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What can you expect from
the Lectures

Lecture 1: Basic Concepts
Histograms, PDF, Testing Hy.potheses,
LR as a Test Statistics, p-v-alue, POWER, CLs
Measurements
Lecture 2: Wald Theorem, Asymptotic Formalism, Asimov- Data
Set, Feldman-Cousins, PL & CLs, Asimov- Significance
. Lecture 3: Look Elsewhere Effect
1D LEE the non-intuitiv-e thumb rule
(upcrossings, trial #~2)
2D LEE (Euler Characteristic)
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Look Elsewhere Effect
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' E.G., O. Vitells “Trial factors for the look elsewhere effect in hlgh energy
phyS|cs :
Eur. Phys. J. C 70 (2010) 525

O. Vitells and E. G., Estimating the significance of a signal in a multi-
dimensional search
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e
Look Elsewhere Effect

- [s there a
signal here?
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Look Elsewhere Effect

-Looks like a
signal at m=30

‘What is its
significance?

Test the BG hy.pothesis
At m=30

(el =0)
=21
,®=1""" L(io)
0
L(h
qii.\ by = <IN e (_ ) ) ' Z = \/q ]
| L(ts(m=30)+b) 0.fix 0bs
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e
Look Elsewhere Effect

== f(tﬂoal ! Ho)

_f(tﬁx ! l'|o)

L(i=0)
=2
Do.p = (015(30) + b)

f(qO,ﬁx |Ho)"’%2

Pu=| flg,Hy)dg,
Qﬁx Lobs

0 q t, 10! 15 20 25 t30

Ofx obs

p.. answers the question:

What is the probability to have a fluctuation
|as or bigger than the observed one?
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signal, had
you seen (t?

e
Look Elsewhere Effect

- Would you
ignore this
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e
Look Elsewhere Effect
Or this?
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e
Look Elsewhere Effect
Or this?
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Look Elsewhere Effect
-Or this? )
-Obv-iously

NOT!

-ALL THESE o
“SIGNALS” ARE

BG
FLUCTVUATIONS p

3.10325 |

The right questlon

as or bigger than the observed one
ANYWHERE in the mass search range?!

What is the probability to have a fluctuation

i %"} Eilam Gross , ATLAS Stat Forum, 1/2018
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e

Look Elsewhere Effect

‘Hav-ing no idea where the signal might be

there are two equiv-alent options

- OPTION I:

scan the mass rangein pre-defined steps and

test any disturbing fluctuations

Perform a sliding window fixed mass analysis
oo = 12X (4 ()

pﬂoat = Jq f(q0,ﬂ0at IIJO )dqo,ﬂoat

float ,obs

‘OPTION II:
Perform a floating mass analysis

n L(b)
90 foar 9o (m) t L(its(m)+b)

pﬂoat — J. , f(QO,ﬂoat I HO )dQO,ﬂoat

q floa
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e
Sliding Window

-Scan and
perform a
fixed mass "
analysis at each

point
B L(u=0) Pl
q, = —2In— i
L(us(m)+b) | &

-The scan resolution must be
less than the signal mass

resolution
- 1/30/18
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e
Sliding Window

gy = -2 —H=D_ -
L(us(m)+b)
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e
Sliding Window

. L(u=0)
L(lis(m)+b)

qy = —21
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e
Sliding Window

o Lu=0)
L(is(m)+b)

qy =21
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e
Sliding Window

. L(u=0)
L(lis(m)+b)

qy = —21
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e
Sliding Window

. L(u=0)
L(lis(m)+b)

qy = —21
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e
Sliding Window

o Lu=0)
L(is(m)+b)

qy =21
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e
Sliding Window

o Lu=0)
L(is(m)+b)

qy =21
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e
Sliding Window

. L(u=0)
L(lis(m)+b)

qy = —21
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e
Sliding Window

o Lu=0)
L(is(m)+b)

qy =21
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e
Sliding Window

-Assuming the
signal can be
only at one
place

-.pick the one
with the
MAXIMUM
SIGNIFICANCE

o e = N AX (26 (M)

| 1/30/18
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e
Look Elsewhere Effect: Floating Mass

OPTION 1

qo.foar = 90 (m)=-2In

pﬂoat = jq

floa

L(b)

L(its(re)+b)

bf(qo,ﬂoat lHO)d%

-

20

3.10525 |
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e
Look Elsewhere Effect

. .Th'e. . Img, q,(m)2q,(my,)
distribution
f(%‘loat\Ho)
does not follow a

chi-squared with | B
Ldof because
the mass
parameter (s not

The y! distribution is pushed to the right

defined under

the null N

hy-pOthes.ls 0 B '.li T ‘10 15 120 25 '30
K ~-‘ g”f_rs—g Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18 J




a I
trial#

-Assume q maximal
local fluctuation at

mass = 3()
-The observ-ed g0 is
giv-en by _~
o Lw=0) "
qO,obs = —<«ln A “
L(us(m)+b)
Ppx = J.;’Obsf(%,ﬁx |H0)dq0,ﬁx t}"lal # _ pﬂoat
pﬂoat = J-Z)’Obsf(QO,ﬂoat IIJO )qu,ﬂoat pﬁx

Can we calculate analytically the floating mass p-value

g%r‘— ‘.—?j] Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18 )




e
(Wrong) Thumb Rule

Mass Range Ag |
<Nminima> - . £ k N
Mass Resolution = |
‘§ !
v :
Trial # ~ <N - > v ;
? s =
. _ 4
Trlal # T <Nminima > plocal :
. Z = ]
The answer is NO sl | .
. - ]
2| o o 1
6 10 14 18 22
mass-ranae / mass-resolution
\ PP Eilam Gross | ATLAS Stat Forum, 1/2018 soe




The right question :
What is the probability to have a fluctuation

as or bigger than the observed one
ANYWHERE in the mass search range"!

Let 0 be a nuisance parameter

undefined under the null hypothesis.

Define q(0) = max,(q(6))
Davies (1987) finds, for ¢ >>1

P(g(8)> c)~ P(x} > )+(N(©))

(N(c)) = Number of
upcrossings g(@) >c

a‘;sk"": g;}in Eilam Gross , ATLAS Stat Forum, 1/2018 — ———— | U /
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4 . ™
Dav-ies Formula

P(4(6)> c)~ P(x} > ) +(N(©))

—
=
= 20
=

S 0

(N(c)) = Number of upcrbssmgs wheré (9) > d" g

for ¢ >>1—(N(c)) «l
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4 N
Making Dav-ies Formula Accessible
0 20 N( (;.(5 > 50 100 120
P(¢(@ ~ P(x, (N(c,
(9(8)>c)~P(x; >c)+(N(c ))<N( 0),
..‘ Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18 /




Dav-ies Formulag
—c/2
J ,C(0)dO

(V@)= 7

P(y; >c)——e " =

—00

1

<N(C)> =~ (\/E Je C(H)dH)P()(g > C)
(N(©))=NP(x; >c)

P(Q(6)>C)NP(Z1 >C)+NP(Z2 > ()

1/30/18
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trial # = P(q(@) - C)
P(q(8)>c)

~1+NP(Z§ Z6)
P(y,; >c)

trial# ~1+ N %1“(1/2):

trial # = 14 \/;/\/'Zﬁx
2
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What is Going On?




) W

N events
4000+

3000+
20007

1000¢

80 100 120 140 160 180 200m(CGeV]

FR ]n:m Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18 )




N evenis
3000 — .
2500. 100 Mill E {
. illion Experiments
B .
1500, -
1000
500 I BB
\: ‘ 1 ! . Jass [Ga\
fo0 110 120 130 140 150 1601258 [GeV]
| T N e Y o o i
0.100f S e
0.010 TN A of
\
0.004 < " it ;' 30—
13 5 '\ 'l
. - . ’ i ' . Jass [Ge\
100 110 120 130 140 150 160858 [GeV]
ﬁ.
2.0
1 .5' I./\!l
1 0 '|". 'r“\“n
05 S N -
~ SN S W . "y '
/410 120 130 140 450 Tebase [CeV]
-05 S —

e '] Eilam Gross , ATLAS Stat Forum, 1/2018

1/30/18

/




N events
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P(q(B)> )~ P(x > c)+(Neey)he "

q
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l gOmax ﬁq0(125)
1.2
— 2X(1)
- S S |
10 15 20 25




1 M qOmax | 1q0(125)

0.01

107




N events
3.5x107f

3.0x107;
25x107;
2.0x107;
1.5% 107,
1.0%107,
5.0 10°

local minima

A

4o = max{%,i}

1=1,.......

-------- N

upcrossings
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1.0¢

0.8

first qO(m peak | qOmax  q0(125)

o 2X(1)
— :ZLX(21)+<N>X(22)
2
— X2
15 20 25 30

4o




.2 qOmax i.:q0(125)

1.2
— 2X()
%X(21)+(N)X(22)

0.01
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gloabl significance formula

i

e 21 Eilam Gross , ATLAS Stat Forum, 1/2018
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Trial Factor
40,

30¢
20¢

10+

— Formula
. Toys

““““““““““““““““““““““““

z‘*.s‘;“&'

nj'% Eilam Gross , ATLAS Stat Forum, 1/2018
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Local Significance
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Why Trial

"'Zfix




Solution of the LEE problem

P(g@)>c)~ P(x! > c)+{N(c,))e "

trial # ~ 1 ﬂ/\/Zf (N(c0)>=NP(;(22 > ¢,)

2 1X

Where does the Z dependence come from’!

View the results as if there are N independent search reigons

In each one there is a . distribution of q,(i,m)

The mass is a dof even though it is undefined under the null

1 A
Gm~—:>—m~Z
/Z O,

m

ERNT nj-:_;% Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18
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" Why trial#~Z

Var(m) = {—E[ J logzﬁ ﬂ
om

n ~ Poiss(ps(m)+b) = e " (us(m)+b)"
log £ =—us(m)—b+nlog(us(m)+b)
dlogl  ds(m) J7 ds(m)

om om us(m)+b om
d°log L _ 9% s(m) N u 9% s(m) B

+n

2

J7

ds(m)

E

E

om’ om’ us(m)+b om’
:n]:,us(m)+b
}__ w (as(m)j2
us(m)+b\ om
I 1

[ 9’log £

| om’

Var|m|~—~—==0, ~Z = trial # ~
HZ 0,

range

V4

" (us(m)+ b)2

|

om

T




4 . ™
A real life example

P(qo > u) = E[ Nu] + P(qo (O) > u) i_’; 10" ATLAS Prellmin'ary Z011 +aa|2'0:.m
g 10 ——Obs. 13- 7 TaV: }Ldt--t.s-ae b
~u/2 -E b . I
L[N, ]= N e .- ”\ =00
105 20
_ /2 102 " 3
N, =(N, e 1 e 1}! .......................................................... .
LU e eeamemameasmamnansnamsnnssnmnensangieneae eamsnnnend
H%>w=Nﬁ“+5H?>w L *
T . U NS BRSO S— 50

100 500 300 400 500 BOD

—Uu/?2
p global ~— N 1e + plocal ) | | m.'[GOV]
__-'_1 2,5? ATLAS Preliminary 2011 + 2012 Data ?
UO Y ?-." 2-' « Bestfie 5 =7 TeV: {Ldl-c.sieﬂ:" .
—_ 2 8 S [ 2mbm<i V=BTeV [Ldl-68581"
P global < Nu0 > e + P local = 1.5 -
g‘ o
N, ,=9=%3 @ T
! 0.5F
-25/2 ~7 -5 i
Pyos = 9-€ 7 + O(107) = 3.3-10 o
. 0.5) ]
50 — 40 tnal#~100 : :
-1 y N 2 —1
R n'_'.l-‘_;'lj Eilam Gross, WIS, Statistics f 100 200 500 400 ni”_‘}%fﬁ?glzms /




/ Example: The 750 GeV Resonance w

% ol | T A [ R | T ) R
I e ~ —
Largest significance & F o W (\m\/\/’
m,~ 750GeV, [~ 45GeV(6  ©: | VT

\ — Obsuived

Local Z = 3.90 10°

Any peak with Z>3.8c o \

lll

LA lll

with m=500-2000 will draw our attention ATLAS 3
Vs = 13 TeV, 3.2 1" =
upg—u | \ My/m, -6% i
quobal(’“') ~ ploca-l(u) + E("‘Uo)e ‘ A, e N L SEITO Selection 3
=5-10" N T salasalos i, olasalas T

plocal 10 200 <400 GOC 8CO CCOD 1200 1400 1800 18000 2000
U, = 0 m, (GeV)

n,=7+2.0

u=2"=39=152

Pyiobas = 107 +(7+2.6)e7?? =(2.2-4.8)107
Z o ~2.7x0.10

global

The LEE is even stronger when you consider another dimension

(the width range (0-10%m) should also be taken into account)
\ Eilam Gross, WIS 53
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Here us a result of a pl) scan of the measored Thggs mass

ATLAS Preliminary 2011 + 2012
—— Obs. 1s=7TeV: |Ldt-4.6481'
---- Exp. \s=8TeV: |Ldt =5.85910"

1. Can vou try to estimate the siznal strength at the peak (mH 125 GeV)
2. What 1= pO value when Z- 0 sigma?
3. What is the number of upcrossings at u—0 (with the error)?
dllls v . W
Poss =N je* +p, .
dremember the formulae: gl §e
what is pieeat”
3. Find the global p-value
. What 1s the corresponding sigmficance taking the Look Elsewhere Effect

into account?

7. Caleulate the trial factor

200 300 400 500 600
m,, [GeV]




The 2D LEE

i % Eilam Gross , ATLAS Stat Forum, 1/2018
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. Define the Problem
oletin=us(m,I)+b
e mI are nuisance
parameters undefined under
the null hypothesis u = O
What is the pdf of

gy = %(ﬁ’l»f) =—21n ;(%f;})) = Ilnlgxqo(m,r)

under the null hypothesis

'V‘,‘ [;%'.," -D.g Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18 Yy
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e
Define the Problem

«To generalize the problem , et O
be the nuisance parameter,
undefined under the null
hypothesis, and let us try to find
out the pdf of

g, =4, (é) =—21In

L(u=0)
L(ig) e
for which we want to calculate

p—value = P(m@ax[qo(ﬁ)] > u), u=27"

BEINNES I
g rren Eilam Gross | ATLAS Stat Forum, 172018 1/30/18 -
Fe et




e
Chi Squared Random Fiekd( - 0)
« Forfixed I ¢,(0)="!2In Lél,@ 0) ~ 17

e 45(0) is a chisquared random field over
the space of /
(a random Vv-ariable indexed by a
continuous parameter(s) )

o We are interested in

X A L(u=0)
=g.(0)=-21n ~— =maxg, (0
4o %( ) L(ﬂ,@) ¢ 610( )

for which we want to calculate

p—value = P(mglx[qo(é)] > u), u=27>

F s A
ihvvagl pren Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18
o7 Gl %j ilam Gros /




e
Chi Squared Random Field

« We are only interested in
positiv-e signals
(downward fluctuations of the
background are not considered
as an evidence against the

backgroundl( ) |
r_ w =0 2
2log L (0.0) q,(0) 2)(1

q,(0) =

1/30/18 /




e
Chi Squared Random Field

q,(0) = < L(1,0)

e Weare only interested in positiv-e
signals
(downward fluctuations of the
background are not considered as an
evidence against the background)

L(M ) o( )"'5%1

-2log

[H. Chernoff , Ann. Math.
Stat. 25, 573578 (1954)]

0

. %(6)=(@) 1(0) is a Gaussuan
° / Randowm Field over@

ilam Gross , ATLAS Stat Forum, 1/2018 1/30/18
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4 I
1-D Randowm Fields

oIn 1-D points where the field becomes
larger tha,n u are called upcrossings.

= max o(’)

WV SRy

« The probability that the global
moximum is abov-e the lev-el u is
called exceedance probability.
(p-\ra,lu.e of qo(l(b) sz(mglx[qo(H)]Zu), u=27°




/Random Fields (>1 D)
q,(0)

4'1

» The set of points where
the field has
Vv-alues larger then
some number u
is called the ..
excursion set A above i\

the level u,

Uy

A
- .
005 ~
\

0
006 \
) N, --'_—-- --] m
01 .01
Excursion set o
02| -
o'\ / _ y )
s E
0.0% ' _,.-.-\'(f-" = Y.A._ o~ - - -__, . 01
0 - < o= 006
005 . - 0
67 " 005 1/30/18
0.1 =01




e

o Fortunately, quite a lot of statistical literature on the

o Applications in Cosmology, Brain mapping, Oceanography ...

Random fields

properties of random fields in D- dimensions

[2] R.). Acler anc AM. lasofer, Level Creossings for Random Fields,Ann. Probab. 4, Number 1 (1976),
1-12,

4] R.). Adler, The Geomeiry of Random Fields, Ncw York (19381), Wilcv, ISBN: 0471275440,

(5] K.J. Worsley, S. Marrelt, P. Neelin, A.C. Vandal. K.J. Friston and A.C. Evans, A Unified Staiistical
Approach jor Determining Significant Signaly in Location and Scale Space Images of Cerebral
Activation, Human Brain Mapping 4 (1996) S8-73.

[6] R Adler and LE. Taylor, Random Fields and Geometry , Springer Monographs in Mathematics
(2007). ISBN: 978-0-387-48112-&.

|
[©] J. Tavlor, A. Takemura anc R.J. Adler, Validity of the expecied Luler characteristic heuristic, Ann.
Probab. 33 (2005) 1362-1396,

n:v'_:ll Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18
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e

Euler characteristic

o Number of disconnected components minus number of ‘holes’

K

-\/ 1:::'. O
- —
A D o . @ T
. 0 <P Qg - o O
Excursion set 2 . ’ ° N _a
005 "\ 7 L
C;r/ - " 2/" 01
0 "~ e o 0.06
0 05\Q -0
ST 005
=0.1 =01
ot L2 Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18
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e
The n-dimensional case

[R.]J. Adler and J.E. Taylor, Random Fields and Geometry (2007),
Springer Monographs in Mathematics]

o The upcrossings formula is a special case of a more
general result which giv-es the expectation of the
Euler characteristic of the excursion set of a
random field ov-er a general n-dimensional manifold

E[/ (A)]=] Nu/3)

d=0
A, is the excursion set of the field abov-e a lev-el u
(set of points where q,(0)>u )
@(A,) is it’s Euler characteristic
py are ‘universal’ functions
(depend only on the level u and s, number of poi)

TR
f;rkWJ::‘
< S 1

nj:_’% Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18
e Py
i TET
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e

Adleret. al. Formula

D . , .
B < n is the Dimension
E[-’ (A\J)] — ' N d!d(u) (number of Nuisance parameters

d=0 undefined under the null hypothesis)

o For a Chi Squared field with
S parameters of interest and dimension D

D:l,SpOi D:Z’Spoi D=2s=1
lo(u)=P(";>u) !o(u)y=P(";>u) I,(U)y=P("2>u)
_/1(u) = (&' V2g ul2 !1(u) — Y& D2g ur2 !1(u) — gl ui2

! I, (u)= y(s 22 (u | (s! 1)) g u'2 !, (u)= \/Ge! u/2

ID: E[®(A)] :%P(!f >u)+N e

1

2DE[’ (Au)]ZEP(Ig >u)+(N1+N2\/;)e!”/2




e

1D Euler characteristic

%/\/

In 1 dimension:

F(A) =N, + 1 opy

E[/ (A)] = E[N, ]+ P(q,(0) >u)
= NP(77 > U+ Ng ™

N, =/ (manifold) =1

E[/ (A)]=P("f>u)+ Ng

Thisis Davies Formula
In general for high-lev-el excursions

n

(A =# N, ()

The general case

N, =/ (manifold)
"o(U) = P(# >u)

E[A)]! 4T Pomax[q,()] #u®

[J. Taylor, A. Takemura, and R. J. Adler,

Ann. Probab. 33, 4 (2005) ]

1/30/18

/



http://projecteuclid.org/handle/euclid.aop

Excursion set

(u=1)

» Stat Forum, 1/z




e

Calculation of the Euler characteristic

Tetrahedron

| =4" 6+4=2

R ”:‘I,—", Eilam Gross , ATLAS Stat Forum, 1/2018
L e

¢ = V- E+ F=t#vertices- #eages+ #faces

1/30/18
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e

Calculation of the Euler characteristic

a grid of points

e Calculation of the E.C. is
straightforward:

@ = 18(points) - 23(edges) + #(faces)=2L

i njz% Eilam Gross , ATLAS Stat Forum, 1/2018
-':!':' o {

¥ Usually we hav-e q(0) calculated on

e (p = #vertices - #edges + #faces

e Generalizes to higher dimensions

1/30/18

/
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Slicing

e Exploit the azimuthal angle symmetry to reduce computations:

"'=0=1+1-2

¢(Auv B)=¢(A) +¢(B)-¢(An B)
Divide to N slices:

| =# ! (dlice)"! (edge)] +! (0

Elp]= N x(E[@(slice)] - E[gp(edge)]) +¢(0) .|

- ........ /edge
- T @(0) .. L
& e, \ D25 02 0415 D1 206 D0 005 01 012 02 C20
__ ffff °
ISR . . . .
@ i [L#3 Eilam Gross Statistics in PP March 2017
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2-d example: search for neutrino sources (lceCube)

For a chiz field in 2 dimensions:
1
E[9(A)] =5 P(z; > )+ (N, + Ny e

Estimate E[p] at two lev-els, e.9. O and 1, and

From 2.0 bkg. Simulations:

() =33.5%2

() =94.6+13
I

N, =33+2

N, =123+3

1/30/18

/
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68

2-d example: search for neutrino sources (lceCube)

E[ﬁ(Au)]:%P()(; >Lt)+(,/\/'1 +N2\/;)e—u/2

10
10";-
10;;-
10:;-

10

10

e.g.:

P-value

~200,000 random
background simulations

Nl =33+2
N, =123+3

P(max g ,>30) = (2.5 + 0.4)x10 4 (estimated)
E.C. Formula : (2.28 £ 0.06)x10 -4
= ”:‘59, Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18
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2-D exapmle #2: resonance search with unknown width

e Gaussian signal on exponential background
e Toy model : 0<m<100, 2<#<6
e Unbinned likelihood:

L = H NSfS()]i}S)ix’;’é(xi) x Poiss(N| N, + N,)

(x-m)?

- 2
e20

f(x;m,0) = \/2;7 100 = ce

B9 8 nj*_;% Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18
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2-D exapmle #2: resonance search with unknown width

Excellent
approximation
above the ~2#
level

u=1 1 u=0 1 1
| E[9@)]=5Par; > u)+(N,+ Ny e
N, =4+0.2
N,=07%03
A
SR ”:‘E’, Eilam Gross , ATLAS Stat Forum, 1/2018 1/30/18
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/ The 750 GeV saga

2D Scan X 19

Largest significance I3 3.5
m,~ 750GeV, I~ 45GeV/(6%) j
Local Z = 3.90

m=200-2000 GeV

[ x/mx=0-10% 2

5

15
Use toys or asymptotic formul -

0

O. Vitells et. al. Astropart. Phys. 35 (2011) 236}2d%, 600 80C 1000 7200 * 400 16C0 1800 2000

arXiv:1105.4355 m, [GeV]
Zloc:al =3.90
Z/b/=210 . 10 1S NOot sometning to write nome abou
globa .

Rer L]
N Eilam Gross, Wl.é.f%‘

I - ATLAS Is=13 TeV, 32 fb"’ Spir-0 Selection

™~

| ocal signficance [a']
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Summary
pglobal(S 1L,D= 1)' E[I (A\J)] —P(I2>u)+N eu/2
ngObal(S: 1’D_ 2)~E[6(Au)]_5P(Z2 >u)+(M +N2\/;)€_u/2

o The procedure for estimating the p-v-alue is simple
and reliable.

o The Euler characteristic formula provides a
practical way. of estimating the look-elsewhere
effect.

o [t is easily expandable tos p.o.i and D NPs
(undefined under the null hypothesis)

) Eilam Gross , ATLAS Stat Forum, 1/2018




End of Lectures

Thank You

Eilam Gross




