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Recap of second lecture

๏DIS provides the best scenario to study proton structure

๏Parton Model : scattering is an incoherent sum of partonic cross 
sections

๏Factorization allows us to compute the partonic cross section 
perturbatively and at the same time implies that parton 
distributions are universal

๏IR divergences appear again but do not cancel completely : 
must be factorized in parton distributions

๏Parton distributions are scale dependent. Evolution 
perturbatively determined by DGLAP equations

๏Still some issues in PDF extraction : uncertainties, coupling 
constant, but continuous improvements

๏PDFs are extracted by global analysis. Also statistical 
uncertainties are determined
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NLO

NNLO
N3LO…PS

Resummation

Automation

The perturbative toolkit for precision at colliders
State of the Art
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✤ QCD at Colliders

✤ Why higher orders?

✤ How to do NLO 

✤ Automated tools at NLO

Outline of the lecture 3
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QCD at Colliders

h2h1

Most of the collisions correspond to soft physics: non-perturbative

QCD at Colliders

h2h1

Most of the collisions correspond to soft physics: non-perturbative
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⌘ = � ln tan(✓/2)

pT

massless

pseudo-rapidity

Kinematics relevant in hadronic colliders

pµ = (E, px, py, pz)

pµ = (mT cosh y, pT sin�, pT cos�,mT sinh y)

mT =
q

p2T +m2

y =
1

2
ln

E + pz
E � pz

ET = E sin ✓

Transverse mass

Rapidity

final state particle

d3p

E
= pT dpT dyd�

Most interesting (new) physics involves large scales
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Most interesting (new) physics involves large scales

x1

x2

h2

h1

a

b X

Q2

Mass, invariant mass, transverse momentum

Hard/soft factorization still applies if 
large scale involved  +O(�QCD/Q)

⇥(p1, p2) =
�

a,b

⇥ 1

0
dx1

⇥ 1

0
dx2 fa/h1(x1, µ

2
F ) fb/h2(x2, µ

2
F )

� ⇤̂ab(x1p1, x2p2,�s(µ2
R), µ2

R, µ2
F )

µ2
R � µ2

F � Q2Two unphysical scales

Factorization of singularities in parton distributions exactly as in DIS
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Fast (until recently the only option for many observables)
Simpler to integrate calculation to parton showers
Many tools available (tested!)

In most cases, not enough for precision physics : only qualitative
Large scale dependence
No control on normalization (poor on shapes) 
No Control on uncertainties

LO : number of tools to compute tree level amplitudes

Fully automated calculations for very large multiplicities

MADGRAPH, HELAC-PHEGAS, ALPGEN, 
SHERPA, ComHep, COMIX,...

Pros of LO calculations

Cons of LO calculations
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Why higher order corrections?
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‣ Accurate Theoretical Predictions         
      shape and normalization

‣ Large Corrections : check PT

Why higher order corrections?

K =
�N

i
LO

�LO

‣ K-factor

First example: Drell-Yan
pp ! µ+µ�

Even at LHC ↵s ⇠ 0.1 slow convergence

first time K-factor appears
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‣ Accurate Theoretical Predictions         
    Scale dependence:  first error estimate

⇥(p1, p2) =
�

a,b

⇥ 1

0
dx1

⇥ 1

0
dx2 fa/h1(x1, µ

2
F ) fb/h2(x2, µ

2
F )

� ⇤̂ab(x1p1, x2p2,�s(µ2
R), µ2

R, µ2
F )

According to “master formula”

• 2 unphysical scales : dependence cancels if computed to all orders

• after “perturbative” truncation: unphysical dependence remains

• (naive) estimate of size of missing higher orders

µR

µF

Renormalization scale

Factorization scale
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Go back to our “well-known”

At NLO the result is

Scale dependence: at which scale evaluate the coupling?

Scale is unphysical, in principle any value possible, but...

According to RGE, dependence cancels if observable computed to all 
orders in perturbation theory

↵s(µ
2) =

↵s(µ2
0)

1 + �0↵s(µ2
0) log

µ2

µ2
0

�s(µ2) = �s(µ2
0)� �2

s(µ
2
0) ⇥0 log

µ2

µ2
0

+ ...

The renormalization group equations tell us

Expanded to first order reads

Rhad = R(0)

✓
1 +

↵s(µ2)

⇡

◆

Go back to our “well-known”

↵s(µ
2) =

↵s(µ2
0)

1 + �0↵s(µ2
0) log

µ2

µ2
0

�s(µ2) = �s(µ2
0)� �2

s(µ
2
0) ⇥0 log

µ2

µ2
0

+ ...

The renormalization group equations tell us

At NLO the result is

Scale dependence: at which scale evaluate the coupling?

Scale is unphysical, in principle any value possible, but...

According to RGE, dependence cancels if observable computed to all 
orders in perturbation theory

Expanded to first order reads

Rhad = R(0)

✓
1 +

↵s(µ2)

⇡

◆
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Rhad = R(0)

✓
1 +

↵s(µ2
0)

⇡
� ↵2

s(µ
2
0)�0 log

µ2

µ2
0

+ ...

◆

Notice that if computed to NLO, scale dependence appears at NNLO

Coefficients in general depend on LOGS of ratios of energy scales 

For single scale problems (as here), it is convenient to chose 
renormalization (and factorization) scales close to the energy scale of 
the process to avoid the appearance of large logarithmic terms that can 
spoil the convergence of the expansion

TH uncertainties are usually estimated by performing scale variations : 
provides a lower limit on the size of missing higher-order contributions 

If scale dependence is large then large higher order corrections 
expected for sure (should cancel that!)

If scale dependence is small, might be that convergence if faster
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Fig. 21: Renormalization-scale dependence of the NLO (left) and NNLO (right) predictions for the e+e− →
hadrons total cross section, together with an indication of the conventional choice of scale-variation range

for the prediction by setting the renormalization scale equal to the main physical scale for the process
(e.g., the centre-of-mass energy at an e+e− collider; for hadron-collider processes the choice may be less
obvious). The uncertainty is then estimated by varying the scale by a factor of two in either direction
from the central value, i.e., taking Q

2 < µR < 2Q. This is illustrated in Fig. 21 (left), which plots

σNLO = σqq̄(1 + c1αs(µR)) , (57)

as a function of µR, showing how the µR-dependence translates into an uncertainty; note that c1 can be
read from Eq. (22). Given an expansion of the running coupling (i.e., of the middle result of Eq. (11),
αs(µR) = αs(Q)− 2b0α2

s (Q) ln µR
Q +O

(

α3
s

)

), we can rewrite Eq. (57) as

σNLO(µR) = σqq̄

(

1 + c1αs(Q)− 2c1b0α
2
s (Q) ln

µR
Q

+O
(

α3
s

)
)

. (58)

This tells us that as we vary the renormalization scale for a prediction up toO (αs) (NLO), we effectively
introduce O

(

α2
s

)

(NNLO) pieces into the calculation: by generating some fake set of NNLO terms, we
are probing the uncertainty of the cross section associated with the missing full NNLO correction.

If we calculate the actual NNLO cross section for general µR, it will have a form

σNNLO(µR) = σqq̄
(

1 + c1αs(µR) + c2(µR)α
2
s (µR)

)

. (59)

Observe that the c2 coefficient now depends on µR. This is necessary because the second-order coefficient
must cancel the O

(

α2
s

)

ambiguity due to the scale choice in Eq. (58). This constrains how c2(µR)
depends on µR:

c2(µR) = c2(Q) + 2c1b0α
2
s (Q) ln

µR
Q

, (60)

where c2(Q) can again be read from Eq. (22). If we now express σNNLO(µR) in terms of αs(Q), we will
find that the residual dependence on µR appears entirely atO (αs), i.e., one order further than in Eq. (58).
This is reflected in the right-hand plot of Fig. 21, which illustrates how the impact of the scale variation
at NNLO is significantly reduced, since we are now probing the impact of missing α3

s terms, rather than
α2
s terms.

If we had an arbitrarily large number of terms in the αs expansion, the scale dependence would
disappear exactly. The fact it doesn’t in the presence of a fixed number of terms may initially seem like

30
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(e.g., the centre-of-mass energy at an e+e− collider; for hadron-collider processes the choice may be less
obvious). The uncertainty is then estimated by varying the scale by a factor of two in either direction
from the central value, i.e., taking Q

2 < µR < 2Q. This is illustrated in Fig. 21 (left), which plots

σNLO = σqq̄(1 + c1αs(µR)) , (57)

as a function of µR, showing how the µR-dependence translates into an uncertainty; note that c1 can be
read from Eq. (22). Given an expansion of the running coupling (i.e., of the middle result of Eq. (11),
αs(µR) = αs(Q)− 2b0α2

s (Q) ln µR
Q +O

(

α3
s

)
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)
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This tells us that as we vary the renormalization scale for a prediction up toO (αs) (NLO), we effectively
introduce O

(

α2
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)

(NNLO) pieces into the calculation: by generating some fake set of NNLO terms, we
are probing the uncertainty of the cross section associated with the missing full NNLO correction.

If we calculate the actual NNLO cross section for general µR, it will have a form

σNNLO(µR) = σqq̄
(

1 + c1αs(µR) + c2(µR)α
2
s (µR)

)

. (59)

Observe that the c2 coefficient now depends on µR. This is necessary because the second-order coefficient
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(
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ambiguity due to the scale choice in Eq. (58). This constrains how c2(µR)
depends on µR:
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2
s (Q) ln
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, (60)

where c2(Q) can again be read from Eq. (22). If we now express σNNLO(µR) in terms of αs(Q), we will
find that the residual dependence on µR appears entirely atO (αs), i.e., one order further than in Eq. (58).
This is reflected in the right-hand plot of Fig. 21, which illustrates how the impact of the scale variation
at NNLO is significantly reduced, since we are now probing the impact of missing α3

s terms, rather than
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If we had an arbitrarily large number of terms in the αs expansion, the scale dependence would
disappear exactly. The fact it doesn’t in the presence of a fixed number of terms may initially seem like

30

Rhad/R
(0)

Rth = R̄±�R

µ = Q Q/2 < µ < 2Q

↵n
s ↵n+1

s

Uncertainty can only be reduced by explicit higher order calculation

Use Q for central value and spread as “TH uncertainty”
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‣ scale-dependence

Band instead of single line
NLO

LO

•factor of 2 conventional/historical

Mµ+µ�

2
 µF  2Mµ+µ�

Mµ+µ�

2
 µR  2Mµ+µ�

•usually “works” : anticipate
  higher order corrections

• Sometimes... it fails... 

Drell-Yan
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Scale dependence considerably reduced at higher orders

reduction in TH uncertainty

Drell-Yan

Notice that LO scale dependence fails to estimate NLO result!

Scale dependence considerably reduced at higher orders

reduction in TH uncertainty

Anastasiou et al

Drell-Yan

Notice that LO scale dependence fails to estimate NLO result!

26
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‣ Effect of extra radiation : more partons

Feynman Diagram    vs real life

more realistic 

More accurate description of jet structure : first 
time appears at NLO (one extra parton)

‣ Effect of extra radiation : more partons

Feynman Diagram    vs real life

q̄

q
e

e

more realistic 

More accurate description of jet structure : first 
time appears at NLO (one extra parton)

27
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‣ Opening of new channels

but      Luminosity O(↵2
s) ggO(↵0

s) but      Luminosity qq̄

๏Diphoton production : main background to Higgs search

but      Luminosity O(↵s) qg

Box (subset of NNLO) known to be as large as Born!production��
Dicus, Willenbrock

Sometimes new channels at higher order provide large corrections 
due to parton luminosity (pdf, non-perturbative-pertubative interplay)

 19



How to do NLO?
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  Enormous progress in getting NLO predictions for 
2�(4,5,6!) processes over the last years 

  Made possible by   
  Improved techniques for loop amplitudes 
  Crucial: a high level of automation 

Brookhaven Forum 2013 5 Aude Gehrmann-De Ridder 

NLO Multi-parton production  
One-loop calculations

✤ These developments of one-loop technology lead to  
a serious accomplishment -- NLO QCD predictions 
are now available for major collider processes,  
making rich phenomenology possible 

✤ multiple jets ( up to 4)

✤ a gauge boson and up to 5 (!) jets

✤ multiple gauge bosons in association with up to 
2 jets ( up to VV+2jets)

✤ top quarks in association with jets (up to two) 
and gauge photons (W,Z,photon)

✤ Higgs and up to two jets

  

Progress with NLO computations

● In the past three-four years, dramatic developments occurred in the field of next-to-leading 
order calculations for the LHC.  We were so successful, that the famous NLO wish-list has 
been officially closed by Joey Huston as of May 2012

NLO predictions are currently available  for 
major production channels: 

 1) multiple jets (up to 4 jets )

2)  a gauge boson and up to 5 jets

3) multiple gauge bosons in association with 
jets ( up to VV + 2j)

4)  top quarks in association with jets (up to 
two) and gauge bosons (W,Z, photon)

5) Higgs and jets

Bern, Dixon, Kosower, Berger, Forde, Maitre, Febres-Cordero, Bern, Dixon, Kosower, Berger, Forde, Maitre, Febres-Cordero, 

Gleisberg, Papadopoulos, Ossola, Pittau, Czakon, Worek, Gleisberg, Papadopoulos, Ossola, Pittau, Czakon, Worek, 
Bevilacqua, Ellis, Kunszt, Giele, Zanderighi, Melia, Rountsh, Bevilacqua, Ellis, Kunszt, Giele, Zanderighi, Melia, Rountsh, 

Denner, Dittmaier, Pozzorini, KallweitDenner, Dittmaier, Pozzorini, Kallweit

C
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D

Wednesday, March 20, 13

K. Melnikov,  MITP, 2013 
 

13 2012:  NLO  W+5j [BlackHat, preliminary] [unitarity] 

G. Salam, La Thuile 2012 
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Higher order calculations are difficult....

Slow progress during the first 30 years, one extra particle
per decade.....
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Process (V ∈ {Z,W, γ}) Comments
Calculations completed since Les Houches 2005

1. pp → V V jet WW jet completed by Dittmaier/Kallweit/Uwer [4, 5];
Campbell/Ellis/Zanderighi [6].
ZZjet completed by
Binoth/Gleisberg/Karg/Kauer/Sanguinetti [7]

2. pp → Higgs+2jets NLO QCD to the gg channel
completed by Campbell/Ellis/Zanderighi [8];
NLO QCD+EW to the VBF channel
completed by Ciccolini/Denner/Dittmaier [9, 10]

3. pp → V V V ZZZ completed by Lazopoulos/Melnikov/Petriello [11]
andWWZ by Hankele/Zeppenfeld [12]
(see also Binoth/Ossola/Papadopoulos/Pittau [13])

4. pp → tt̄ bb̄ relevant for tt̄H computed by
Bredenstein/Denner/Dittmaier/Pozzorini [14, 15]
and Bevilacqua/Czakon/Papadopoulos/Pittau/Worek [16]

5. pp → V +3jets calculated by the Blackhat/Sherpa [17]
and Rocket [18] collaborations

Calculations remaining from Les Houches 2005

6. pp → tt̄+2jets relevant for tt̄H computed by
Bevilacqua/Czakon/Papadopoulos/Worek [19]

7. pp → V V bb̄, relevant for VBF→ H → V V , tt̄H
8. pp → V V +2jets relevant for VBF→ H → V V

VBF contributions calculated by
(Bozzi/)Jäger/Oleari/Zeppenfeld [20–22]

NLO calculations added to list in 2007

9. pp → bb̄bb̄ qq̄ channel calculated by Golem collaboration [23]

NLO calculations added to list in 2009

10. pp → V +4 jets top pair production, various new physics signatures
11. pp → Wbb̄j top, new physics signatures
12. pp → tt̄tt̄ various new physics signatures
Calculations beyond NLO added in 2007

13. gg → W ∗W ∗ O(α2α3
s) backgrounds to Higgs

14. NNLO pp → tt̄ normalization of a benchmark process
15. NNLO to VBF and Z/γ+jet Higgs couplings and SM benchmark

Calculations including electroweak effects

16. NNLO QCD+NLO EW forW/Z precision calculation of a SM benchmark

Table 1: The updated experimenter’s wishlist for LHC processes

6

Experimenter’s wish-list (Les Houches) 
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Real and virtual contributions : separately divergent

1 loop
IR + UV divergent

1 extra parton
IR in soft/collinear configurations

dimensional regularization
1

✏2

σNLO =

∫
m+1

dσ
R

+

∫
m

dσ
V

 Here one more parton  
singular over PS

 Here same number of partons 
but one-loop matrix element

singular at loop level

At Next-to-Leading Order (NLO)

+ renormalization 
   and factorization

But don’t want to (or can’t) repeat the calculation every time the 
definition of the observable changes: try to avoid analytical calculations  23



How NLO in general : subtraction method

Handling intermediate IR divergences

• Subtraction schemes (Ellis, Ross, Terrano): find clever 

‣ Dipole (Catani, Seymour):  emitter + spectator + soft-collinear parton

✓ Color-charge operators;  collinear split + half of soft

‣ Antenna (Kosower): 2 radiators + soft-collinear parton

✓ Color-ordering;  soft + half collinear splits

‣ FKS (Frixione, Kunszt, Signer): isolate each singularity with projectors. Use plus prescriptions 
to define IR-finite part.

• Phase space slicing (Fabricius et al, Giele, Glover, Kosower; EL, Keller; Harris, Owens,..): define near-IR regions 
through small cut-off.  Approximate integrands in small regions. Outside, do 
numerical integrals

22

d⇥NLO =

⌃

d�n+1

�
d⇥R

NLO � d⇥S
NLO

⇥
+

⌥ ⌃

d�n

d⇥V
NLO +

⌃

d�n

� ⌃

d�1

d⇥S
NLO

⇥�

d⇥pp�X

d3p1 . . . d3pn
=

⇧

a,b

⌃
dx1dx2fa(x1 , µF )fb(x2 , µF )

⇥ ⇥̂ab(pa + pb ⇤ pX , �s(µR), µR, µF ) +O
⇤

�2

Q2

⌅

M =
⇧

i

ai(D)Boxesi +
⇧

i

bi(D)Trianglesi +
⇧

i

ci(D)Bubblesi +
⇧

i

di(D)Tadpolesi

M =
⇧

i

ai(4)Boxesi +
⇧

i

bi(4)Trianglesi +
⇧

i

ci(4)Bubblesi +
⇧

i

di(4)Tadpolesi+Rational term

1

d�S
NLO

finite compute
numerically

until recently needed dedicated 
analytical calculation for virtual

Subtract (and add!) a term with the same singularities as the real 
contribution but much simpler to integrate (analytically) and universal 
(valid for any process)

Only need to analytically integrate the subtraction term (and virtual)

Subtraction term can be constructed because we understand the 
singular (soft and collinear) structure of QCD amplitudes
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we understand the (universal) infrared behavior of amplitudes

Handling intermediate IR divergences

• Subtraction schemes (Ellis, Ross, Terrano): find clever 

‣ Dipole (Catani, Seymour):  emitter + spectator + soft-collinear parton

✓ Color-charge operators;  collinear split + half of soft

‣ Antenna (Kosower): 2 radiators + soft-collinear parton

✓ Color-ordering;  soft + half collinear splits

‣ FKS (Frixione, Kunszt, Signer): isolate each singularity with projectors. Use plus prescriptions 
to define IR-finite part.

• Phase space slicing (Fabricius et al, Giele, Glover, Kosower; EL, Keller; Harris, Owens,..): define near-IR regions 
through small cut-off.  Approximate integrands in small regions. Outside, do 
numerical integrals
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d⇥NLO =

⌃

d�n+1

�
d⇥R

NLO � d⇥S
NLO

⇥
+

⌥ ⌃

d�n

d⇥V
NLO +

⌃

d�n

� ⌃

d�1

d⇥S
NLO

⇥�

d⇥pp�X

d3p1 . . . d3pn
=

⇧

a,b

⌃
dx1dx2fa(x1 , µF )fb(x2 , µF )

⇥ ⇥̂ab(pa + pb ⇤ pX , �s(µR), µR, µF ) +O
⇤

�2

Q2

⌅

M =
⇧

i

ai(D)Boxesi +
⇧

i

bi(D)Trianglesi +
⇧

i

ci(D)Bubblesi +
⇧

i

di(D)Tadpolesi

M =
⇧

i

ai(4)Boxesi +
⇧

i

bi(4)Trianglesi +
⇧

i

ci(4)Bubblesi +
⇧

i

di(4)Tadpolesi+Rational term

1

d�S
NLO

finite compute
numerically

until recently needed dedicated 
analytical calculation for virtual

๏ Dipole
๏ Antenna
๏ FKS

Catani, Seymour

Kosower

Frixione, Kunszt, Signer

Many individual calculations but very complicated for large multiplicities

collinear and soft limits

Resulting code can compute several observables at once : change of 
measurement function (IR safe observables)

Different implementations for the subtraction term
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Real radiation automated using subtraction + tree level techniques 

๏  SHERPA
๏  MadDipole
๏  Helac/Phegas
๏  TeVJet
๏  AutoDipole
๏  MadFKS

Czakon, Papadopoulos, Worek

Gleisberg, Krauss

Frederix, Greiner, Gerhmann

Seymour, Tevlin

Hasegawa, Moch, Uwer

Frederix, Frixione, Maltoni, Stelzer

Problem “conceptually” solved during the 90’s

Bottleneck was in the virtual contribution

2 ! 2

2 ! 3

2 ! 4

2 ! 5

all known

almost all known

new from 2013

many in 2010-2012
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p pp� k

k Z
ddk

(k2 �m2)((p� k)2 �m2)

Scalar integral : all known at one loop!N(p, k) = 1

N(p, k)

N(p, k) = kµk⌫ Tensor integral

Z
... = Apµp⌫ +B gµ⌫

kµk⌫gµ⌫ = (k2 �m2) +m2Contract both sides with
pµp⌫ , gµ⌫

kµpµ = k · p =
1

2
(k2 � ((p� k)2 �m2))

Obtain a very simple set of algebraic equations from where can 
extract A and B as combinations of scalar integrals
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Feynmanian approach

๏  Perform tensorial decomposition from Feynman diagrams
๏  Compute coefficients (Passarino-Veltman)
๏  Scalar integrals known (analytical and numerical evaluation)

  Large number of diagrams (>1000)
  Growing number of terms in tensor reduction
  Numerical stability : vanishing of Gram determinant

But for large multiplicities...

+
X

i

ai+
X

i

bi+
X

i

ci=
X

i

di +
x

y

was considered an impossible task2 ! 4

But with clever 
ideas!

pp ! tt̄bb̄

pp ! W+W�bb̄

Bredestein, Denner, Dittmaier, Pozzorini

Denner, Dittmaier, Kallweit, Pozzorini

Cullen et al   (Golem)pp ! bb̄bb̄
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Unitarian approach

Generalized unitarity

27

1

p2 + i⇤
�⇤ �i2⌅⇥+(p2)

AQCD = A[1] +
nf

Nc
A[1/2]

A[1] = AN=4 � 4AN=1 + A[0], A[1/2] = AN=1 � A[0]

d⇧NLO =

⌃

d�n+1

�
d⇧R

NLO � d⇧S
NLO

⇥
+

⌥ ⌃

d�n

d⇧V
NLO +

⌃

d�n

� ⌃

d�1

d⇧S
NLO

⇥�

d⇧pp�X

d3p1 . . . d3pn
=

⇧

a,b

⌃
dx1dx2fa(x1 , µF )fb(x2 , µF )

⇥ ⇧̂ab(pa + pb ⇤ pX , �s(µR), µR, µF ) +O
⇤

�2

Q2

⌅
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i

ai(D)Boxesi +
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i

bi(D)Trianglesi +
⇧

i

ci(D)Bubblesi +
⇧

i

di(D)Tadpolesi

M =
⇧

i

ai(4)Boxesi +
⇧

i

bi(4)Trianglesi +
⇧

i

ci(4)Bubblesi +
⇧

i

di(4)Tadpolesi+Rational term

1

Replace  propagator by cut one, 
as in phase space

d⇥pp�X

d3p1 . . . d3pn
=

⇤

a,b

⌅
dx1dx2fa(x1 , µF )fb(x2 , µF )

� ⇥̂ab(pa + pb ⇥ pX , �s(µR), µR, µF ) +O
�

�2

Q2

⇥

M =
⇤

i

ai(D)Boxesi +
⇤

i

bi(D)Trianglesi +
⇤

i

ci(D)Bubblesi +
⇤

i

di(D)Tadpolesi

M =
⇤

i

ai(4)Boxesi +
⇤

i

bi(4)Trianglesi +
⇤

i

ci(4)Bubblesi +
⇤

i

di(4)Tadpolesi+Rational term

1

• Basis set of integrals

✓ Calculate cuts of M on left

✓ Cut on right only in Boxes etc

✓ Match, find coefficients  a,b,c,d

✓ Use other methods to find Rational term

Bern, Dixon, Dunbar, Kosower, Britto, Cachazo, Feng, Anastasiou, Kunszt, Mastrolia

Generalized unitarity
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Replace  propagator by cut one, 
as in phase space

d⇥pp�X

d3p1 . . . d3pn
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⇤
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⌅
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⇤
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⇤

i

ai(4)Boxesi +
⇤

i

bi(4)Trianglesi +
⇤
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⇤
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• Basis set of integrals

✓ Calculate cuts of M on left

✓ Cut on right only in Boxes etc

✓ Match, find coefficients  a,b,c,d

✓ Use other methods to find Rational term

Bern, Dixon, Dunbar, Kosower, Britto, Cachazo, Feng, Anastasiou, Kunszt, Mastrolia

replace propagator
by (on-shell) cut line 
(delta, complex momentum) 

+
X

i

ai+
X

i

bi+
X

i

ci=
X

i

di +
x

y

...

No need of Feynman diagrams
Tree level amplitudes
Different methods for rational part   
   (D-dimensional) recursive relations

2 to 7 particles!
pp ! V + 5 jets

BlackHat Collaboration, Z.Bern et al

Quadrupole cuts: 4 on-shell conditions on 4-dimensional loop 
momentum freezes the integration             box coefficient

Britto, Cachazo, Feng (2004)

Find the coefficients using multi-particle cuts from generalized unitarity 
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Very clever ideas include OPP: decomposition at the integrand level

efficient numerical evaluation

Ossola, Papadopoulos, Pittau (2006)

Two breakthrough ideas

20

Aim: NLO loop integral without doing the integration

Ossola, Pittau, Papadopolous ’06

2) The OPP method: “We show how to extract the coefficients of 4-, 3-, 2- and 
1-point one-loop scalar integrals....”

Con ten ts

−gµν + kµkν

k2 − m2
→

∑
ϵν(k)ϵµ(k)δ(k2 − m2 ) (1 )

AN = +
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)

+
∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (2 )

AN =
∑

[i1|i4]

(
di1i2i3i4 I(D)

i1i2i3i4

)
+

∑

[i1|i3]

(
ci1i2i3 I(D)

i1i2i3

)
+

∑

[i1|i2]

(
bi1i2 I(D)

i1i2

)
+ R (3 )

R =
∑

[i1|i4]

−
d(4 ,0)

i1i2i3i4

6
+

∑

[i1|i3]

+
c(2 ,0)
i1i2i3

2
+

∑

[i1|i2]

−
b(2 ,0)
i1i2

6
q2
i1 ,i2 (4 )

1. In trodu ction

The current TEVATRON collider and the upcoming Larg e Hadron Collider need ag ood
understanding of the standard model sig nals to carry out asuccessful search for the Hig g s
particle and physics beyond the standard model. At these hadron colliders QCD plays an
essential role. From the lessons learned at the TEVATRON we need fixed order calculations
matched with parton shower Monte Carlo’s and hadronization models for a successful
understanding of the observed collisions.

For successful implementation of numerical alg orithms for evaluating the fixed order
amplitudes one needs to take into account the so-called complexity of the alg orithm. That
is, how does the evaluation time g rows with the number of external particles. An alg o-
rithm of polynomial complexity is hig hly desirable. Furthermore alg ebraic methods can be
successfully implemented in efficient and reliable numerical procedures. This can lead to
rather different methods from what one would develop and use in analytic calculation.

The leading order parton level g enerators are well understood. Generators have been
constructed using alg ebraic manipulation prog rams to calculate the tree amplitudes directly
from Feynman diag rams. However, such adirect approach leads to an alg orithm of double
factorial complexity. Techniques such as helicity amplitudes, color ordering and recursion

– 1 –

Coefficients can be determined by solving system of equations: no 
loops, no twistors, just algebra!

Coefficients can be determined just by solving a system of 
equations : no loop, just algebra!

Simple - based on basic algebraic properties 

Universal - applicable to any process

Ready for automation - easy to implement in a computer code 

Combination of methods
 30



•CutTools

•Rocket

•Samurai

•Blackhat

•Golem

Ossola, Papadopoulos, Pittau

Hirschi, Frederix, Frixione, Garzelli, Maltoni, Pittau 

Berger, Bern, Dixon, Febres Cordero, Forde, Ita, Kosower, Maître, Gleisberg

Mastrolia, Ossola, Reiter, Tramontano

Ellis, Giele, Kunszt, Melnikov, Zanderighi

Fully automated computation of 1-loop amplitudes!

•MadLoop

Binoth, Guillet, Heinrich, Pilon Reiter

Bevilacqua, Czakon, Garzelli, van Hameren, Kardos, Papadopoulos, Pittau, Worek•Helac-1loop

and many others Lazopoulos; Giele, Kunszt, Winter, etc...

•OpenLoops Pozzorini, Cascioli, Maierhöfer, Buccioni, Zoller, Lang, Zhang, Lindert
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Process (V ∈ {Z,W, γ}) Comments
Calculations completed since Les Houches 2005

1. pp → V V jet WW jet completed by Dittmaier/Kallweit/Uwer [4, 5];
Campbell/Ellis/Zanderighi [6].
ZZjet completed by
Binoth/Gleisberg/Karg/Kauer/Sanguinetti [7]

2. pp → Higgs+2jets NLO QCD to the gg channel
completed by Campbell/Ellis/Zanderighi [8];
NLO QCD+EW to the VBF channel
completed by Ciccolini/Denner/Dittmaier [9, 10]

3. pp → V V V ZZZ completed by Lazopoulos/Melnikov/Petriello [11]
andWWZ by Hankele/Zeppenfeld [12]
(see also Binoth/Ossola/Papadopoulos/Pittau [13])

4. pp → tt̄ bb̄ relevant for tt̄H computed by
Bredenstein/Denner/Dittmaier/Pozzorini [14, 15]
and Bevilacqua/Czakon/Papadopoulos/Pittau/Worek [16]

5. pp → V +3jets calculated by the Blackhat/Sherpa [17]
and Rocket [18] collaborations

Calculations remaining from Les Houches 2005

6. pp → tt̄+2jets relevant for tt̄H computed by
Bevilacqua/Czakon/Papadopoulos/Worek [19]

7. pp → V V bb̄, relevant for VBF→ H → V V , tt̄H
8. pp → V V +2jets relevant for VBF→ H → V V

VBF contributions calculated by
(Bozzi/)Jäger/Oleari/Zeppenfeld [20–22]

NLO calculations added to list in 2007

9. pp → bb̄bb̄ qq̄ channel calculated by Golem collaboration [23]

NLO calculations added to list in 2009

10. pp → V +4 jets top pair production, various new physics signatures
11. pp → Wbb̄j top, new physics signatures
12. pp → tt̄tt̄ various new physics signatures
Calculations beyond NLO added in 2007

13. gg → W ∗W ∗ O(α2α3
s) backgrounds to Higgs

14. NNLO pp → tt̄ normalization of a benchmark process
15. NNLO to VBF and Z/γ+jet Higgs couplings and SM benchmark

Calculations including electroweak effects

16. NNLO QCD+NLO EW forW/Z precision calculation of a SM benchmark

Table 1: The updated experimenter’s wishlist for LHC processes

6

Experimenter’s wish-list 
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  Enormous progress in getting NLO predictions for 
2�(4,5,6!) processes over the last years 

  Made possible by   
  Improved techniques for loop amplitudes 
  Crucial: a high level of automation 

Brookhaven Forum 2013 5 Aude Gehrmann-De Ridder 

NLO Multi-parton production  
One-loop calculations

✤ These developments of one-loop technology lead to  
a serious accomplishment -- NLO QCD predictions 
are now available for major collider processes,  
making rich phenomenology possible 

✤ multiple jets ( up to 4)

✤ a gauge boson and up to 5 (!) jets

✤ multiple gauge bosons in association with up to 
2 jets ( up to VV+2jets)

✤ top quarks in association with jets (up to two) 
and gauge photons (W,Z,photon)

✤ Higgs and up to two jets

  

Progress with NLO computations

● In the past three-four years, dramatic developments occurred in the field of next-to-leading 
order calculations for the LHC.  We were so successful, that the famous NLO wish-list has 
been officially closed by Joey Huston as of May 2012

NLO predictions are currently available  for 
major production channels: 

 1) multiple jets (up to 4 jets )

2)  a gauge boson and up to 5 jets

3) multiple gauge bosons in association with 
jets ( up to VV + 2j)

4)  top quarks in association with jets (up to 
two) and gauge bosons (W,Z, photon)

5) Higgs and jets

Bern, Dixon, Kosower, Berger, Forde, Maitre, Febres-Cordero, Bern, Dixon, Kosower, Berger, Forde, Maitre, Febres-Cordero, 

Gleisberg, Papadopoulos, Ossola, Pittau, Czakon, Worek, Gleisberg, Papadopoulos, Ossola, Pittau, Czakon, Worek, 
Bevilacqua, Ellis, Kunszt, Giele, Zanderighi, Melia, Rountsh, Bevilacqua, Ellis, Kunszt, Giele, Zanderighi, Melia, Rountsh, 

Denner, Dittmaier, Pozzorini, KallweitDenner, Dittmaier, Pozzorini, Kallweit

C
L
O
S
E
D

Wednesday, March 20, 13

K. Melnikov,  MITP, 2013 
 

13 2012:  NLO  W+5j [BlackHat, preliminary] [unitarity] 

G. Salam, La Thuile 2012 

The NLO revolution

Combination of all the tools described before (and many 
others) allowed and amazing progress in the last few years

Large multiplicities relevant for LHC
Key is Automation!!
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‣ Final goal: Really automatic NLO calculations

zero cost for humans

• in a few years a number of codes 

‣ Automatic NLO calculation “conceptually” solved

HELAC-NLO, Rocket, BlackHat+SHERPA, GoSam+SHERPA/
MADGRAPH, NJet+SHERPA, Madgraph5-aMC@NLO, RECOLA, 
OpenLoops+SHERPA

✓compete on precision, flexibility, speed, stability, ...
✓many features : uncertainties, ...
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some* automated NLO tools
OLP method source MCs corrections

GOSAM2.0 FD+OPP or TR public SH, HW,(MG5) QCD, EW, UFO

OPENLOOPS OL+TR or OPP private SH, HW QCD, EW

MADLOOP OL+OPP public MG5 QCD, EW, UFO

HELAC-1L OSR+OPP public Helac-NLO QCD

NJET2.0 OSR+GU public SH, HW QCDmassless

BLACKHAT GU private** SH QCDmassless

SH = SHERPA

HW=HERWIG++/MATCHBOX

MG5=MG5_aMCatNLO

* MCFM, NLOJET++, VBFNLO,
POWHEG-BOX, FEYNCALC

** public NTuples + reader

MC event generators

high multiplicity tools
with on-shell methods

high levels of automation

most SM 2→4 processes

GOSAM+NINJAMG5_aMC@NLO

+... total of 172 processes up to 2→4 

[van Duerzen et al. arXiv:1312.6678]
Benchmarks: GoSam + Ninja

Process # NLO diagrams ms/event

W + 3 j dū → ν̄ee−ggg 1 411 226

Z + 3 j dd̄ → e+e−ggg 2 928 1 911

Z Z Z + 1 j uū → ZZZg 915 *12 000

W W Z + 1 j uū → W+W−Zg 779 *7 050

W Z Z + 1 j ud̄ → W+ZZg 756 *3 300

W W W + 1 j ud̄ → W+W−W+g 569 *1 800

Z Z Z Z u ū → Z Z Z Z 408 *1 070

W W W W uū → W+W−W+W− 496 *1 350

tt̄bb̄ (mb ≠ 0)
dd̄ → tt̄bb̄ 275 178

gg → tt̄bb̄ 1 530 5 685

tt̄+ 2 j gg → tt̄gg 4 700 13 827

Z b b̄+ 1 j (mb ≠ 0) dug → ue+e−bb̄ 708 *1 070

W b b̄+ 1 j (mb ≠ 0) ud̄ → e+νebb̄g 312 67

W b b̄+ 2 j (mb ≠ 0)

ud̄ → e+νebb̄ss̄ 648 181

ud̄ → e+νebb̄dd̄ 1 220 895

ud̄ → e+νebb̄gg 3 923 5387

W W b b̄ (mb ≠ 0)
dd̄ → νee+ν̄µµ−bb̄ 292 115

gg → νee+ν̄µµ−bb̄ 1 068 *5 300

W W b b̄+ 1 j (mb = 0) uū → νee+ν̄µµ−bb̄g 3 612 *2 000

H + 3 j in GF gg → Hggg 9 325 8 961

t t̄ Z + 1 j
uū → tt̄e+e−g 1408 1 220

gg → tt̄e+e−g 4230 19 560

t t̄ H + 1 j gg → tt̄Hg 1 517 1 505

H + 3 j in VBF uū → Hguū 432 101

H + 4 j in VBF uū → Hgguū 1 176 669

H + 5 j in VBF uū → Hggguū 15 036 29 200

Table 2: A summary of results obtained with GoSam+Ninja. Timings refer to full color- and
helicity-summed amplitudes, using an Intel Core i7 CPU @ 3.40GHz, compiled with ifort. The
timings indicated with an (*) are obtained with an Intel(R) Xeon(R) CPU E5-2650 0 @ 2.00GHz,
compiled with gfortran.

5.1 p p → W + 3 jets

Partonic process: dū → ν̄ee−ggg

The finite part for this process is given in the conventional dimensional regularization

– 18 –

Process Syntax Cross section (pb)

Vector boson +jets LO 13 TeV NLO 13 TeV

a.1 pp→W± p p > wpm 1.375± 0.002 · 105 +15.4%
−16.6%

+2.0%
−1.6% 1.773± 0.007 · 105 +5.2%

−9.4%
+1.9%
−1.6%

a.2 pp→W±j p p > wpm j 2.045± 0.001 · 104 +19.7%
−17.2%

+1.4%
−1.1%

2.843± 0.010 · 104 +5.9%
−8.0%

+1.3%
−1.1%

a.3 pp→W±jj p p > wpm j j 6.805± 0.015 · 103 +24.5%
−18.6%

+0.8%
−0.7% 7.786± 0.030 · 103 +2.4%

−6.0%
+0.9%
−0.8%

a.4 pp→W±jjj p p > wpm j j j 1.821± 0.002 · 103 +41.0%
−27.1%

+0.5%
−0.5%

2.005± 0.008 · 103 +0.9%
−6.7%

+0.6%
−0.5%

a.5 pp→Z p p > z 4.248± 0.005 · 104 +14.6%
−15.8%

+2.0%
−1.6% 5.410± 0.022 · 104 +4.6%

−8.6%
+1.9%
−1.5%

a.6 pp→Zj p p > z j 7.209± 0.005 · 103 +19.3%
−17.0%

+1.2%
−1.0% 9.742± 0.035 · 103 +5.8%

−7.8%
+1.2%
−1.0%

a.7 pp→Zjj p p > z j j 2.348± 0.006 · 103 +24.3%
−18.5%

+0.6%
−0.6% 2.665± 0.010 · 103 +2.5%

−6.0%
+0.7%
−0.7%

a.8 pp→Zjjj p p > z j j j 6.314± 0.008 · 102 +40.8%
−27.0%

+0.5%
−0.5%

6.996± 0.028 · 102 +1.1%
−6.8%

+0.5%
−0.5%

a.9 pp→ γj p p > a j 1.964± 0.001 · 104 +31.2%
−26.0%

+1.7%
−1.8%

5.218± 0.025 · 104 +24.5%
−21.4%

+1.4%
−1.6%

a.10 pp→ γjj p p > a j j 7.815± 0.008 · 103 +32.8%
−24.2%

+0.9%
−1.2% 1.004± 0.004 · 104 +5.9%

−10.9%
+0.8%
−1.2%

Table 1: Sample of LO and NLO rates for vector-boson production, possibly within cuts and in association with jets, at the 13-TeV

LHC; we also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. Where relevant, the notation

understands the sum of the W+ and W− cross sections, and wpm is a label that includes both W+ and W−, defined from the shell with

define wpm = w+ w-. All cross sections are calculated in the five-flavour scheme. Results at the NLO accuracy for W/Z plus jets are

also available in MCFM for up to two jets [220–222], including heavy-flavour identification [223–227], and in POWHEG [228–230].

NLO cross sections for W plus three jets have appeared in refs. [231, 232]. The BlackHat+SHERPA collaboration has provided

samples and results for up to Z plus four jets and W plus five jets at the NLO [233–237]. NLO+PS merged samples for W plus up to

three jets are also available in SHERPA [238]. γ plus up to three jets calculations have been presented in refs. [239, 240]. We do not

show cross sections for EW-induced V plus two jets processes with V = γ, Z,W±, which are available in VBFNLO [241] and have

been studied in ref. [242].
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Process Syntax Cross section (pb)

Vector-boson pair +jets LO 13 TeV NLO 13 TeV

b.1 pp→W+W− (4f) p p > w+ w- 7.355± 0.005 · 101 +5.0%
−6.1%

+2.0%
−1.5% 1.028± 0.003 · 102 +4.0%

−4.5%
+1.9%
−1.4%

b.2 pp→ZZ p p > z z 1.097± 0.002 · 101 +4.5%
−5.6%

+1.9%
−1.5% 1.415± 0.005 · 101 +3.1%

−3.7%
+1.8%
−1.4%

b.3 pp→ZW± p p > z wpm 2.777± 0.003 · 101 +3.6%
−4.7%

+2.0%
−1.5% 4.487± 0.013 · 101 +4.4%

−4.4%
+1.7%
−1.3%

b.4 pp→ γγ p p > a a 2.510± 0.002 · 101 +22.1%
−22.4%

+2.4%
−2.1%

6.593± 0.021 · 101 +17.6%
−18.8%

+2.0%
−1.9%

b.5 pp→ γZ p p > a z 2.523± 0.004 · 101 +9.9%
−11.2%

+2.0%
−1.6% 3.695± 0.013 · 101 +5.4%

−7.1%
+1.8%
−1.4%

b.6 pp→ γW± p p > a wpm 2.954± 0.005 · 101 +9.5%
−11.0%

+2.0%
−1.7%

7.124± 0.026 · 101 +9.7%
−9.9%

+1.5%
−1.3%

b.7 pp→W+W−j (4f) p p > w+ w- j 2.865± 0.003 · 101 +11.6%
−10.0%

+1.0%
−0.8% 3.730± 0.013 · 101 +4.9%

−4.9%
+1.1%
−0.8%

b.8 pp→ZZj p p > z z j 3.662± 0.003 · 100 +10.9%
−9.3%

+1.0%
−0.8% 4.830± 0.016 · 100 +5.0%

−4.8%
+1.1%
−0.9%

b.9 pp→ZW±j p p > z wpm j 1.605± 0.005 · 101 +11.6%
−10.0%

+0.9%
−0.7% 2.086± 0.007 · 101 +4.9%

−4.8%
+0.9%
−0.7%

b.10 pp→ γγj p p > a a j 1.022± 0.001 · 101 +20.3%
−17.7%

+1.2%
−1.5% 2.292± 0.010 · 101 +17.2%

−15.1%
+1.0%
−1.4%

b.11∗ pp→ γZj p p > a z j 8.310± 0.017 · 100 +14.5%
−12.8%

+1.0%
−1.0% 1.220± 0.005 · 101 +7.3%

−7.4%
+0.9%
−0.9%

b.12∗ pp→ γW±j p p > a wpm j 2.546± 0.010 · 101 +13.7%
−12.1%

+0.9%
−1.0%

3.713± 0.015 · 101 +7.2%
−7.1%

+0.9%
−1.0%

b.13 pp→W+W+jj p p > w+ w+ j j 1.484± 0.006 · 10−1 +25.4%
−18.9%

+2.1%
−1.5%

2.251± 0.011 · 10−1 +10.5%
−10.6%

+2.2%
−1.6%

b.14 pp→W−W−jj p p > w- w- j j 6.752± 0.007 · 10−2 +25.4%
−18.9%

+2.4%
−1.7% 1.003± 0.003 · 10−1 +10.1%

−10.4%
+2.5%
−1.8%

b.15 pp→W+W−jj (4f) p p > w+ w- j j 1.144± 0.002 · 101 +27.2%
−19.9%

+0.7%
−0.5% 1.396± 0.005 · 101 +5.0%

−6.8%
+0.7%
−0.6%

b.16 pp→ZZjj p p > z z j j 1.344± 0.002 · 100 +26.6%
−19.6%

+0.7%
−0.6% 1.706± 0.011 · 100 +5.8%

−7.2%
+0.8%
−0.6%

b.17 pp→ZW±jj p p > z wpm j j 8.038± 0.009 · 100 +26.7%
−19.7%

+0.7%
−0.5% 9.139± 0.031 · 100 +3.1%

−5.1%
+0.7%
−0.5%

b.18 pp→ γγjj p p > a a j j 5.377± 0.029 · 100 +26.2%
−19.8%

+0.6%
−1.0% 7.501± 0.032 · 100 +8.8%

−10.1%
+0.6%
−1.0%

b.19∗ pp→ γZjj p p > a z j j 3.260± 0.009 · 100 +24.3%
−18.4%

+0.6%
−0.6% 4.242± 0.016 · 100 +6.5%

−7.3%
+0.6%
−0.6%

b.20∗ pp→ γW±jj p p > a wpm j j 1.233± 0.002 · 101 +24.7%
−18.6%

+0.6%
−0.6%

1.448± 0.005 · 101 +3.6%
−5.4%

+0.6%
−0.7%

Table 2: Sample of LO and NLO rates for vector-boson pair production, possibly within cuts and in association with jets, at the 13-TeV

LHC; we also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. See table 1 for the meaning

of wpm. All cross sections are calculated in the five-flavour scheme, except for processes b.1, b.7, and b.15, which are obtained in the

four-flavour scheme to avoid resonant-top contributions. NLO results for V V production have been known for some time [243–252],

are publicly available in MCFM and in VBFNLO [241], and are matched to parton showers in MC@NLO [24] and POWHEG [253].

NLO results for V V with up to an extra jet have been made available in POWHEG [254, 255]. NLO corrections to γγ plus up to

three jets are also known [256–260]. Other available results are: W±W±jj [261], W±W±jj (EW+QCD) [262], Zγj [263], Wγjj [264],

WZjj [265], Wγj [266,267], WZj [268]. We do not show results for NLO corrections to EW-induced production of V V plus two jets,

such as W±W∓jj [269], WZjj [270], and ZZjj [271], which can also be obtained with POWHEG and VBFNLO.

–
75

–

[Alwall et al. arXiv:1405.0301]

some* automated NLO tools
OLP method source MCs corrections

GOSAM2.0 FD+OPP or TR public SH, HW,(MG5) QCD, EW, UFO

OPENLOOPS OL+TR or OPP private SH, HW QCD, EW

MADLOOP OL+OPP public MG5 QCD, EW, UFO

HELAC-1L OSR+OPP public Helac-NLO QCD

NJET2.0 OSR+GU public SH, HW QCDmassless

BLACKHAT GU private** SH QCDmassless

SH = SHERPA

HW=HERWIG++/MATCHBOX

MG5=MG5_aMCatNLO

* MCFM, NLOJET++, VBFNLO,
POWHEG-BOX, FEYNCALC

** public NTuples + reader

MC event generators

high multiplicity tools
with on-shell methods

high levels of automation

most SM 2→4 processes

GOSAM+NINJAMG5_aMC@NLO

+... total of 172 processes up to 2→4 

[van Duerzen et al. arXiv:1312.6678]
Benchmarks: GoSam + Ninja

Process # NLO diagrams ms/event

W + 3 j dū → ν̄ee−ggg 1 411 226

Z + 3 j dd̄ → e+e−ggg 2 928 1 911

Z Z Z + 1 j uū → ZZZg 915 *12 000

W W Z + 1 j uū → W+W−Zg 779 *7 050

W Z Z + 1 j ud̄ → W+ZZg 756 *3 300

W W W + 1 j ud̄ → W+W−W+g 569 *1 800

Z Z Z Z u ū → Z Z Z Z 408 *1 070

W W W W uū → W+W−W+W− 496 *1 350

tt̄bb̄ (mb ≠ 0)
dd̄ → tt̄bb̄ 275 178

gg → tt̄bb̄ 1 530 5 685

tt̄+ 2 j gg → tt̄gg 4 700 13 827

Z b b̄+ 1 j (mb ≠ 0) dug → ue+e−bb̄ 708 *1 070

W b b̄+ 1 j (mb ≠ 0) ud̄ → e+νebb̄g 312 67

W b b̄+ 2 j (mb ≠ 0)

ud̄ → e+νebb̄ss̄ 648 181

ud̄ → e+νebb̄dd̄ 1 220 895

ud̄ → e+νebb̄gg 3 923 5387

W W b b̄ (mb ≠ 0)
dd̄ → νee+ν̄µµ−bb̄ 292 115

gg → νee+ν̄µµ−bb̄ 1 068 *5 300

W W b b̄+ 1 j (mb = 0) uū → νee+ν̄µµ−bb̄g 3 612 *2 000

H + 3 j in GF gg → Hggg 9 325 8 961

t t̄ Z + 1 j
uū → tt̄e+e−g 1408 1 220

gg → tt̄e+e−g 4230 19 560

t t̄ H + 1 j gg → tt̄Hg 1 517 1 505

H + 3 j in VBF uū → Hguū 432 101

H + 4 j in VBF uū → Hgguū 1 176 669

H + 5 j in VBF uū → Hggguū 15 036 29 200

Table 2: A summary of results obtained with GoSam+Ninja. Timings refer to full color- and
helicity-summed amplitudes, using an Intel Core i7 CPU @ 3.40GHz, compiled with ifort. The
timings indicated with an (*) are obtained with an Intel(R) Xeon(R) CPU E5-2650 0 @ 2.00GHz,
compiled with gfortran.

5.1 p p → W + 3 jets

Partonic process: dū → ν̄ee−ggg

The finite part for this process is given in the conventional dimensional regularization

– 18 –

Process Syntax Cross section (pb)

Vector boson +jets LO 13 TeV NLO 13 TeV

a.1 pp→W± p p > wpm 1.375± 0.002 · 105 +15.4%
−16.6%

+2.0%
−1.6% 1.773± 0.007 · 105 +5.2%

−9.4%
+1.9%
−1.6%

a.2 pp→W±j p p > wpm j 2.045± 0.001 · 104 +19.7%
−17.2%

+1.4%
−1.1%

2.843± 0.010 · 104 +5.9%
−8.0%

+1.3%
−1.1%

a.3 pp→W±jj p p > wpm j j 6.805± 0.015 · 103 +24.5%
−18.6%

+0.8%
−0.7% 7.786± 0.030 · 103 +2.4%

−6.0%
+0.9%
−0.8%

a.4 pp→W±jjj p p > wpm j j j 1.821± 0.002 · 103 +41.0%
−27.1%

+0.5%
−0.5%

2.005± 0.008 · 103 +0.9%
−6.7%

+0.6%
−0.5%

a.5 pp→Z p p > z 4.248± 0.005 · 104 +14.6%
−15.8%

+2.0%
−1.6% 5.410± 0.022 · 104 +4.6%

−8.6%
+1.9%
−1.5%

a.6 pp→Zj p p > z j 7.209± 0.005 · 103 +19.3%
−17.0%

+1.2%
−1.0% 9.742± 0.035 · 103 +5.8%

−7.8%
+1.2%
−1.0%

a.7 pp→Zjj p p > z j j 2.348± 0.006 · 103 +24.3%
−18.5%

+0.6%
−0.6% 2.665± 0.010 · 103 +2.5%

−6.0%
+0.7%
−0.7%

a.8 pp→Zjjj p p > z j j j 6.314± 0.008 · 102 +40.8%
−27.0%

+0.5%
−0.5%

6.996± 0.028 · 102 +1.1%
−6.8%

+0.5%
−0.5%

a.9 pp→ γj p p > a j 1.964± 0.001 · 104 +31.2%
−26.0%

+1.7%
−1.8%

5.218± 0.025 · 104 +24.5%
−21.4%

+1.4%
−1.6%

a.10 pp→ γjj p p > a j j 7.815± 0.008 · 103 +32.8%
−24.2%

+0.9%
−1.2% 1.004± 0.004 · 104 +5.9%

−10.9%
+0.8%
−1.2%

Table 1: Sample of LO and NLO rates for vector-boson production, possibly within cuts and in association with jets, at the 13-TeV

LHC; we also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. Where relevant, the notation

understands the sum of the W+ and W− cross sections, and wpm is a label that includes both W+ and W−, defined from the shell with

define wpm = w+ w-. All cross sections are calculated in the five-flavour scheme. Results at the NLO accuracy for W/Z plus jets are

also available in MCFM for up to two jets [220–222], including heavy-flavour identification [223–227], and in POWHEG [228–230].

NLO cross sections for W plus three jets have appeared in refs. [231, 232]. The BlackHat+SHERPA collaboration has provided

samples and results for up to Z plus four jets and W plus five jets at the NLO [233–237]. NLO+PS merged samples for W plus up to

three jets are also available in SHERPA [238]. γ plus up to three jets calculations have been presented in refs. [239, 240]. We do not

show cross sections for EW-induced V plus two jets processes with V = γ, Z,W±, which are available in VBFNLO [241] and have

been studied in ref. [242].
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Process Syntax Cross section (pb)

Vector-boson pair +jets LO 13 TeV NLO 13 TeV

b.1 pp→W+W− (4f) p p > w+ w- 7.355± 0.005 · 101 +5.0%
−6.1%

+2.0%
−1.5% 1.028± 0.003 · 102 +4.0%

−4.5%
+1.9%
−1.4%

b.2 pp→ZZ p p > z z 1.097± 0.002 · 101 +4.5%
−5.6%

+1.9%
−1.5% 1.415± 0.005 · 101 +3.1%

−3.7%
+1.8%
−1.4%

b.3 pp→ZW± p p > z wpm 2.777± 0.003 · 101 +3.6%
−4.7%

+2.0%
−1.5% 4.487± 0.013 · 101 +4.4%

−4.4%
+1.7%
−1.3%

b.4 pp→ γγ p p > a a 2.510± 0.002 · 101 +22.1%
−22.4%

+2.4%
−2.1%

6.593± 0.021 · 101 +17.6%
−18.8%

+2.0%
−1.9%

b.5 pp→ γZ p p > a z 2.523± 0.004 · 101 +9.9%
−11.2%

+2.0%
−1.6% 3.695± 0.013 · 101 +5.4%

−7.1%
+1.8%
−1.4%

b.6 pp→ γW± p p > a wpm 2.954± 0.005 · 101 +9.5%
−11.0%

+2.0%
−1.7%

7.124± 0.026 · 101 +9.7%
−9.9%

+1.5%
−1.3%

b.7 pp→W+W−j (4f) p p > w+ w- j 2.865± 0.003 · 101 +11.6%
−10.0%

+1.0%
−0.8% 3.730± 0.013 · 101 +4.9%

−4.9%
+1.1%
−0.8%

b.8 pp→ZZj p p > z z j 3.662± 0.003 · 100 +10.9%
−9.3%

+1.0%
−0.8% 4.830± 0.016 · 100 +5.0%

−4.8%
+1.1%
−0.9%

b.9 pp→ZW±j p p > z wpm j 1.605± 0.005 · 101 +11.6%
−10.0%

+0.9%
−0.7% 2.086± 0.007 · 101 +4.9%

−4.8%
+0.9%
−0.7%

b.10 pp→ γγj p p > a a j 1.022± 0.001 · 101 +20.3%
−17.7%

+1.2%
−1.5% 2.292± 0.010 · 101 +17.2%

−15.1%
+1.0%
−1.4%

b.11∗ pp→ γZj p p > a z j 8.310± 0.017 · 100 +14.5%
−12.8%

+1.0%
−1.0% 1.220± 0.005 · 101 +7.3%

−7.4%
+0.9%
−0.9%

b.12∗ pp→ γW±j p p > a wpm j 2.546± 0.010 · 101 +13.7%
−12.1%

+0.9%
−1.0%

3.713± 0.015 · 101 +7.2%
−7.1%

+0.9%
−1.0%

b.13 pp→W+W+jj p p > w+ w+ j j 1.484± 0.006 · 10−1 +25.4%
−18.9%

+2.1%
−1.5%

2.251± 0.011 · 10−1 +10.5%
−10.6%

+2.2%
−1.6%

b.14 pp→W−W−jj p p > w- w- j j 6.752± 0.007 · 10−2 +25.4%
−18.9%

+2.4%
−1.7% 1.003± 0.003 · 10−1 +10.1%

−10.4%
+2.5%
−1.8%

b.15 pp→W+W−jj (4f) p p > w+ w- j j 1.144± 0.002 · 101 +27.2%
−19.9%

+0.7%
−0.5% 1.396± 0.005 · 101 +5.0%

−6.8%
+0.7%
−0.6%

b.16 pp→ZZjj p p > z z j j 1.344± 0.002 · 100 +26.6%
−19.6%

+0.7%
−0.6% 1.706± 0.011 · 100 +5.8%

−7.2%
+0.8%
−0.6%

b.17 pp→ZW±jj p p > z wpm j j 8.038± 0.009 · 100 +26.7%
−19.7%

+0.7%
−0.5% 9.139± 0.031 · 100 +3.1%

−5.1%
+0.7%
−0.5%

b.18 pp→ γγjj p p > a a j j 5.377± 0.029 · 100 +26.2%
−19.8%

+0.6%
−1.0% 7.501± 0.032 · 100 +8.8%

−10.1%
+0.6%
−1.0%

b.19∗ pp→ γZjj p p > a z j j 3.260± 0.009 · 100 +24.3%
−18.4%

+0.6%
−0.6% 4.242± 0.016 · 100 +6.5%

−7.3%
+0.6%
−0.6%

b.20∗ pp→ γW±jj p p > a wpm j j 1.233± 0.002 · 101 +24.7%
−18.6%

+0.6%
−0.6%

1.448± 0.005 · 101 +3.6%
−5.4%

+0.6%
−0.7%

Table 2: Sample of LO and NLO rates for vector-boson pair production, possibly within cuts and in association with jets, at the 13-TeV

LHC; we also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. See table 1 for the meaning

of wpm. All cross sections are calculated in the five-flavour scheme, except for processes b.1, b.7, and b.15, which are obtained in the

four-flavour scheme to avoid resonant-top contributions. NLO results for V V production have been known for some time [243–252],

are publicly available in MCFM and in VBFNLO [241], and are matched to parton showers in MC@NLO [24] and POWHEG [253].
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Example: pp→tt+j

How easy is NLO these days?

[Dittmaier, Uwer, Weinzierl (2007)]

(+ decays) [Schulze, Melnikov (2009)]

e.g. MadGraph5_aMC@NLO v2.1.1 
[Alwall et al. 1405.0301]
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Example: pp→tt+j

How easy is NLO these days?

[Dittmaier, Uwer, Weinzierl (2007)]

(+ decays) [Schulze, Melnikov (2009)]

e.g. MadGraph5_aMC@NLO v2.1.1 
[Alwall et al. 1405.0301]
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(+ decays) [Schulze, Melnikov (2009)]
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[Alwall et al. 1405.0301]
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generate p p > t~ t j [QCD]
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FIG. 6: The pT distributions of the leading five jets in W− + 5-jet production at the LHC at
√
s = 7 TeV. In the upper panels, the NLO predictions are shown as solid (black) lines, while

the LO predictions are shown as dashed (blue) lines. The lower panels show the predictions for

the LO distribution and scale-dependence bands normalized to the NLO prediction (at the scale

µ = Ĥ ′
T/2). The LO distribution is the dashed (blue) line, and the scale-dependence bands are

shaded (gray) for NLO and cross-hatched (brown) for LO.

for W± + n-jet to W± + (n−1)-jet production. The charge-asymmetry ratios are all sig-

nificantly greater than unity, and grow with increasing numbers of jets. The jet-production

ratios are of order 1/4, and decrease with increasing numbers of jets. The NLO corrections

to the charge-asymmetry are quite small, and the corrections to the jet-production ratios

are modest but noticeable.

These values of the charge-asymmetry ratio reflect the excess of up quarks over down

quarks in the proton. The W+ bosons are necessarily emitted by up-type quarks, whereas

− bosons are emitted by down-type quarks. The up-quark excess in the proton then leads

to larger W+ cross sections. As the number of jets increases, production of a W requires a

larger value of the momentum fraction x. This alters the mix of subprocesses that contribute
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In this paper, we compute the total cross sections at NLO for inclusive W+ + n-jet

and W− + n-jet production with n ≤ 5 and describe W+/W− ratios and W + n-jet/W+

(n−1)-jet ratios. Such ratios can be sensitive probes of new physics. We also study two

types of distributions: the differential cross section in the total hadronic transverse energy

H jets
T =

∑

j∈jets p
j
T, and the complete set of differential cross sections in the jet transverse

momenta. For four and five jets we make use of a leading-color approximation for the virtual

contributions. This approximation has been shown to have subleading-color corrections of

under 3% for processes with four or fewer associated jets [22, 43].

This paper is organized as follows. In section II we summarize the basic setup of the

computation. In section III we present our results for cross sections, ratios and distributions.

We give our summary and conclusions in section IV.
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An example : W+5 jets !! BlackHat Collaboration, Z.Bern et al

2 ! 8 2 ! 7Real SHERPA Virtual BlackHat

µR = µF =
Ĥ

0
T

2
⌘ 1

2

X

m

p
m
T + E

W
TDynamical Scale choice

‣ Dramatic reduction in 
scale dependence (~20%)

‣ Up to 50% correction 
(non-trivial in shape)
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!
!

W+jets 

! ATLAS has 
measured up to 7 jets 
in the final state 
◆  both inclusive and 

exclusive final states 
◆  good agreement with 

Blackhat+Sherpa  

There are (already) measurements up to 7 jets !
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‣ Better stability

‣NLO in very good
 agreement with data!

Multi-jet production

Njet+Sherpa (Badger, Biedermann, Uwer, Yundin) pp ! 5 jets atNLO

4

FIG. 1. Same as Fig. 2 but using the NLO setup in LO.

the two bands, LO and NLO, nicely overlap. Note however
that we have used the NLO setup in the leading order calcu-
lation. In particular the NLO PDFs with the corresponding as

are employed. In Fig. 2 we show the scale dependence using
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x, µR = x bHT
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FIG. 2. Residual scale dependence of the 5-jet cross section in lead-
ing and next-to-leading order.

in the leading order prediction LO PDFs with the respective
as. Compared to Fig. 1 we observe in Fig. 2 a much larger dif-
ference between the LO and NLO prediction. To some extend
the difference is due to the change in as. Similar to what has
been found in Ref. [6] we conclude that using the NLO PDFs
in the LO predictions gives a better approximation to the full
result compared to using LO PDFs.

Although not a physical observable it is interesting to ask
how the different partonic channels contribute to the inclusive
5-jet rate. Ignoring different quark flavours we distinguish
nine partonic channels in LO:

gg ! 5g, gg ! qq+3g, qg ! q+4g,

qq ! 5g, gg ! 4q+g, qg ! 3q+2g,

qq ! qq+3g, qg ! 5q, qq ! 4q+g,

where q may be any quark or anti-quark with exception of the
top-quark i.e. qq = {uu,uū,ud,ud̄, . . .}. In Tab. I the indi-
vidual contribution of each channel is presented. The most

TABLE I. Contribution of individual partonic channels.

qg ! q+4g 39.2%
gg ! 5g 27.3%
qq ! 2q+3g 13.5%
qg ! 3q+2g 9.0%
gg ! 2q+3g 8.5%
qq ! 4q+g 1.8%
gg ! 4q+g 0.5%
qg ! 5q 0.2%
qq ! 5g 0.04%

important contribution is provided by the qg initial state. Al-
most 50% of the cross section can be attributed to this chan-
nel. This is a consequence of the large parton luminosity in
combination with the sizeable cross sections. Among the qg

initiated reactions the qg ! q+4g channel is with about 40%
of the cross section the most important process. Replacing
the quark line in this process by a gluon will still lead to large
partonic cross sections. However the gg parton flux is reduced
compared to the qg initial state. As a consequence the purely
gluonic reaction leads to a slightly smaller contribution and is
responsible for about 25% of the cross section. The composi-
tion of the cross section may provide useful information when
jet rates are used to constrain the PDFs. Since the luminosity
functions

Li j(ŝ,shad,µ f ) =
1

shad

shadZ

ŝ

ds

s
Fi/p

⇣
µ f ,

s

shad

⌘
Fj/p

⇣
µ f ,

ŝ

s

⌘
(8)

depend on the partonic centre-of-mass energy, the composi-
tion may be different for different kinematical configurations.
We come back to this point when we discuss differential dis-
tributions.

In Tab. II we show for completeness the cross sections for
two, three and four-jet production as calculated with NJET
using the same setup as in the five jet case. The real correc-
tions to five-jet production allow us to calculate also the cross
section for six jet production, however only in leading order
QCD. The result is given by

3

ds̄V
n

denotes the finite part of the virtual corrections, ds̄I
n

the
finite part of the integrated subtraction terms together with the
contribution from the factorization and dsRS

n+1 the real cor-
rections combined with the subtraction terms. For the com-
putation of ds̄I

n
and dsRS

n
we use Sherpa which provides a

numerical implementation of the Catani-Seymour subtraction
scheme. The required tree-level amplitudes are, as in the LO
case, computed with Comix as part of the Sherpa framework.

The necessary one-loop matrix elements for the virtual cor-
rections ds̄V

n
are evaluated with the publicly available NJET1

package [1]. NJET uses an on-shell generalized unitarity
framework [30–33] to compute multi-parton one-loop prim-
itive amplitudes from tree-level building blocks. An accu-
rate numerical implementation is achieved using the integrand
reduction procedure of OPP [34]. The algorithm is based
on the NGLUON library [11] following the description of D-
dimensional generalized unitarity presented in Refs. [35, 36]
and using Berends-Giele recursion [37] for efficient numer-
ical evaluation of tree-level amplitudes. For a more detailed
description of the employed methods and the usage of the pro-
gram, we refer to Refs. [1, 11]. The scalar loop integrals are
obtained via the QCDLOOP/FF PACKAGE [38, 39]. We note
that NJET is so far the only publicly available tool that is able
to compute all one-loop seven-point matrix-elements that con-
tribute to five-jet production in hadronic collisions. For refer-
ence numerical evaluations of the one-loop matrix elements at
a single phase-space point have been presented previously [1].

III. RESULTS FOR 5-JET PRODUCTION AT THE LHC AT
7 AND 8 TEV

A. Numerical setup

As mentioned earlier we use the Sherpa Monte-Carlo event
generator [26] to handle phase-space integration and gen-
eration of tree-level and Catani-Seymour dipole subtraction
terms using the colour dressed formalism implemented in
Comix [27, 28]. The virtual matrix elements are interfaced
using the Binoth Les Houches Accord [40, 41].

To combine partons into jets we use the anti-kt jet clustering
algorithm as implemented in FASTJET [42, 43]. Furthermore
asymmetric cuts on the jets ordered in transverse momenta,
pT , are applied to match the ATLAS multi-jet measurements
[7]:

p
j1
T
> 80 GeV, p

j�2
T

> 60 GeV, R = 0.4. (6)

The PDFs are accessed through the LHAPDF interface
[44] with all central values using NNPDF2.1 [45] for LO
(as(MZ) = 0.119) and NNPDF2.3 [46] for NLO (as(MZ) =
0.118) if not mentioned otherwise.

Generated events are stored in Root Ntuple format [47]
which allows for flexible analysis. Renormalization and fac-
torization dependence can be re-weighted at the analysis level

1 To download NJET visit the project home page at
https://bitbucket.org/njet/njet/.

as well as the choice of PDF set. Since the event generation
of high multiplicity processes at NLO is computationally in-
tensive analysis of PDF uncertainties and scale choices would
be prohibitive without this technique.

B. Numerical results

In this section we present the numerical results for total
cross sections and selected2 distributions at centre-of-mass
energies of 7 and 8 TeV. Within the setup described in the
previous section we have chosen the renormalization and fac-
torization scales to be equal µr = µ f = µ and use a dynamical
scale based on the total transverse momentum bHT of the final
state partons:

bHT =
Nparton

Â
i=1

p
parton
T,i . (7)

We then obtain the 5-jet cross section at 7 TeV,

µ s7TeV-LO
5 [nb] s7TeV-NLO

5 [nb]
bHT/2 0.699(0.004) 0.544(0.016)
bHT 0.419(0.002) 0.479(0.008)
bHT/4 1.228(0.006) 0.367(0.032)

where numerical integration errors are quoted in parentheses.
We show the values of the cross section at three values of the
renormalization scale, µ = x bHT/2 where x = 0.5,1,2. We ob-
serve significant reduction in the residual scale dependence
when including NLO corrections. Within the chosen scale
band, the LO predictions lie within a range of 0.810 nb while
at NLO the range is 0.177 nb. The analagous results at 8 TeV
are shown below.

µ s8TeV-LO
5 [nb] s8TeV-NLO

5 [nb]

bHT/2 1.044(0.006) 0.790(0.021)
bHT 0.631(0.004) 0.723(0.011)
bHT/4 1.814(0.010) 0.477(0.042)

In Fig. 1 the scale dependence of the leading order and next-
to-leading order cross section is illustrated. The dashed black
line indicates µ = bHT/2. The horizontal bands show the vari-
ation of the cross section for a scale variation between bHT/4
and bHT . The uncertainty due to scale variation is roughly
reduced by a factor of one third. Furthermore we see that
around µ = bHT/2 the NLO cross section is flat indicating that
µ = bHT/2 is a reasonable choice for the central scale. This is
further supported by the fact that for µ = bHT/2 the NLO cor-
rections are very small. It is also interesting to observe that

2 The complete set of results presented in this section together with ad-
ditional distributions for 7 and 8 TeV can be obtained from https://
bitbucket.org/njet/njet/wiki/Results/Physics.

5

µ s7TeV-NLO
2 [nb] s7TeV-NLO

3 [nb] s7TeV-NLO
4 [nb]

bHT /2 1175(3) 52.5(0.3) 5.65(0.07)

bHT 1046(2) 54.4(0.2) 5.36(0.04)

bHT /4 1295(4) 33.2(0.4) 3.72(0.12)

TABLE II. Results for two, three and four-jet production with the
same setup as in the five-jet case. All values in units of nb.

µ s7TeV-LO
6 [nb] s8TeV-LO

6 [nb]

bHT/2 0.0496(0.0005) 0.0844(0.0010)
bHT 0.0263(0.0003) 0.0452(0.0005)
bHT/4 0.0992(0.0011) 0.1673(0.0021)

where the NNPDF2.3 NLO PDF set with as = 0.118 has been
used. The jet rates have been measured recently by ATLAS
using the 7 TeV data set [7]. In Fig. 3 we show the data
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FIG. 3. Cross sections for 2-, 3-, 4-, 5- and 6-jet production in
leading and next-to-leading order as calculated with NJET as well
as results from ATLAS measurements [7]. All LO quantities use
NNPDF2.1 with as(MZ) = 0.119. NLO quantities use NNPDF2.3
with as(MZ) = 0.118, the 6-jet cross section is only avaiable LO
accuracy.

together with the theoretical predictions in leading and next-
to-leading order. In case of the six jet rate only LO results
are shown. In the lower plot the ratio of theoretical predic-
tions with respect to data is given. With exception of the two
jet cross section the inclusion of the NLO results improves
significantly the comparison with data. For the higher mul-
tiplicities where NLO predictions are available the ratio be-
tween theory and data is about 1.2�1.3. Given that inclusive

cross sections are intrinsically difficult to measure we con-
sider this agreement as remarkable good. In particular for
three-, four- and five-jet production the theoretical predictions
agree within the uncertainties with the data. One should also
keep in mind that a one per cent uncertainty of the collider en-
ergy may lead to sizeable changes in the cross sections. (For
example, the inclusive cross section for top-quark pair produc-
tion changes by about 3% when the energy is changed from
7 TeV to (7±0.07) TeV.) Instead of studying inclusive cross
sections it is useful to consider their ratios since many theo-
retical and experimental uncertainties (i.e. uncertainties due
to luminosity, scale dependence, PDF dependence etc.) may
cancel between numerator and denominator. In particular one
may consider

Rn =
s(n+1)-jet

sn-jet
. (9)

This quantity is in leading order proportional to the QCD cou-
pling as and can be used to determine the value of as from
jet rates. In Fig. 4 we show QCD predictions in NLO using

FIG. 4. Theoretical predictions for the jet ratios Rn compared with
recent ATLAS measurements [7]. Theoretical predictions are made
with the central values of the 4 listed PDF sets with NLO as running.
as(mZ) = 0.118 for NNPDF2.3, CT10 and ABM11 and as(mZ) =
0.120 for MSTW2008

different PDF sets together with the results from ATLAS. The
results obtained from NNPDF2.3 are also collected in Tab. III
where, in addition, the ratios at leading order (using the LO
setup with NNPDF2.1) are shown. In case of R3 and R4 per-
turbation theory seems to provide stable results. The leading
order and next-to-leading order values differ by less than 10%.
In addition NNPDF [46], CT10 [48] and MSTW08 [49] give
compatible predictions. ABM11 [50] gives slightly smaller
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FIG. 7. The pT distribution of the leading jet. Both LO and NLO use
the NNPDF2.3 PDF set with as(MZ) = 0.118

For simplicity we do not expand the double ratio in as. Since
the NLO corrections are moderate in size we do not expect
a significant change in the prediction—the difference is for-
mally of higher order in as. As can be see in Fig. 9, the nor-
malized rapidity distribution changes by less than 5% when
going from 7 to 8 TeV. For the transverse momentum dis-
tribution we expect a harder spectrum for 8 TeV centre-of-
mass energy compared to 7 TeV. This is indeed observed in
Fig. 10. The fact that for low transverse momenta the ratios
are below one is an effect of the normalization to the total
cross section. For 8 TeV the regions where the inclusive cross
section gets significant contributions is extended to larger pT

leading to a ratio below one when comparing with the 7 TeV
case. Using data for jet production may provide useful in-
put to constrain PDFs. In this context it is very interesting to
study the decomposition of the jet rates with respect to indi-
vidual partonic channels not only for inclusive quantities but
also for differential distributions. In Fig. 11 the decomposition
of the rapidity distribution of the leading jet is shown. As in
the inclusive case we restrict the discussion to leading order.
Evidently we find again that the qg ! q + 4g channel is the
most important channel followed by the pure gluonic chan-
nel. Since the rapidity distribution is only mildly affected by
the partonic centre-of-mass energy we do not expect a strong
dependence of the composition with respect to the rapidity.
Indeed as can be seen from Fig. 11 the decomposition shows
only a weak dependence on the rapidity. This information
can be used to define control samples, when using jet data to
constrain the parton luminosities. In Fig. 12 the analogous re-
sults for the transverse momentum distribution is presented.
In difference to the rapidity distribution a significant depen-

FIG. 8. The rapidity distribution of the leading jet. Both LO and
NLO use the NNPDF2.3 PDF set with as(MZ) = 0.118

dence of the decomposition as function of the transverse mo-
mentum is visible. While at small transverse momentum the
gg ! 5g dominates over qq ! 2q + 3g the situation changes
at about 300 GeV and the qq ! 2q+3g becomes more impor-
tant than gg ! 5g. This behaviour is a direct consequence of
the fact that at high partonic centre-of-mass energy the quark
luminosity Lqq̄ dominates over the gluon flux Lgg. A simi-
lar pattern, although less pronounced, can also be observed in
the qq ! 5g and gg ! 4q + 1g channels. A cut in the trans-
verse momentum can thus be used to change the mixture of
the individual partonic channels and to provide additional in-
formation on specific parton luminosities. From the above
discussion we expect that different PDF sets should give very
similar results for the rapidity distribution since each bin is
rather inclusive with respect to the partonic centre-of-mass
energies where the luminosities are sampled. On the other
hand if any difference using PDF sets from different groups is
observed it will most likely show up in the transverse momen-
tum distribution. In Fig. 13 the rapidity distribution is shown
using four different PDF sets. The PDF sets NNPDF2.3,
CT10 and MSTW2008 lead to very similar results. A ma-
jor difference is observed comparing the aforementioned PDF
sets with ABM11. ABM11 leads to reduction of about 20%
with respect to NNPDF2.3, CT10 and MSTW2008. However
one can see that the shape for the distribution predicted by
ABM11 agrees well with the other PDF sets. In Fig. 14 and
Fig. 15 we show results for the normalized distributions. For
the rapidity distribution the four different PDF sets agree well
within ±5%. The rapidity distributions of the sub leading jets
show a similar behaviour. In Fig. 15 the transverse momen-
tum distribution is studied for different PDF sets. As expected

4jets in agreement 
with previous 
calculation by  
BlackHat (Z.Bern et 
al)
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Figure 1: Measurement of R32 and NLO predictions using the NNPDF2.1 (top left), the ABM11
(top right), the MSTW2008 (bottom left), and the CT10 (bottom right) NNLO PDF sets. In the
upper panel of each plot, the ratio R32 (solid circles) together with the NLO prediction (solid
line) corrected for nonperturbative effects (NPC), the scale uncertainty, and the PDF uncer-
tainty are shown. The bottom panels show the ratio of data to the theoretical predictions, to-
gether with bands representing the scale (dotted lines) and PDF (solid lines) uncertainties. The
error bars correspond to the total uncertainty. For each PDF set the respective default value of
aS(MZ) is used as indicated.

8 5 Determination of aS(MZ)

with c2/Ndof = 22.0/20 at minimum. The experimental uncertainty contains the statistical,
JES, and unfolding sources (Eq. (4)), with the JES uncertainty being the dominant one.

The contribution of PDFs to the uncertainty of the measurement is evaluated by repeating the
fit for each of the 100 PDF replicas of the NNPDF2.1 set at the relevant value for aS(MZ). In
this way 100 determinations of aS(MZ) are obtained, whose distribution corresponds to the
propagation of the underlying probability density from the PDFs to the fitted strong coupling.
The PDF uncertainty of the measurement is then computed as the standard deviation of this
distribution. A more detailed description of the method can be found in Ref. [39].

The uncertainties due to the renormalization and factorization scales are treated separately by
varying the default choice of µr = µ f = hpT1,2i between hpT1,2i/2 and 2hpT1,2i in six combi-
nations as explained in Section 4. The c2 minimization with respect to aS(MZ) is repeated for
these six combinations. The contribution from the µr, µ f scale variations to the uncertainty in
the measurement is evaluated by considering the differences between the NNPDF2.1 aS(MZ)
central value and the highest and lowest values found in these six scale combinations. Out
of all scale combinations the lowest aS(MZ) value corresponds to the default scale choice of
µr = µ f = hpT1,2i and the highest to the scale choice of µr = µ f = hpT1,2i/2. The frequent
observation of asymmetric scale uncertainties with larger downward uncertainties in the case
of NLO cross sections is transformed into a purely upward uncertainty for the ratio, as can be
seen in Table 2.

Table 2: The values of aS(MZ) at the central scale and for the six scale factor combinations.

µr/hpT1,2i µ f /hpT1,2i aS(MZ)± (exp.) c2/Ndof

1 1 0.1148 ± 0.0014 22.0/20
1/2 1/2 0.1198 ± 0.0021 30.6/20
1/2 1 0.1149 ± 0.0014 22.2/20

1 1/2 0.1149 ± 0.0014 22.2/20
1 2 0.1150 ± 0.0015 21.9/20
2 1 0.1159 ± 0.0014 20.7/20
2 2 0.1172 ± 0.0018 21.3/20

A cross check on the impact of the top quark by imposing Nf = 6 massless flavours in the
NLO matrix elements revealed an increase by +0.0009 in the fitted value of aS(MZ). Further
effects, for example from the evolution of aS and the PDFs with five or six flavours, multijet
production via fully hadronic decays in the reaction pp ! tt̄+ X, or an incomplete cancellation
of electroweak corrections between numerator and denominator, are estimated to contribute
each at a ±1% level to the theoretical uncertainty. These residual effects are taken into account
by symmetrizing the scale uncertainty such that the largest deviation is adopted as the total
symmetric theory uncertainty.

The final result is

aS(MZ) = 0.1148 ± 0.0014 (exp.) ± 0.0018 (PDF) ± 0.0050 (theory), (6)

in agreement with the world average value of aS(MZ) = 0.1184 ± 0.0007 [4], with the Tevatron
results [5, 6, 40], and a recent result obtained with LHC data [7].
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Figure 3: The strong coupling aS(Q) (solid line) and its total uncertainty (band) evolved from
the CMS determination aS(MZ) = 0.1148± 0.0055 using a 3-loop solution to the RGE as a func-
tion of the momentum transfer Q = hpT1,2i. The extractions of aS(Q) in three separate ranges
of Q as presented in Table 3 are shown together with results from the H1 [41, 42], ZEUS [43],
and D0 [5, 40] experiments at the HERA and Tevatron colliders.

Multi-jet production

Use ratios 3-jets/2-jets to extract coupling constant

1

1 Introduction
As a consequence of the non-Abelian nature of quantum chromodynamics (QCD), the renor-
malization group equation (RGE) [1–3] predicts that the strong force becomes weaker at short
distances corresponding to large momentum transfers, a property of QCD referred to as asymp-
totic freedom. The strength of the strong force, aS(Q), at a given distance or momentum scale Q

is not predicted and has to be extracted from experiment. Measurements at different Q can then
be compared for consistency with QCD via the RGE, which precisely describes the evolution of
aS(µr), where the renormalization scale µr is identified with Q. By convention, the consistency
is tested by evolving all values of aS(Q) to the common scale µr = Q = MZ, i.e. the precisely
known mass of the Z boson. The current world average value is aS(MZ) = 0.1184 ± 0.0007 [4].

Measurements of the running of aS(Q) provide a stringent test of QCD. Previous collider ex-
periments at LEP and HERA have established the validity of the RGE up to momentum trans-
fers Q of 208 GeV [4]. A recent publication by the D0 Collaboration extends this range up to
400 GeV [5]. The determination of aS(Q) from jet cross sections as in [6] or [7] depends directly
on parton distribution functions (PDFs) that have been evolved from small to very high mo-
mentum scales via the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) equations [8–10],
which assume the validity of the RGE. This dependence on the evolution of the PDFs can be
reduced by investigating cross section ratios. The ratio R32 of the inclusive 3-jet cross section
to the inclusive 2-jet cross section is proportional to aS(Q) where Q is defined as the average
transverse momentum of the two jets leading in pT,

Q = hpT1,2i =
pT1 + pT2

2
. (1)

Many theoretical systematic uncertainties related to the choice of the renormalization and fac-
torization scales, µr and µ f , or to nonperturbative effects are reduced in the cross section ratio.
In addition, experimental uncertainties such as those due to the jet energy scale largely cancel
in the measurement of R32. The uncertainty on the integrated luminosity measurement can-
cels completely. The Compact Muon Solenoid (CMS) Collaboration has previously measured
R32 [11], and the predictions of various Monte Carlo (MC) event generators were found to be
in general agreement with the measurement.

This measurement is performed using a sample of multijet events, collected during 2011 by
the CMS experiment at the Large Hadron Collider (LHC), corresponding to an integrated lu-
minosity of 5.0 fb�1 of pp collisions at a centre-of-mass energy

p
s = 7 TeV. The transverse

momentum pT and the rapidity y of a jet with energy E and momentum ~p = (px, py, pz) (where
pz is the momentum component along the direction of the anticlockwise proton beam) are de-
fined as pT =

p
p

2
x + p

2
y and y = 1

2 ln[(E + pz)/(E � pz)], respectively. Jets are reconstructed
using the infrared- and collinear-safe anti-kT clustering algorithm [12, 13] with a size parameter
of 0.7. This measurement uses jets with pT > 150 GeV and |y| < 2.5.

The large number of multijet events collected over a wide range of hpT1,2i, 420 < hpT1,2i <
1390 GeV, allows aS(Q) to be determined with only a small dependence on the evolution of the
PDFs, thus testing the validity of the RGE in an extended range of transverse momenta.

2 The CMS detector
The central feature of the CMS apparatus is a superconducting solenoid, 13 m in length and
6 m in diameter, providing an axial magnetic field of 3.8 T. The field volume of the solenoid

• Coupling extraction in agreement with HERA/Tevatron
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‣Not everything solved at NLO yet… but constant progress

Automated EW corrections

BSM (arbitrary, higher dimensional operators, etc)

results for inclusive and two-jet distributions have been available since the early 1990’s [3–

6]. The first complete next-to-NLO (NNLO) QCD predictions have appeared only very

recently [7]. As a rule of thumb based on the values of the respective coupling constants,

NNLO QCD e↵ects (O(↵4
S)) have the same numerical impact as the so-called NLO ones

in the electroweak (EW) theory (O(↵2
S↵)). Partial pure-weak contributions to the latter

had been computed in refs. [8, 9], and the complete weak results published in ref. [10].

The rationale for ignoring the NLO EW corrections of electromagnetic origin, which to the

best of our knowledge have not been calculated so far, is the possible enhancement of weak

contributions due to the growth of logarithmic terms of Sudakov origin in certain regions

of the phase space associated with large scales [11–14], in particular at high transverse mo-

menta. Incidentally, such Sudakov e↵ects can also be responsible for large violations of the

natural hierarchy of QCD and EW corrections, with NLO EW ones becoming significantly

larger than their NNLO QCD counterparts and competitive with the NLO QCD results.

Motivated by the previous considerations, in this paper we present the computation

of all the leading and next-to-leading order contributions to the dijet cross section in a

mixed QCD-EW coupling scenario. In other words, we compute all the terms in the

perturbative series that factorise the coupling-constant combinations ↵n
S↵

m, with n+m = 2

(leading order, LO) and n +m = 3 (NLO). Thus, we calculate here for the first time the

O(↵2
S↵) electromagnetic contribution, and the two NLO terms of O(↵S↵

2) and O(↵3). Our

computations are carried out in the MadGraph5 aMC@NLO framework [15] (MG5 aMC

henceforth), and are completely automated; this work therefore constitutes a further step

in the validation of the MG5 aMC code, in a case that requires the subtraction of QED

infrared singularities which is significantly more involved than that studied in ref. [16]. We

also take the opportunity to discuss issues that arise when one defines jets in the presence

of final-state photon and leptons.

This paper is organised as follows. In sect. 2 we outline the contents of our computation

and the general features of the framework in which it is performed. The problem of the

definition of jets in the context of higher-order EW calculations is discussed in sect. 3.

Phenomenological results for the LHC Run II are given in sect. 4. Finally, we present our

conclusions in sect. 5.

2 Calculation setup

A generic observable in two-jet hadroproduction can be written as follows:

⌃(LO)

jj (↵S,↵) = ↵
2

S ⌃2,0 + ↵S↵⌃2,1 + ↵
2⌃2,2

⌘ ⌃LO1
+ ⌃LO2

+ ⌃LO3
, (2.1)

⌃(NLO)

jj (↵S,↵) = ↵
3

S ⌃3,0 + ↵
2

S↵⌃3,1 + ↵S↵
2⌃3,2 + ↵

3⌃3,3

⌘ ⌃NLO1
+ ⌃NLO2

+ ⌃NLO3
+ ⌃NLO4

, (2.2)

at the LO and NLO respectively. The notation we adopt throughout this paper is fully

analogous to that of refs. [15–17]. We refer the reader, in particular, to ref. [17] for a detailed

discussion on the physical meaning of the terms that appear in eqs. (2.1) and (2.2), and

– 2 –

‣QCD dominant (except very large pT)
‣Coupling hierarchy ~ respected
‣Large cancellations in EW contributions

Sherpa+Recola

Loop induced Processes gg ! V V

‣Enhanced by gluon luminosity
‣Corrections for gg channel usually large (color, logs)

F. Caola, et al (2015-2016)
J. Campbell, K. Ellis, M. Czakon, S. Kirchner (2015)

~Automated! BSM@NLO+aMC@NLO
MadGolem

 Parton Showers @NLO
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Recap of third lecture
๏ “New” methods allow to compute amplitudes in a more 
efficient way : helicity, color, recursions

๏Many tools available for LO : qualitative for colliders...

๏Higher order calculations needed: scale dependence and 
uncertainties estimates, large higher order corrections, precision. 
more realistic (more partons), new channels with large 
luminosities, etc

๏ How to do NLO: subtraction method for “real” plus new 
techniques for numerical computation of virtual amplitudes

๏ Automation for NLO : very simple to compute, input card, 
definitions and run!

๏Many high multiplicities observables computed for LHC : multi-jet 

๏NLO might not be enough for some processes...
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