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Application of GF to thermodynamics of QCD
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Gradient flow Narayanan-Neuberger (2006), Liischer (2009-)
Flowed operators are free from UV divergences and short-distance singularities. Liischer-Weisz (201 1)

Suzuki's general method based on GF to correctly calculate any renormalized

observables on the lattice: H. Suzuki, PTEP 2013, 083B03 (2013) [E: 2015, 079201]

Define renormalized operators in the continuum, and evaluate their flowed ones on the lattice.
Effects of the flow can be removed by taking t = 0.

Applicable also to observables whose base symmetry is broken on the lg@tticearé inv., chiral sym. ...).
= We apply to QCD with Wilson-type quarksto cope with the problems due to the chiral violation.

Our brst study: 2+1 flavor QCD with heavy u,d quarks on a fine lattice

Taniguchi et al.(WHOT-QCD), Phys.Rev. D 95, 054502 (2017); D 96, 014509 (2017)
mpd my =< O 63 » RG-improved Iwasaki gauge + NP O(a)-improved Wilson quarks

P CP-PACS+JLQCD's T =0 config. (=2.05,283x56, a=0.07fm), heavy u.d and =physical s
a = O O 7fm »  T> 0 by fixed-scale approach, (323xNt, Nt =46, ..., 14, 16): T=174--697TMeV
" p  EoS by T-integration method available (WHOT-QCD, PRD85)
The methOd Seems tO Work We”: P gauge meas. at every config., quark meas. every 10 config's.
> EoS from En.Mom.Tensor > Chiral susceptibility (disconnected) > Topological susceptibility
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w E0S by GF agrees well with conventional w Clear peak aff,c=~190 MeV, as w Gluonic and fermionic debnitions agree
integral method af<300 MeV Nt >10). suggested by Polyakov loop etc. with each other, already ait+0 with
: . . . ' - |
w Disagreement at T=350 MeV may be W Peak higher with decreasing m,. Wilson-type quarks!

attributed to O((aT)2 =1/Nt2) artifacts at Nt<8. w Power-low behavior consistent with DIGA.



1. An extension of the study to
2+ flavor QCD with physical u,d,s quarks.

used in Suzuki's method

2. Test of2-loop matching coefficients for EMT
recently calculated by

R.V. Harlander, Y. Kluth, F. Lange, EPJC 78:944 (2018)

revisiting 2+1 Ravor QCD with heavy u,d quarks.



(2+1)-flavor phys.pt. QCD

WHOT-QCD, EPJ Conf. 175, 07023 (2018)
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+ New data atT=122 and 137 MeV (prelim.)

2 RG-improved Iwasaki gauge + NPdp{mproved Wilson quarks

2 T=0 configs. of PACS-CS (3=1.9, 323x64, a=0.09fm) [PhysRev.D79,034503 (2009)] 80 configs
All quark masses bne-tuned to the phystpteweighting [PhysRev.D81,074503 (2010)] using M1r, Mk, Mg INPULS.

2 T>O0 by fixed-scale approach, (323xNt, Nt = 4,5,.., 16, 18): T=122, 137 D 549 MeV.
Odd Nt too, to have a finer T-resolution.
Generated directly at the phys.pt. w/o reweighting [3=1.9, Kud=0.13779625, Ks=0.13663377 ].
2  Gauge meas. every 5 tau, quark meas. every 50 tau.
physical poipt , 14 12 10 9 |8 7 6 5
((3:1_90)7,8{*000 oo o o o ® O
m /m ~0.6 16 14 12 10 8 6
T p
_ e 6 o ® ® ®
(B=2.05) N T[MeV]
| BT, =190MeV . |
100 200 300 400

[d Where is Ty for physicang? ExpeclPhvs< 190 MeV.
[J Lattice slightly coarser than the heavy QCD case@.07fm).
0 Expect lattice artifacts of O§)2=1/Nt2) at Nt < 8 (T=274 MeV)

TMeV]|T/Tpe|Nt| ti)2 |gauge confs.|fermion confs.
0 0 |64 32 80 80
122 18] 10.125 260 260
129 1719.03125
137 16 8 212 212
146 15(7.03125 42 42
157 14| 6.125 650 65
169 1315.28125 550 55
183 121 4.5 610 61
199 1113.78125 890 89
219 10| 3.125 690 69
244 9 12.53125 780 78
274 8 2 680 68
313 7 11.53125 220 22
366 6| 1.125 280 280
439 5 10.78125 130 130
548 41 0.5 70 70




Gauge and Quark Flows
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We adopt the simplest flow by Liischer: LYscher, JHEP 1008, 071 (2010); 1304, 123 (201

Gauge flow:standard Wilson flow /original gauge field att =0
0:B,(t,x) = D,Gy,(t, z), B,(t=0,z) = A,(x)

Gu(t,z) =0,B,(t,x) — 0,B,(t,x) + [Bu(t,z), Bu(t, )],
D,Gyu(t,x) = 0,Guu(t,x) + [Bu(t, x), Guu(t, )],

Quark flow: as suggested by LUscher original quark field at t = 0

e
Bixs(t:7) = Axs(tz),  xs(t = 0,2) = ¥y (a),

P
0t92f(t7x) — )Zf(t,CC)A Xf(t
Axs(t,x) = DuDuxs(t,

%s(t,2)A = X4(t,z) D,

z), Dyuxy t,z) = [8M T BM(t7 z)] Xf(ta z),
Dy xs(t,2)Dp=xs(t:2) |, — Bu(t, )

only gauge fields involved

Quark field renormalization: Makino-Suzuki, PTEP 2014, 063B02 (2014
—6
Xr(t,x) = Zyxo(t,z) Z, = t pr(t) = o :
(£, ) Xl 2) - 2 P(t) (4m)?t? <>‘<f(t,w)1DXf(t,w)>0

T

No more renormalizations needed for any composite op's. VEV (T=0)



Full QCD En.Mom.Tensor by GF
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Measure operators which can mix with EMT at t # O: Makino-Suzuki, PTEP 2014, 063B02 [E: 2015. 079202
~ ~ | S | g
Oy (t,7) = G2 (t,2) G2 (t, z), O, (t,2) = 0;(OXs(t,7) (1 D +7% D) x5 (t,),
~ ~ «—>
OQuU(t’ ZC) = 6MVGZa(ta m)Gga(ta CB), Oa{uu(t,w) = pr(t)ouwxys(t,z) D xs(t, ),
and combine them 0L, (t, ) = 0 (t) 0 X5 (t, 2)x £ (t, @),

19

! ! [9(7—21n2)+ﬂ,

~ g(1/VBN)2  (4n)?
1 33

co(t) = (4n)2 16’

es(t) = = {1 4 90/ V82 [2 + é1n(432>} } ,

C1 (t)

(t,7) — 204, (t,)) |

4 (47)2 3

0L/ VB,

L (t) = —ims (1/v/31) {1 i g(l(gg)z [4(7 ~2m2)+ 5+ §ln(432)] }

ca(t) =

2
~

with conventional renormalization scale u = uq(t) =

Physical EMT extracted hy*0 extrapolation
using(matching coefficientsy Makino-Suzuki calculated in 1-loop PT:

Vv . . . .
© to maket—0 smoother by removing known smalmixings &t-dep. in the continuum
@ to match the renormalization schemes when the observable is scheme-dependent

Higher-order errors may affect at small t # O.
News: 2-loop coefficients for EMT available nowR.V. Harlander,Y. Kluth, F. Lange, EPJC 78:944 (

We discuss it later



(2+1)-flavor phys.pt. QCD with GF
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We adopt the renormalization sca nu = uo(t) =

=> wider linear windows
[t with y=po] > [t with conventional y=1/+/(8t) ]
=> o extends the perturbative region towards larger t

> E0S:€+p)/T4

With uo
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1
A/ 2eVEt

Preliminary

suggested by HKL, in the matching coefbcient:

=> reduction of uncertainties due to the 0 extrapolation on coarse lattice:

(e+p)/T*

e = —(Too), p= . Z<Tm>

T=137 MeV (N,516)

linear fit i 1
non-linear fit |

linear+log fit 4 |
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M Similar to the heavy QCD case. The method works well.

(cf.) With conventionalu=1/+/(8t),

35 ‘ ‘

30 |
25 |
20 |
15 4
10 | .

(e+p)/T*

Co
|

T‘=122‘MeV‘(Nt=i8) %F

linear fit —
non-linear fit — |
lineartlog fit —4—

b o——0—B—

5
o€

IIIIYL’

5t

-10

0 02 04 06 08 1 12 14 16

t/a’

(e+p)T*

35
30

25
20

15
10
5
0

5t

-10

4

T=137 MgV (N=16)

non-linear fit — |
linear+log fit —4—

N cl)‘I’<I><I><I>d><1>

linear fit — -

0 02 04 06 08 1 12 14 16

t/a’

t/a’>1.5 out of pert. region at a=0.09fm.
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Borsany et al,, JHEP 101 1,077 (2010), KS, cont. lim.
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(2+1)-flavor phys.pt. QCD with GF ey
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» EO0S: é'3P)/T4 ¢ = —(Too), p= . > (T)

3 a
100 ‘ ‘ 100 40 | |
=122 MeV (N=18) linear fit —S—
80 1 AI?near fit -—i 1 80 r 35 |
non-linear fit —
*t 60 B linear+log fit — 1 *t 60 30 +
g 40<k b 6 5 & N c% 40( & &a b | 25 B
2@ z@ @ Y9 e$ddaa s ; N3
20T ] 20 4 ] ; 20 |
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M Similar to the heavy QCD case. 3 | 1,
The method seems to work well. S 1
™M T=122-137MeV in the transition region 7? = 4 econt est =K
C — parametrization
= i SR W AN TR TN T N TN TN AN NN SO SO SO S S S
M Need more statistics/data at low's o 200 00 600 800 1000

T[MeV]

Borsany et al, JHEP 1011,077 (2010), KS, cont. lim.



(2+1)-flavor phys.pt. QCD with GF ey
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» chiral cond (VEV-subtracteq;=2GeV) Ge\s
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M Lighter quarks show a sharper transition/crossover



(2+1)-flavor phys.pt. QCD with GF

Preliminary
» chiral susceptdisconnected,=2GeV) s
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2. Test of2-loop matching coefficients for EMT
recently calculated by

R.V. Harlander, Y. Kluth, F. Lange, EPJC 78:944 (2018)

revisiting 2+1 Ravor QCD with heavy u,d quarks.



2-loop coefficients for EMT
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] Harlander-Kluth-Lange, EPJC 78:944 (2018)

1 2 7 3
c1(t) = —2{1+ 8 [——C/H-—TF—,BOL(H,I)
g 3 2

etc. with L(i,t) =1In (2,u2t) + VE

Removing known small-t properties further,

14482 16546

g 2
B L.ty +C2 (- In2
+(47r)4[ Pritu.n)+ A( 405 135 "

ST 03) + carp (i (L) + 19875 L 7o -
0 AlF\ g2\ g 310 54 we may expect a milder t-dep. at small t.
2 024 2203 4 T
B TS T/Te = 1.68 (NLO) 11 = g =1/+/(81)
(20 (1) + 297 T JoToE e
o *\4 108 9 ¢ 1283x20 & Range-s
106 161 y 4]
» pbrst test in guenched QCD

0.000 0.005 0010 0.015 0.020 0.025 0.030

Iritani-Kitazawa-Suzuki-Takaura, PTEP 2019, 023B02 (2019) [arXiv:1812.06444] tT?
(b)

M Results of EoS with 1- and 2-loop coefbcients T/Tc = 1.68 (N2LO) i = g

are consistent with each other. N ez B rawed

. . . . < #_ ¢ 128°x20 A Range-3
M With 2-loop coefbcientst-dep. is milder. i .
Q| it
4 Thus, 2-loop coefbcients reduce systematic Pl
. 5.0 1
errors from the t—0 extrapolation.

0.000 0.005 0.010 0.6125 0020 0.025 0.030
tr



(2+1)-flavor QCD with 2-loop coefficients
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11 Harlander-Kluth-L , EPJC 78:944 (2018
» coefficients for full QCD EMT Arandertiange (2018)

Harlander et al. used the equation of motion (EoM) in the continuum

- <>
0= ﬁ4,,uv (x)+2 ﬁS,/Lv (x) Oayun(¥) = 8“”¢f(x3 D Ary(x),
O5 v (X) = 8om 0% £ (X)Y 7 (x)

to reduce the number of independent operators/coefficients,
assuming that the EMT operators are isolated.

This should be OK when we take the continuum Iimit.

However, EOM gets correctionst a # 0 on the lattice.
=> May Introduce another source of errors.

(Note |) EoM not used in the quenched coefficients.
(Note 2) EoM affects the trace-part of EMT only.



(2+1)-flavor heavy QCD with 2-loop coefficients
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To test the effects of 2-loop coefficients in full QCD,

we have revisited the case of QCD with heavy u,d quarks.

* mpdmvz 0.63

e a = 0.07fm

Preliminary

We adopt o as the ren. scale (The difference from |/+/(8t) was small in EoS on this fine lattice.)

> (e+p)/T4 In whichEoM not used <= trace-less combination of EMT
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1 loop —o—

linear fit -—i
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qinear fit = .

BT
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(e+p)/T*
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O((al)?) lattice artifacts at Nt < 8

4 1-loop and 2-loop results are completely consistent with each other.
M |-loop results sufficiently flat in t to extract the t—0 limit on this fine lattice for this operator.
=> no apparent improvements with 2-loop coeff's. in this case.



(2+1)-flavor heavy QCD with 2-loop coefficients
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4 Preliminary
> (6'3P)/T in whichEoM is used in the 2-loop HKL coefbcients
70 w w w w w w w w 70 w w w w w w w w
60 | T=174 MeV (N,=16) 50 T=199 MeV (N,=14)
1 loop —e— 1 loop —e—
50y linear fﬁ | 50 linear fﬁ |
*t 40 r|1on—lin(|aar ;it T 40 ¢ {) ?on-linlear;it
= inear+log fit = inear+log fit
& 30 2Io|op HKfL —— ] & 30 2Io|op HKfL —— 40 ‘ ‘ ‘ ‘ ‘
) | inear fit @ i inear fit 1 i i ——
= 2 non-linear fit = 2 non-linear fit 35 | . Ilr!ear fit, 1 |00p
o ligearog fit 5oy 3 S linear fit, 2 loop HKL —4&—
0 ¥
%0 02 04 06 08 1 12 14 16 >
t/a t/a ‘l'l_
= 20
70 w w w w w 70 w w w w w o
6o | T=232 MeV (N=12) 60 T=279 MeV (N,=10) ™ 15 |
50 | 1loop ——&— | 50 | 1loop ~+e— | S
linear fit -—i linear fit -—i 10
T 40 ¢ non-linear fit — 1 T+ 40} non-linear fit — 1 A
= linear+log fit 4 = linear+log fit —-4— A
& 30} 2 loop HKL —Hv— 1 & 30 2loop HKL —=— | 5+t
@ o0t linear fit 1 @ 20 linear fit 1 A
X inar fit | QD
10 4’ ® S —F Sy =-A= 10 -.-“-;-’. —._e_ O q) . ! T
0 ‘ ok [ _5 ! ! ! !
pob—t ot . .
0 02 04 06 08 1 12 14 16 0 02 04 06 08 1 12 14 16 100 200 300 400
2 2
t/a t/a T (MeV)

I 1-loop (w/o EoM) and 2-loop (w/ EoM) results are well consistent with each other.
M I-loop results sufficiently flat in t

=> no apparent improvements with 2-loop coeff's. in this case.
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|-loop
(2+1)-flavor heavy QCD with 2-lecp coefficients

> (C-BP)/ T% in whichEoM is used in the HKL coefbcients

To identify the effects of EoM, we compare

P
P

(e-3p)/T

(e-3p)/T

-10

1-loop Makino-Suzuki coefbcieniso EoM

1-loop HKL coefbcientsv/ EolV

70 : : ‘ ‘ ‘
60 | T=174 MeV (N;=16)
| 1 loop —o— |

50 linear fit

40 non-linear fit
linear+log fit —4A—

30 1 loop HKL —v— ]

20 linear fit
non-linear fit
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T=232 MeV (N,=12)

1loop —+o— |
linear fit —
non-linear fit »—i B
linear+log fit —-4—
1 loop HKL
linear fit —
non-linear fit —

4 They are consistent with each other.
=> Effect of EOM looks small in EoS.
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Preliminary

Makino-Suzuki, PTEP 2014, 063B02 [E: 2015. 07¢

Harlander-Kluth-Lange, EPJC 78:944 (2(
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Summary
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2+ 1 flavor phys. pt. QCD thermodynamics with GF
» slightly coarser latticeaiz0.09fm), 32xNt (Nt=4,5,..16,19: T=122, 23/549MeV

M Similar to the heavy QCD case. The method seems to work well here too.

M Choosing o as the renormalization scale helps on coarse lattices.

M T,Phvs < 157 MeV <= Need more statistics/data &dw-T's.
Simulations at Nt=15, 17,20 are coming.

2+ 1 flv. heavy QCD revisited with 2-loop coefficients by HKL

M Works well for EoS.

But, unlike the gQCD case, no particular benefits so far for EoS.
<= t-dep. well flat In our case.

They may help on coarse lattices / other observables.

M Effect of EOM looks small in EoS.

We are applying 2-loop coefbcients to chiral cond./suscept. and also to the phys. pt.
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. Hiroshi Suzuki, PTEP 2013, 083B03 (2013) [E: 2015, 0792C
su U k| 'S method Makino-Suzuki, PTEP 2014, 063B02 (2014) [E: 2015. 0792(
Hieda-Suzuki, Mod.Phys.Lett.A31, 1650214 (2016
General method to correctly calculate any renormalized observables
making use of the finiteness of GF

conttl_rg)uum rerercm e contt;rg)uum bnite, physically well-debnec

lattice lattice evaluate their values
t=0,a>0 e £>0,a>0 non-perturbatively

construct corresponding operators on the lattice

Finiteness of GF
= Can evaluate flowed operators non-perturbatively on the lattice.

Define renormalized operators in the continuum, and evaluate their flowed ones on t
lattice in the cont. lim.. Effects of the flow can be removed by taking.

Applicable to any observables related to symmetries violated on the lattice (translati
Inv., rotational inv., chiral sym. etc.).

The order ofa—0 andt—0 may be interchanged when linear window is identified.
Taniguchi et al.(WHOT-QCD), Phys.Rev. D 96, 014509 (2(
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At a+0, additional mixing With unwanted operators:

T (t,2,0) = Tou (8, 3) + Ay FZBMV amy)? + Cpu(aT)? + Dy (aAqep)’

Note: lattice artifacts of NP-clover is O(a?).

J

+ azSL,,(a:) + O(a?),

We remove the contamination of singular terms by identifyifigear windows
in which the linear term looks dominating.
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(Tw(t,a)) = (Tuw) + 1S 2 linear bt

a .
<Tp,u(t, a)) = (T,uu> + A’“’T + 1 S,W + t2R,w 2 nonlinear Ptinspired froma2/t as well as next-leading t corrections

P linear+log Ptfor higher-order corrections to the one-loop coeffs.

Note: also in the case a—0 Is taken first, one have to remove singular data at small t by hand to get a reliable a—0 value.

The method seems to work when we are close to the continuum limit.



