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From thermal field theory

𝐺 𝜏𝑛 = න
0

∞

𝐾 𝜏𝑛, 𝜔 𝜌 𝜔 d𝜔

Thermal Kernel plays the role of a distribution function.

𝐾 𝜏𝑛, 𝜔 =
cosh(ω 𝜏 − 𝛽/2 )

sinh( ൗ𝜔𝛽
2)

 Spectral function contains all the interesting physics.

Lattice QCD



An effective field model, where the Langrangian is in powers of 𝑣𝑏 = 𝑝/𝑚

Cuts off relativistic modes for bottom quark

Quark and anti-quarks fields decouple in this limit

Time evolution is given by initial value problem.

Performing the shift 𝜔 = 2𝑀 + 𝜔’ allows us to re-write thermal Kernel as 𝐾 𝜏𝑛, 𝜔 = 𝑒−𝜔
′𝜏

Lattice NRQCD



Lattice NRQCD



Gen 2

Mπ = 392 MeV 

ξ      = 3.5

Gen2 to Gen2L

Gen 2L

Mπ = 236 MeV

ξ      = 3.45



Thermal modification of Υ

• Consistent results for both generations
• Largest gap occurs corresponds to crossing Tc

• Very little enhancement 
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Effective mass of Υ

• The curve appear the same for all Nτ

• aτMeff = 0.332

• Can now define energy shift 𝑀0 = 7.463 GeV

𝑀𝑒𝑥𝑝𝑡 = 𝑎𝜏∆𝐸 +𝑀0



Thermal modification of χb

• Largest gap occurs at Tc again
• 20% percent enhancement at high temp
• Larger thermal effects expected
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Effective mass of Υ

• The curves spread for different Nτ

• Expected value is aτMeff = 0.404



The ill-posed problem

Recall 

𝐺 𝜏𝑛 = න
0

∞

𝐾 𝜏𝑛, 𝜔 𝜌 𝜔 d𝜔

𝐺 𝜏𝑛 ~ O(10) whilst 𝜌 𝜔 is in principle continuous, ~O(1000).

Furthermore, small errors in 𝐺 would blow up in 𝜌 𝜔 .

Can be treated as a 1D “image” reconstruction.

Requires numerical methods such as Maximum Entropy method (MEM) or Machine Learning.



MEM results

Strong agreement of ground-state 
energy between both generations.

Some melting of states at highest 
temperature



Machine Learning: Kernel Ridge Regression (KRR)

 Generalised form of linear regression

 Linear case:  𝑦 = 𝜑(𝑥)𝑇𝑤 → KRR case : 𝐘 = 𝐂 𝑋𝑖 , 𝑋𝑗
𝑇
𝛂

 C is our kernel function. Used to determine correlations between functions 𝑋𝑖 and 𝑋𝑗. 

 Parameter vector 𝑤 → Parameter matrix 𝛂



KRR recipe

 Generate training data. (Spectral functions from realistic mock data. Correlators from 
Laplace transform)

 Generate kernel from training correlators.

𝐂 𝐺𝑖 , 𝐺𝑗 = exp −
σ2
𝑁𝜏−1 𝐺𝑖 𝜏𝑛 − 𝐺𝑗 𝜏𝑛

2

𝛾2

 Minimise Cost function

E 𝐂 𝐺𝑖 , 𝐺𝑗 , 𝛂 = 𝐘 − 𝐂T𝛂
𝟐
− λ 𝛂 T𝐂T𝛂

𝛂 = (𝐂 + 𝐈λ)−𝟏 𝐘

 Can now make predictions using real data using 𝐘 = 𝐂 𝐺𝑖 , 𝐺𝑟𝑒𝑎𝑙
𝑇𝛂. 



Kernel Methods results (Preliminary)
Mock data Υ Correlation Function



Summary

 We have seen thermal modification that is consistent with our previous generation of ensembles.

 Effective mass plots show consistent results with generation 2 (see arxiv 1402.6210)

 and expected value from experimental data

 MEM reconstruction for the Υ indicates agreement between generations 

 KRR in its early stages

Thank you listening



Maximum Entropy Method (MEM)


