGE

∼ αB

{

1 + αBβ0

∫ Λ
2

cut

p2

d4k

(k2)2
+ O(α2

B)
}

Renormalization
scale

∼ αB

{

1 + αBβ0(log
Λ2

cut

µ2
+ log

µ2

p2
) + O(αB

2)
}

d�s(µ2)
d log µ2

= �⇥(�s) ⇥(�s) = ⇥0�
2
s + ...

+ + ...All order sum of logs 

= α(µ2)
{

1 + β0α(µ2) log
µ2

p2
+ O(αB

2)
}

Renormalization
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QCD

QED           

{ Gross, Wilczek, Politzer 
(1973)

Coupling constant DEcreases with energy

QCD

QED           

{ Gross, Wilczek, Politzer 

Coupling constant DEcreases with energy

30

Tree level• Double real emission

“Trivial” to compute amplitudes
a Hell of infrared singularities (integrals)

• Triple collinear
• Double collinear + soft
• Double soft
• + all NLO (single) configurations..

1

✏4
poles after integration over unresolved partons

Different approaches to compute, handle and cancel singularities

“NLO complexity” :  loop

• 1 loop + single emission

1

✏2

1

✏2
singular emission 

5

Tree level• Double real emission

“Trivial” to compute amplitudes
a Hell of infrared singularities (integrals)

• Triple collinear
• Double collinear + soft
• Double soft
• + all NLO (single) configurations..

1

✏4
poles after integration over unresolved partons

Different approaches to compute, handle and cancel singularities

“NLO complexity” :  loop

• 1 loop + single emission

1

✏2

1

✏2
singular emission 
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The two faces of QCD

confinement
large distances

asymptotic freedom 
short distances~1 fermi

Quarks do not show up as “free particles”

E

αs ~1αs
distance~1/energy
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The Nobel Prize in Physics 2004
David J. Gross, H. David Politzer, Frank Wilczek

"for the discovery of asymptotic freedom in the 
theory of the strong interaction".
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confinement

asymptotic freedom 
It is a prediction of perturbation 
theory and allows to use it at high 
energies

Perturbation theory breaks down: 
no rigorous proof yet ...
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QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  

0.1

0.2

0.3

αs (Q)

1 10 100
Q [GeV]

Heavy Quarkonia (NLO)

e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

Sept. 2013

Lattice QCD (NNLO)

(N3LO)

τ decays (N3LO)

1000

pp –> jets (NLO)
(–)

Figure 9.4: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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are exclusively obtained from extractions which are based on (at least) full NNLO QCD
predictions, and are published in peer-reviewed journals at the time of completing this
Review.♦♦ From these, we determine the new world average value of

αs(M
2
Z) = 0.1185 ± 0.0006 , (9.23)

with an uncertainty of well below 1 %.∗∗∗ This world average value is in excellent
agreement with that from the 2009 [306] and the 2012 version of this review, although
several new contributions have entered this determination. For convenience, we also
provide corresponding values for ΛMS :

Λ
(6)

MS
= (90.6 ± 3.4) MeV , (9.24a)

Λ
(5)

MS
= (214 ± 7) MeV , (9.24b)

Λ
(4)

MS
= (297 ± 8) MeV , (9.24c)

Λ
(3)

MS
= (340 ± 8) MeV , (9.24d)

for nf = 6, 5, 4 and 3 quark flavors, which are calculated using the 4-loop expression for
the running of αs according to Eq. (9.5) and 3-loop matching at the charm-, bottom- and
top-quark pole masses of 1.5, 4.7 and 173 GeV/c2, respectively.

In order to further test and verify the sensitivity of the new average value of αs(M2
Z) to

the different pre-averages and classes of αs determinations, we give each of the averages
obtained when leaving out one of the five input values, as well as the respective, initial
value of χ2 :

αs(M
2
Z) = 0.1184± 0.0006 (w/o τ results; χ2

0/d.o.f. = 2.3/3), (9.25a)

αs(M
2
Z) = 0.1183± 0.0012 (w/o lattice results; χ2

0/d.o.f. = 2.9/3), (9.25b)

αs(M
2
Z) = 0.1187± 0.0007 (w/o DIS results; χ2

0/d.o.f. = 0.6/3), (9.25c)

αs(M
2
Z) = 0.1185± 0.0005 (w/o e+e− results; χ2

0/d.o.f. = 2.9/3), and (9.25d)

αs(M
2
Z) = 0.1185± 0.0005 (w/o e.w. precision fit; χ2

0/d.o.f. = 2.7/3). (9.25e)

They are well within the uncertainty of the overall world average quoted above. The
lattice result, which has the smallest assigned uncertainty, agrees well - within 0.2

♦♦ In addition to those mentioned above, one further result that was available only
in unpublished form while this review was being prepared was Ref. 350, which quotes
αS(mZ) = 0.1174+.0010

−.0005 ± .001 ± .0005evol, using an extraction from the pion decay con-

stant. We leave its detailed consideration to future updates.
∗∗∗ The weighted average, treating all inputs as uncorrelated measurements with Gaussian
uncertainties, results in αs(M2

Z) = 0.11851 ± 0.00048 with χ2/d.o.f. = 2.9/4. Requiring
χ2/d.o.f. to reach unity calls for an overall correlation factor of 0.28, which increases the
overall uncertainty to 0.00059.
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Preliminary determinations of αs from CMS data on the ratio of inclusive 3-jet to
2-jet cross sections [259], at NLO, and from the top-quark cross section [301], in
NNLO, quote values of αs(M2

Z) = 0.1148± 0.0014(exp.)± 0.0018(PDF)+0.0050
−0.0000(scale) and

αs(M2
Z) = 0.1151+0.0033

−0.0032, respectively, indicating many new results to be expected for
inclusion in upcoming reviews.

9.3.11. Electroweak precision fits :
The N3LO calculation of the hadronic Z decay width was used in a revision of the global
fit to electroweak precision data [349], resulting in αs(M2

Z) = 0.1193± 0.0028, claiming a
negligible theoretical uncertainty. For this Review the value obtained in Sec. Electroweak
model and constraints on new physics from data at the Z-pole, αs(M2

Z) = 0.1197± 0.0028
will be used instead, as it is based on a more constrained data set where QCD corrections
directly enter through the hadronic decay width of the Z. We note that all these
results from electroweak precision data, however, strongly depend on the strict validity
of Standard Model predictions and the existence of the minimal Higgs mechanism to
implement electroweak symmetry breaking. Any - even small - deviation of nature from
this model could strongly influence this extraction of αs.

0.11 0.12 0.13
αα    ((ΜΜ    ))s ΖΖ

Lattice
DIS 
e+e- annihilation

τ-decays 

Z pole fits 

Figure 9.3: Summary of values of αs(M2
Z) obtained for various sub-classes

of measurements (see Fig. 9.2 (a) to (d)). The new world average value of
αs(M2

Z) = 0.1185 ± 0.0006 is indicated by the dashed line and the shaded band.

9.3.12. Determination of the world average value of αs(M2
Z) :

Obtaining a world average value for αs(M2
Z) is a non-trivial exercise. A certain

arbitrariness and subjective component is inevitable because of the choice of measurements
to be included in the average, the treatment of (non-Gaussian) systematic uncertainties
of mostly theoretical nature, as well as the treatment of correlations among the various
inputs, of theoretical as well as experimental origin.

We have chosen to determine pre-averages for classes of measurements which are
considered to exhibit a maximum of independence between each other, considering
experimental as well as theoretical issues. These pre-averages are then combined to the
final world average value of αs(M2

Z), using the χ2 averaging method and error treatment
as described above. The five pre-averages are summarized in Fig. 9.3; we recall that these

August 21, 2014 13:18

World Average 

Dominated by Lattice

discussion about “optimistic” uncertainties

0.1181 ± 0.0011
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RGE                                      at leading order (LO)

•Scale at which coupling becomes large
•Scale that control hadron masses

d�s(µ2)
d log µ2

= �⇥(�s)

↵s(µ
2) =

↵s(µ2
0)

1 + �0↵s(µ2
0) log

µ2

µ2
0

This expression allows to compute coupling at any scale by knowing 
it at a reference value, e.g. µ0 = MZ

But it is convenient to introduce the fundamental parameter of QCD

↵s(µ
2) =

1

�0 log
µ2

⇤2
QCD

⇤QCD = µ0 exp


� 1

2�0↵s(µ2
0)

�

⇤QCD ⇠ 200MeV

⇤QCD

Such as

d↵s(µ2)

d logµ2
= ��0↵

2
s(µ

2)
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2 9. Quantum chromodynamics

9.2. The QCD coupling and renormalization scheme

The renormalization scale dependence of the effective QCD coupling αs = g2
s/4π is

controlled by the β-function:

µ
∂αs

∂µ
= 2β(αs) = −β0

2π
α2

s − β1

4π2 α3
s − β2

64π3 α4
s − · · · , (9.4a)

β0 = 11 − 2
3
nf , (9.4b)

β1 = 51 − 19
3

nf , (9.4c)

β2 = 2857 − 5033
9

nf +
325
27

n2
f , (9.4d)

where nf is the number of quarks with mass less than the energy scale µ. The expression
for the next term in this series (β3) can be found in Ref. 8. In solving this differential
equation for αs, a constant of integration is introduced. This constant is the fundamental
constant of QCD that must be determined from experiment in addition to the quark
masses. The most sensible choice for this constant is the value of αs at a fixed-reference
scale µ0. It has become standard to choose µ0 = MZ . The value at other values of µ

can be obtained from log(µ2/µ2
0) =

∫ αs(µ)
αs(µ0)

dα

β(α)
. It is also convenient to introduce the

dimensional parameter Λ, since this provides a parameterization of the µ dependence of
αs. The definition of Λ is arbitrary. One way to define it (adopted here) is to write a
solution of Eq. (9.4) as an expansion in inverse powers of ln (µ2):

αs(µ) =
4π

β0 ln (µ2/Λ2)

[

1 − 2β1

β2
0

ln
[

ln (µ2/Λ2)
]

ln (µ2/Λ2)
+

4β2
1

β4
0 ln2(µ2/Λ2)

×
(

(

ln
[

ln (µ2/Λ2)
]

− 1
2

)2
+

β2β0

8β2
1

− 5
4

)]

. (9.5)

This solution illustrates the asymptotic freedom property: αs → 0 as µ → ∞ and shows
that QCD becomes strongly coupled at µ ∼ Λ.

Consider a “typical” QCD cross section which, when calculated perturbatively [7],
starts at O(αs):

σ = A1 αs + A2 α2
s + · · · . (9.6)

The coefficients A1, A2 come from calculating the appropriate Feynman diagrams. In
performing such calculations, various divergences arise, and these must be regulated
in a consistent way. This requires a particular renormalization scheme (RS). The most
commonly used one is the modified minimal subtraction (MS) scheme [9]. This involves
continuing momentum integrals from 4 to 4–2ϵ dimensions, and then subtracting off the
resulting 1/ϵ poles and also (ln 4π−γE), which is an artifact of continuing the dimension.
(Here γE is the Euler-Mascheroni constant.) To preserve the dimensionless nature of
the coupling, a mass scale µ must also be introduced: g → µϵg. The finite coefficients

December 20, 2005 11:23

Next-to-Next-to-Leading Order (NNLO) in MS scheme

   In real life: 

 Dimensional regularization   4         D dimensions, 

 “divergences” appear as 1/(D-4) poles

 Finite terms can be subtracted: renormalization scheme
__

MS
2

4�D
+ ln(4⇡)� �Escheme. Subtract
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Figure 3: The values (3.13) and (3.14) of the coupling constants of QCD (left) and pure SU(N)
Yang-Mills theory (right) for which the absolute size of the NnLO contribution to the beta function
is a quarter of that of the Nn−1LO term for n = 1, 2, 3 (dashed curves) and 4 (solid curves).
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Figure 4: Left panel: The total N2LO, N3LO and N4LO results for the beta function of QCD for
four flavours, normalized to the NLO approximation. Right panel: The resulting scale dependence
of αs for a value of 0.2 at 40 GeV2, also normalized to the NLO result in order to show the small
higher-order effects more clearly, for the scale range 1 GeV2 ≤ µ2 ≤ 10 4 GeV2.
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ζ denotes the Riemann zeta function with ζ3 ∼= 1.202056903, ζ4 = π4/90 ∼= 1.08232323 and
ζ5 ∼= 1.036927755. As expected from the lower-order and QED results, higher values of the
zeta function do not occur despite their occurrence in the results for individual diagrams;

for further discussions see ref. [23, 46].

Inserting the group factors of SU(3) as given in eq. (2.14) leads to the QCD results
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5 loop also known!

rather good convergence starting at NNLO
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QCD at work

Observable computed as an expansion in strong coupling constant

Example:

We can not compute “hadrons” but can assume that once there are 
partons in the final state they will form hadrons. If we neglect some 
hadronization effects then “hadrons ~ partons”
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hadronization effects then “hadrons ~ partons”
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R is Sensitive to number of colors!

Compare TH to experimental data
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What about the next term in the expansion? 

Coupling constant not so small : can lead to visible effect

Two contributions: real and virtual gluon emission 

Real included because we are interested in inclusive cross section, not 
in cross section with a fixed number of partons in final state (which by 
the way can not be computed...see later..)
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 Real gluon emission (massless)

xi =
2pi ·Q
Q2

⌘ 2Ei

Q

Best variables to describe the process

1� x1 =
1

2
x2x3(1� cos ✓qg)

1� x2 =
1

2
x1x3(1� cos ✓q̄g)

Some more kinematics (angles between final state partons)

|Mreal(x1,2 , x3)|2 = CF
↵s

2⇡

x2
1 + x2

2

(1� x1)(1� x2)

Exercise: compute this!

x1 + x2 + x3 = 2

0  xi  1
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Integrate over phase space            real contribution to cross-section

Origin of singular contributions: soft and collinear emission 

soft collinear

1
(p + k)2

=
1

2 p · k
=

1
2EqEg(1� cos �qg)

Integrate over phase space            real contribution to cross-section

Origin of singular contributions: soft and collinear emission 

soft collinear

1
(p + k)2

=
1

2 p · k
=

1
2EqEg(1� cos �qg)

singular at xi = 1

|Mreal(x1,2 , x3)|2 = CF
↵s

2⇡

x2
1 + x2

2

(1� x1)(1� x2)

|Mreal(x1,2 , x3)|2 ! 1

(1� x1)

↵s

2⇡
CF

1 + x2
2

(1� x2)
x1 ! 1

q ! qg
universal splitting kernel

Exercise: do this!
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Virtual

Z 1

0
dx3. . . =

Z 1

1
dx3. . . +

Z 1
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dx3. . .

�V =

Z 1

0
dx1dx2 �(2� x1 � x2)

Z 1

0
dx3 |Mvirtual(x1, x2, x3)|2

IR finite IR divergent

Looks similar to Real contribution (different kinematics)

and also divergent...not UV, again due to soft and collinear emission

Different phase space due to virtual gluon (instead of real)
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Lets regularize it by introducing a gluon mass       

b) Add virtual contribution

Looks bad: computing a physical quantity ... and diverges..  

Double (log) singularities due to soft and 
collinear emission, one “log”per each

Same singularities but opposite sign!

Lets regularize it by introducing a gluon mass       

b) Add virtual contribution

Looks bad: computing a physical quantity ... and diverges..  

Double (log) singularities due to soft and 
collinear emission, one “log”per each

Same singularities but opposite sign!
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 Lets regularize by using dimensional regularization  

   2011 School of High-Energy Physics Fabio Maltoni

Anatomy of a NLO calculation

Summary:

�REAL + �VIRT = 1�1 =?

Solution: regularize the “intermediate” divergences, by giving a gluon a mass (see later) or going to 
d=4-2ε dimensions.Z 1 1

1� x
dx = � log 0

regularization!
Z 1 (1� x)�2✏

1� x
dx = � 1

2�

lim
�!0

(⇤REAL + ⇤VIRT) = CF
3

4

�S

⇥
⇤Born

R1 = R0

(

1 +
αS

π

)

as presented before

⌅REAL = ⌅BornCF
�S

2⇤

✓
2

⇥2
+

3

⇥
+

19

2
� ⇤2

◆

⌅VIRT = ⌅BornCF
�S

2⇤

✓
� 2

⇥2
� 3

⇥
� 8 + ⇤2

◆

This gives:

7
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Z 1

0

1

1� x
dx = 1

Z 1

0

(1� x)�2✏

1� x
dx = � 1

2✏

d = 4� 2✏Phase space and matrix elements computed in
phase space

finite real and virtual terms very 
different from previous slide 
(unphysical), but sum must be the same
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Real and Virtual diagrams have very similar structure: cuts (dashed line)

=

=

Cancellation not by miracle

In the infrared region: virtual and real are kinematically equivalent                                      
(-1) from Unitarity

Since (Feynman, yes blame him!) we compute virtual and real separately:
regularization needed until achieve cancellation

IR worse than UV!

Loop integration

PS integration
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Infrared singularities in massless theory cancel out after a sum over 
degenerate (initial and final) states 

Physically a hard parton can not be distinguish from a parton plus a 
soft gluon or two collinear partons :  degenerate states. One should 
add over them (to some extent/resolution) to obtain a physically 
sound observable 

hard hard + soft gluon 2 collinear partons

KLN Theorem

Cancellation is a general feature: Kinoshita-Lee-Nauenberg theorem
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In QED: Bloch-Nordsieck  (only needs sum over final states), proved to 
all orders

We can use QCD to compute observables corresponding “inclusive 
enough” processes              
                                       InfraRed safe (IRS)

KLN Theorem

Solution of the well-known “infrared 
catastrophe” in QED (soft photon 
emission)

e+e� � qq̄ is not IRS        while                                       ise+e� � 2 jets

Observable “insensitive” to collinear and soft emission
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3 jet production

IR safe: KLN works
cancellation not as complete 
as for fully inclusive: some 
logs remain

�s log R R

 46



Infrared-safe observables (beyond total cross sections)

Definition insensitive to soft and collinear branching

Event shape variables in e+e-

   2011 School of High-Energy Physics Fabio Maltoni

q

q

Event shape variables

pencil-like spherical

13
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q

q

Event shape variables

pencil-like spherical
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   2011 School of High-Energy Physics Fabio Maltoni

Event shape variables

The idea is to give more information than just 
total cross section by defining “shapes” of an 
hadronic event (pencil-like, planar, spherical, etc..)

In order to be comparable with theory it MUST 
be IR-safe, that means that the quantity should not 
change if one of the parton “branches”  pk →pi + pj 

Examples are: Thrust, Spherocity, C-parameters,...

Similar quantities exist for hadron collider too, but 
they much less used.

14
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Fig. 7: Measured thrust distribution at LEP compared to leading order predictions based on QCD (vector gluon,
solid red line) and a modified version of QCD in which the gluon is a scalar (spin 0, dashed blue line) rather than
a vector (spin-1) particle. Figure taken from CERN academic training lectures by B. R. Webber.

where the sum runs over all particles, and one chooses the thrust axis n⃗T (a 3-dimensional unit vector)
so as to maximize the projection in the numerator. For a perfectly collimated 2-jet event, the thrust axis
aligns with the jet axes and the thrust is 1. For a ‘Mercedes’ type event with three identical collimated
jets, the thrust axis will be aligned with any one of the three jets and the thrust will be 2/3. Intermediate
events will have intermediate values of the thrust.

One application of the thrust variable is given in Fig. 7. It shows data for the thrust distribution
from LEP, compared to O (αs) calculations of the thrust distribution in QCD and in a variant of QCD in
which the gluon is a scalar particle rather than a vector particle. The scalar gluon case does not have a
divergence for soft emission (the collinear divergence is still there), with the result is that the distribution
diverges less strongly in the 2-jet limit than for vector gluons. The data clearly prefer the vector-gluon
case, though they do also show the need for higher-order corrections at thrust values close to 2/3 and to
1.

More generally, event shapes like the thrust have seen broad use in measurements of the QCD
coupling, tuning of Monte Carlo event generators (see Section 4.2), studies of the hadronization process,
and also as an event-topology discriminant in searches for decays of particles beyond the Standard Model.

2.4 Summary
The e+e− → hadrons process has allowed us to examine many of the basic ideas of perturbative QCD:
soft and collinear divergences, the question of which observables are perturbatively calculable or not
(related to infrared and collinear safety) and even what happens if one takes perturbation theory seriously
outside its strict domain of applicability (one acquires a rough understanding of the collimated, high-
multiplicity structure of real events).

3 Parton distribution functions
Having considered processes that involve hadrons in the final state, let us now examine what happens
when they are present in the initial state. The importance of understanding initial-state hadrons is obvious
at the LHC. Within the ‘parton model’, we write, for example, the hadron collider cross section to

15

Thrust to determine spin of the gluon
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Bill Gary, U California Riverside, CTEQ Summer School, Madison WI, June 26, 2009 19

Bengtsson-Zerwas angle χBZ

Abelian model U(1)3:
→ 3 quark colors
→ No 3-gluon coupling

4-jet angular structure sensitive 
to the gauge group structure of 
strong interactions

L3 (LEP), PL B248 (1990) 227

VENUS (Tristan), 
PRL 66 (1991) 280

Bengtsson-Zerwas: angle between the planes containing the two 
highest and lowest energy jets

Non-Abelian nature : 4 jets

QCD in e+e�

Jets

Event Shapes

Triple Gluon Vertex

Future e+e� QCD

Photon Structure

Intro

Nachtmann-Reiter Angle

Bengtsson-Zerwas Angle

Colour Factors

Distributions of
variables

James Ferrando QCD Physics - Lecture 3

QCD in e+e�

Jets

Event Shapes

Triple Gluon Vertex

Future e+e� QCD

Photon Structure

Intro

Nachtmann-Reiter Angle

Bengtsson-Zerwas Angle

Colour Factors

Distributions of
variables

James Ferrando QCD Physics - Lecture 3

Abelian 
contribution

Non-Abelian 
contribution
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Bill Gary, U California Riverside, CTEQ Summer School, Madison WI, June 26, 2009 30

Color factors from a combination 

of 4-jet events & event shapes

S. Kluth, Rept. Prog. Phys. 69 (2006) 1771

CA = 2.89 ± 0.21   

CF = 1.30 ± 0.09   
→  7% precision for both CA & CF

QCD

3

1.33

→ Combine 4-jet and event

shape results, accounting

for correlations between

measurements

→ Include constraints on 

CA /CF from differences

between gluon & quark jets

Bill Gary, U California Riverside, CTEQ Summer School, Madison WI, June 26, 2009 30

Color factors from a combination 

of 4-jet events & event shapes

S. Kluth, Rept. Prog. Phys. 69 (2006) 1771

CA = 2.89 ± 0.21   

CF = 1.30 ± 0.09   
→  7% precision for both CA & CF

QCD

3

1.33

→ Combine 4-jet and event

shape results, accounting

for correlations between

measurements

→ Include constraints on 

CA /CF from differences

between gluon & quark jets

From combinations of 4-jet events & event shapes

Color Factors
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Multiple jet production number of jets ~ αS
n-1

See what happens in a more complicated “environment”

 51



   2011 School of High-Energy Physics Fabio Maltoni

q

q

Jet algorithms

2-jets 3-jets 4-jets

Jets are in the eye of the beholder!

GavinSalam®

same event!!

18

Jets : several definitions available

1. How do you group particles together in a common jet? : jet algorithm
2. How do you combine the momenta of particles inside the jet? : 
recombination scheme 

(E-scheme) add 4-vectors

number of jets depends on algorithm

(P-scheme) add 3-vectors (E from m=0)
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Jets (p. 28)

Cone Cone Origins

First ‘jet algorithm’ dates back to Sterman and Weinberg (1977) — the
original infrared-safe cross section:

Groundbreaking; good for 2 jets in e+e−; but never widely generalised

Sterman-Weinberg (1977)

   2011 School of High-Energy Physics Fabio Maltoni

•The precise definition of a procedure how to cut be three-
jet (and multi-jet) events is called “jet algorithm”.

•Which jet algorithm to use for a given measurement/
experiment needs to be found out. Different algorithms have 
ver y different behaviors both exper imentally and 
theoretically. Of course, it is important that a complete 
information is given on the jet algorithm when experimental 
data are to be compared with theory predictions!

•We i n b e r g - S t e r m a n j e t s ( i n t u i t i v e d e fi n i t i o n ) :                     
“An event is identified as a 2-jets if one can find 2 cones with 
opening angle δ that contain all but a small fraction εE of the 
total energy E”.

Jet algorithms

21

First jet algorithm:

1� ✏

�
2-jets events if fraction          of total energy 
contained in 2 cones of opening angle 

 53



Jets (p. 46)

Cone

xC-SM
IRC safety & real-life

Real life does not have infinities, but pert. infinity leaves a real-life trace

α2
s + α3

s + α4
s ×∞ → α2

s + α3
s + α4

s × ln pt/Λ → α2
s + α3

s + α3
s

︸ ︷︷ ︸

BOTH WASTED

Among consequences of IR unsafety:

Last meaningful order
JetClu, ATLAS MidPoint CMS it. cone Known at

cone [IC-SM] [ICmp -SM] [IC-PR]

Inclusive jets LO NLO NLO NLO (→ NNLO)
W /Z + 1 jet LO NLO NLO NLO
3 jets none LO LO NLO [nlojet++]
W /Z + 2 jets none LO LO NLO [MCFM]
mjet in 2j + X none none none LO

NB: $30 − 50M investment in NLO

Multi-jet contexts much more sensitive: ubiquitous at LHC
And LHC will rely on QCD for background double-checks

extraction of cross sections, extraction of parameters

Don’t find infinities in experiment, but IR unsafety spoils 
calculations from certain orders

introduces large sensitivity on non-perturbative physics

Many since then, some with problems.... like infinities...

Juan Rojo                                                                                                           University of Oxford, 28/04/2014

 The mapping between quarks and gluons / hadrons / calorimeter towers and jets is provided by the 
so called jet algorithms

 In addition, we need to specify which four-momenta is assigned to the combination of two particles 
when forming the jet: this is known as the recombination scheme

 The jet algorithm with its corresponding parameters, like jet radius, together with the recombination 
scheme, fully determine the jet definition

 In 1990, the Snowmass accord was set out to specify the desirable properties of good jet algorithms

 A crucial property of a jet algorithm is that it should be infrared safe, to avoid depending on the 
unknown, long-distance properties of QCD where perturbation theory breaks downs

 Many of the jet algorithms in the last 20 years were infrared unsafe. Fortunately, this is not the case at 
the LHC anymore

Snowmass
accord (1990)
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Popular algorithms for hadron colliders: kT and anti-kT 

   2011 School of High-Energy Physics Fabio Maltoni

Measure (dimensionful):

dij = min(p2ti, p
2
tj)

�R2
ij

R2

diB = p2ti

The algorithm proceeds by searching for the smallest of the dij and the diB. 

If it is a then dij particles i and j  are recombined* into a single new particle. 

If it is a diB then i is removed from the list of particles, and called a jet.

This is repeated until no particles remain.

kT algorigthm “undoes” the QCD shower

kT  algorithm at hadron colliders

*a 4-momenta recombination scheme is needed (E-scheme)

GavinSalam®

25
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GavinSalam®

25

Sequential recombination (bottom-up approach)

distance parameter for pairs

distance parameter to beam

�R2
ij = (�⌘ij)

2 + (��ij)
2

Search for smallest distance among all possibilities 

•if diB then particle i removed from list of particles and called a jet 

•if dij then particles i and j are recombined in a single particle 

Repeat until no particles remain

kT
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Fig. 38: Regions of the y–φ plane covered by jets in an illustrative (simulated) hadron-collider event with an IC-
PR type cone algorithm (left) and the inclusive longitudinally-invariant kt algorithm (right). The jet finding was
carried out with the FASTJET package [113, 114], with the addition of very soft ghost particles to trace the extent
of the jets [115].

separated by more than R from all other particles in the event then it will have diB < dij for all j and so
it will form a jet on its own.

Despite this similarity to the behaviour of cone algorithms for pairs of particles, the kt algorithm
gives jets that ‘look’ somewhat different. Figure 38 illustrates what happens when one clusters a simu-
lated hadron-collider event with an IC-PR type cone algorithm and with the kt algorithm. In both cases
the figure shows (in a given colour) the calorimeter cells that are included in each jet. For the IC-PR
algorithm the hardest jets all appear circular, as expected given the use of cones in the definition of the
algorithm (in cone algorithms with split–merge steps, the jets are often not circular, because of the less
trivial mapping from stable cones to jets). For the kt algorithm, the jets have quite irregular (or jagged)
edges, because many of the soft particles cluster together early in the recombination sequence (owing to
their small pt and hence dij) in patterns that are determined by the random distributions of those particles
in pt and rapidity and azimuth.

The irregularity of the jet boundaries has often been held against the kt algorithm. One reason is
that it makes it harder to calculate acceptance corrections: for example, if you know that some part of a
detector is misbehaving, it is not obvious how far a kt jet must be from that part of the detector in order
not to be affected by it. Another reason relates to the linearity of the dependence of the jet momentum
on soft-particle momenta: in the IC-PR algorithm, the hard core of the jet essentially determines the jet
boundary, and the algorithm depends linearly on the momenta of any soft particles within the boundary,
and is independent of particles outside it. In the kt algorithm, varying the momentum of one soft particle
in the vicinity of the jet core can affect whether it and other soft particles get clustered with that core
or not. This can complicate energy calibrations for the jet algorithm, though techniques exist to correct
for this to some extent (jet-area-based subtraction [116], which leaves just a residual term known as
back-reaction [115]).

A feature of the kt algorithm that is attractive is that it not only gives you jets, but also assigns a
clustering sequence to the particles within the jet. One can therefore undo the clustering and look inside
the jet. This has been exploited in a range of QCD studies (e.g., Ref. [117]), and also in discussions
of searches of hadronic decays of boosted massive particles such as W , H , or Z bosons, top quarks,
or new particles (early examples include Refs. [118, 119]; for more recent examples, see the reviews in
Refs. [106, 120]). Jet substructure studies are also often carried out with the Cambridge/Aachen (C/A)
algorithm [121, 122], which essentially replaces pti → 1, ptj → 1 in Eqs. (71,72) but is otherwise like
the kt algorithm.
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Fig. 38: Regions of the y–φ plane covered by jets in an illustrative (simulated) hadron-collider event with an IC-
PR type cone algorithm (left) and the inclusive longitudinally-invariant kt algorithm (right). The jet finding was
carried out with the FASTJET package [113, 114], with the addition of very soft ghost particles to trace the extent
of the jets [115].

separated by more than R from all other particles in the event then it will have diB < dij for all j and so
it will form a jet on its own.
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in the vicinity of the jet core can affect whether it and other soft particles get clustered with that core
or not. This can complicate energy calibrations for the jet algorithm, though techniques exist to correct
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A feature of the kt algorithm that is attractive is that it not only gives you jets, but also assigns a
clustering sequence to the particles within the jet. One can therefore undo the clustering and look inside
the jet. This has been exploited in a range of QCD studies (e.g., Ref. [117]), and also in discussions
of searches of hadronic decays of boosted massive particles such as W , H , or Z bosons, top quarks,
or new particles (early examples include Refs. [118, 119]; for more recent examples, see the reviews in
Refs. [106, 120]). Jet substructure studies are also often carried out with the Cambridge/Aachen (C/A)
algorithm [121, 122], which essentially replaces pti → 1, ptj → 1 in Eqs. (71,72) but is otherwise like
the kt algorithm.
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Anti-kT  algorithm

Measure (dimensionful):

dij =
1

max(p2ti, p
2
tj)

�R2
ij

R2

diB =
1

p2ti

Objects that are close in angle prefer to cluster early, but that clustering tends to occur with a hard 
particle (rather than necessarily involving soft particles). This means that jets `grow' in concentric 
circles out from a hard core, until they reach a radius R, giving circular jets.

Unlike cone algorithms the `anti-kT' algorithm is collinear (and infrared) safe.

This, (and the fact that it has been implemented efficiently in FastJet, has led to be the default jet 
algorithm at the LHC.

It’s a handy algorithm but it does not provide internal structure information.

GavinSalam®
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“invert” distance measure

Soft particles recombine early but preferably with hard particles : jets 
grow in concentric circles (like cone)

Implemented in FastJet :  default algorithm
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Can not look inside jet
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Recap of first lecture

๏Color “explains” hadron spectrum : charge of QCD

๏QCD Lagrangian derived from gauge principle with non-abelian 
group SU(3) : Feynman rules for perturbative calculations

๏There are UV divergences dealt by renormalization : as a 
result running coupling constant

๏Two faces of QCD : asymptotically free and consistent with 
confinement

๏There are also IR divergences that cancel when adding real and 
virtual contributions

๏QCD at work in e+e- :  test the nature of SU(3) OK!

๏Jet algorithm is relevant to define IR safe observables

 58


