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- … a few examples. 

- Still we would like ONE THIMBLE SIMULATIONS 
- A simple mechanism taking a step in that direction … 
- … mainly speculations (at the moment). 

- Conclusions and outlook
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Constructing thimbles
hOi = 1

Z

Z
dxO e

�SWe want to compute
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Constructing thimbles
We want to compute hOi = 1

Z

Z
dxO e

�S

I   We complexify the degrees of freedom S(x) = SR(x) + iSI(x) ! S(z)

Ph.D. course on High Performance Computing

Parallel Architectures                                                                                               Michele Amoretti

Parallel Architectures
Michele Amoretti

Department of Engineering and Architecture 

One-thimble regularisation of lattice field theories?

14/6/2019 Posta - francesco.direnzo@unipr.it

https://outlook.office.com/owa/?realm=unipr.it&path=/mail/inbox 1/1

[RESEND] Purchase Confirmation Email ‐ The 37th international
symposium on lattice field theory

Francesco, Di Renzo

INVOICE

CONFERENCE

Conference Name The 37th international symposium on lattice field theory

Conference Date June 16th to 22nd, 2019

ABBR Lattice 2019

Venue Hilton Hotel Wuhan Riverside ,Wuhan, Hubei, PRC

Website http://lattice2019.ccnu.edu.cn

ORDER AND PAYMENT

Order ID 2487727

Conference fee  8160.00

PAID BY Bank Transfer

Time of payment 2019‐06‐14 08:34:08

 

Central China Normal University ‐ Luoyu Road 152, Wuhan, 430079, China 
lattice2019@mail.ccnu.edu.cn

This message is automatically sent by the system. Please do not reply !

notice <notice@aconf.org>

ven 14/06/2019 12:04

A:Francesco DI RENZO <francesco.direnzo@unipr.it>;

Cc:lattice2019 <lattice2019@mail.ccnu.edu.cn>;

… but S is complex …



F. Di Renzo, University of Parma & INFN

Constructing thimbles
We want to compute hOi = 1

Z

Z
dxO e

�S

II   Look for critical points

I   We complexify the degrees of freedom

@zS = 0

S(x) = SR(x) + iSI(x) ! S(z)
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Constructing thimbles

II   Look for critical points

I   We complexify the degrees of freedom

III Then for each critical point we then have to …

2.3 Takagi vectors at critical points

Takagi’s factorization provides the characterization of the thimble in the vicinity of the
critical point p� (with coordinates z�). We introduce the vector notation and expand the
action to second order around z�

Z =

0

B@
z1

...
zn

1

CA 2 Cn S(z) ⇡ S(z�) +
1

2
ZTH(S; p�)Z

where we have assumed z� = 0 for the sake of simplicity. Takagi’s factorization theorem
states that, given the complex symmetric matrix H(S; p�) (the Hessian, in our case), there
exists a unitary n⇥ n matrix W such that W TH(S; p�)W = ⇤, with ⇤ = diag (�1, · · · ,�n)
and the �i (called Takagi values) are all real and non-negative. We will find that in the case
at hand they are all positive. The columns of W are n normalized Takagi vectors v(i), that
is

nX

k=1

v(i)k v̄(j)k = �ij

so that we can rephrase Takagi’s theorem as

H(S; p�)v
(i) = �iv̄

(i)

or, equivalently,

H(S; p�)W = W⇤.

Takagi’s vectors provides a basis for the tangent space at the critical point. This also mean
that each SA leaves the critical point along a direction which is a given linear combination of
the Takagi’s vectors. As we will see, our preferred way of singling out one particular point on
the thimble is choosing such a direction and then specifyng when to stop while integrating
the SA.

We saw we have three critical points: {Uk = e2⇡ik/31} (k = 0, 1, 2). After defining
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Solve the Takagi problem for the Hessian at the critical point

The Takagi vectors          provide a basis for the tangent space at the critical point (first piece of information on our manifold)

The Takagi values       fixes the rate at which the real part of the action increases along the Steepest Ascents paths
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critical point

The THIMBLE attached to the critical point is the union of all the STEEPEST ASCENT 
PATHS originating at the critical point, along which imaginary part of action stays 
constant while the real part of the action grows (ensuring convergence). 

In order to construct the tangent space at a generic point on the thimble we have to 
PARALLEL TRANSPORT the Takagi vectors along the SA on which the given point sits.

This is manifest in the semiclassical expansion thanks to S(U2) = S(U1), B2 = B̄1, �2 = �1,
ei'2 = ei'1 = e�i'1 , all following from e4⇡i/3 = e�2⇡i/3 = e2⇡i/3. Thus we can rephrase Z as

Z ⇡ Z0 + Z1 + Z2

with Z0 2 R and Z2 = Z̄1 (so that |Z1| = |Z2|). The semiclassical expansion on thimbles
also provides an easy way to compute an estimate for the relevance of J1,2 with respect to
J0 in the computation of e.g. the partition function. We define the relative weight r1,20

r1,20 ⌘ |Z1,2|
|Z0|

=

��e3Nf logB1,2
����4

1,2

|e3Nf logB0 |��4
0

=

✓
�1,2

�0

◆�4 ����
B1,2

B0

����
3Nf

(10)

and study it at di↵erent values of µ

T
and m. This, as we shall see, provides a reliable

estimate which can be compared with the results of numerical simulations. We note that,
being B0 = A+ 2 cosh(µ/T ) 2 R and B1 = A� cosh(µ/T ) + i

p
3 sinh(µ/T )

|B1,2|2 = A2 + cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
+ 3 sinh2

⇣µ

T

⌘

= A2 + 4 cosh2
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T

⌘
� 2A cosh
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T

⌘
� 3 < A2 + 4 cosh2

⇣µ

T

⌘
+ 4A cosh
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T

⌘
= |B0|2

so that

r1,20 �!
Nf!1

0

for any value of µ

T
and m (the ratio �1,2/�0 is independent on Nf ). One thus expects

that integrating only over J0 will give more accurate results at large Nf , i.e. there is a
regime where the leading thimble dominance scenario actualy shows up. This is of course
a semiclassical estimate: the reliability of this prediction will be checked against numerical
simulations.

3 Monte Carlo computations on thimbles

Our preferred way of characterising points on a thimble goes through a constructive approach,
which we now recall in the formalism relevant for a very generic theory. Given a critical point,
we saw in subsection 2.3 how to determine the tangent space. By performing the Takagi
factorization of the Hessian we were left with Takagi values �i > 0 and Takagi vectors v(i),
which provide a basis of the tangent space. The tangent space contains all the directions
along which the SA paths defined by3

d

dt
zi =

@S̄

@z̄i
(11)

3
We denote by t the time coordinate parametrizing the flow along the SA path.

10
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�i

@zS = 0

We want to compute

S(x) = SR(x) + iSI(x) ! S(z)

hOi = 1

Z

Z
dxO e

�S
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Solve the Takagi problem for the Hessian at the critical point

The Takagi vectors          provide a basis for the tangent space at the critical point (first piece of information on our manifold)

The Takagi values       fixes the rate at which the real part of the action increases along the Steepest Ascents paths
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The THIMBLE attached to the critical point is the union of all the STEEPEST ASCENT 
PATHS originating at the critical point, along which imaginary part of action stays 
constant while the real part of the action grows (ensuring convergence). 

In order to construct the tangent space at a generic point on the thimble we have to 
PARALLEL TRANSPORT the Takagi vectors along the SA on which the given point sits.

attached to critical points � of the (complexified) action and have the same real dimension of
the original manifold. Proceeding straight to the field theoretic quantities one is interested
in, we denote the thimbles J� and in a sketchy way we write

hOi =
P

�
n� e�i SI(p�)

R
J�

dz e�SR O ei!
P

�
n� e�i SI(p�)

R
J�

dz e�SR ei!
(1)

where the z are a shortcut for complex field configurations and the p� stand for the con-
figurations which are the (generalized) stationary points of the action S, the sum formally
extending to all of them, even though the n� can be zero (thus, not all the critical points do
contribute). The action is written in terms of a real part SR and of an imaginary part SI . In
the previous formula the denominator reconstructs the partition function Z. Notice that a
positive measure e�SR is in place and constant phases e�i SI(p�) has been factored out of the
integrals. This is a consequence of the main virtue the thimbles have: the imaginary part
of the action stays constant on them. A so-called residual phase ei! is there that accounts
for the relative orientation between the canonical complex volume form and the real volume
form, characterizing the tangent space of the thimble.

Solving the sign problem via a deformation of the integration domain is conceptually
satisfying and the thimble approach is potentially very powerful. However one can not omit
di�culties: thimbles are non-trivial manifolds, for which a local characterisation is missing
and thus, not surprisingly, devising Monte Carlo methods to sample integrals on thimbles
is a delicate issue. Moreover, recent works have stressed how taking into account multiple
thimbles can be tricky. Finally, one could hardly deny that the final goal of virtually any
attempt to solve the sign problem is to eventually attack the study of the QCD phase
diagram.

Despite its simplicity, the study at hand addresses virtually all the issues we have just
sketched. We will present a numerical study of QCD in 0+1 dimensions, showing that thimble
regularization can solve it: analytic results are known (e.g. for the chiral condensate and the
Polyakov loop) and those have been obtained via Monte Carlo simulations on thimbles, on
a wide range of values for the number of flavor Nf , the mass parameter m and the chemical
potential µ/T (we directly write in terms of the quantity results really depend on). Even if
in the end there is no real gauge symmetry in place, the model is a perfect ground to see
the thimble formalism for SU(N) theory at work. Moreover, the sign problem one has to
tackle is a genuine one, originating from the (quark) chemical potential via the fermionic
determinant. We have already presented preliminary results of this study in [?]; for other,
independent work on this subject see also [?].

The paper is organized as follows: in section 2 we present the SU(N) thimble formalism
we need for 0 + 1 QCD (in this case N = 3), which is introduced in section 3, where
we also discuss the issue of contributions from the three thimbles associated to the group
center elements; section 4 deals with algorithmic issues (including those related to taking
into account three thimbles), while in section 5 we present our results. We finally draw our
conclusions in section 6.

2

This is manifest in the semiclassical expansion thanks to S(U2) = S(U1), B2 = B̄1, �2 = �1,
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also provides an easy way to compute an estimate for the relevance of J1,2 with respect to
J0 in the computation of e.g. the partition function. We define the relative weight r1,20
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⇣µ

T

⌘
+ 4A cosh

⇣µ

T

⌘
= |B0|2

so that

r1,20 �!
Nf!1

0

for any value of µ

T
and m (the ratio �1,2/�0 is independent on Nf ). One thus expects

that integrating only over J0 will give more accurate results at large Nf , i.e. there is a
regime where the leading thimble dominance scenario actualy shows up. This is of course
a semiclassical estimate: the reliability of this prediction will be checked against numerical
simulations.

3 Monte Carlo computations on thimbles

Our preferred way of characterising points on a thimble goes through a constructive approach,
which we now recall in the formalism relevant for a very generic theory. Given a critical point,
we saw in subsection 2.3 how to determine the tangent space. By performing the Takagi
factorization of the Hessian we were left with Takagi values �i > 0 and Takagi vectors v(i),
which provide a basis of the tangent space. The tangent space contains all the directions
along which the SA paths defined by3

d

dt
zi =

@S̄

@z̄i
(11)

3
We denote by t the time coordinate parametrizing the flow along the SA path.

10

2.3 Takagi vectors at critical points

Takagi’s factorization provides the characterization of the thimble in the vicinity of the
critical point p� (with coordinates z�). We introduce the vector notation and expand the
action to second order around z�

Z =

0

B@
z1

...
zn

1

CA 2 Cn S(z) ⇡ S(z�) +
1

2
ZTH(S; p�)Z

where we have assumed z� = 0 for the sake of simplicity. Takagi’s factorization theorem
states that, given the complex symmetric matrix H(S; p�) (the Hessian, in our case), there
exists a unitary n⇥ n matrix W such that W TH(S; p�)W = ⇤, with ⇤ = diag (�1, · · · ,�n)
and the �i (called Takagi values) are all real and non-negative. We will find that in the case
at hand they are all positive. The columns of W are n normalized Takagi vectors v(i), that
is

nX

k=1

v(i)k v̄(j)k = �ij

so that we can rephrase Takagi’s theorem as

H(S; p�)v
(i) = �iv̄

(i)

or, equivalently,

H(S; p�)W = W⇤.

Takagi’s vectors provides a basis for the tangent space at the critical point. This also mean
that each SA leaves the critical point along a direction which is a given linear combination of
the Takagi’s vectors. As we will see, our preferred way of singling out one particular point on
the thimble is choosing such a direction and then specifyng when to stop while integrating
the SA.

We saw we have three critical points: {Uk = e2⇡ik/31} (k = 0, 1, 2). After defining

Bk ⌘ 2


cosh

⇣µc

T

⌘
+ cosh

✓
µ

T
+

2⇡ik

3

◆�

we have S(Uk) = �3Nf logBk and rbraS(U)
��
Uk

= �kei'k�ab, with

�ke
i'k ⌘ Nf


B�1

k

✓
cosh

✓
µ

T
+

2⇡ik

3

◆
� 2B�1

k sinh2

✓
µ

T
+

2⇡ik

3

◆◆�

6

�i

The main message is the THIMBLES DECOMPOSITION

@zS = 0

We want to compute

S(x) = SR(x) + iSI(x) ! S(z)

hOi = 1

Z

Z
dxO e

�S

critical point
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Our preferred parametrisation of the thimbles

where the �(�)
i

> 0 are the Takagi values (solutions of the Takagi problem at the critical

point p�) and the e↵ective action S(�)
e↵ is given by

S(�)
e↵ (n̂, t) = SR(n̂, t)� log |detV�(n̂, t)| . (17)

At the same time, the phase of detV�(n̂, t) provides the residual phase ei!(n̂,t). We can now
go back to (1) and rewrite it in terms of the (n̂, t) variables. Notice that at this point Z�

will not be any relevant: it will reappear later on. All in all we have

hOi =

P
�
n� e�i SI(p�)

R
�
Dn̂ 2

P
n

i=1 �
(�)
i

n2
i

+1R
�1

dt e�S
(�)
e↵ (n̂,t) O(n̂, t) ei!(n̂,t)

P
�
n� e�i SI(p�)

R
�
Dn̂ 2

P
n

i=1 �
(�)
i

n2
i

+1R
�1

dt e�S
(�)
e↵ (n̂,t) ei!(n̂,t)

(18)

Before proceeding we make a couple of observations:

• The expression in (16) is not the same appearing in [?]: the two are equivalent4.

• The notation
R
�
could look generic: it reflects the fact that (12) holds for each critical

point. On the other side, at each critical point one has to solve a di↵erent Takagi
problem, resulting in di↵erent Takagi values �(�)

i
and di↵erent Takagi vectors v(i)� ,

which are the initial values for di↵erent V (i)
� (n̂, t) (and this results in the end in di↵erent

�(�)
n̂

(t)).

3.1 Simulations by flat, crude Monte Carlo

We can make use of flat, crude Monte Carlo to compute the integrals in (18). The recipe is
very simple

• We pick up randomly (with flat distribution) a direction n̂.

• Since we want to compute the contribution coming from the SA leaving the critical
point p� along n̂, we prepare convenient initial conditions both for the field and for the
tangent space basis vectors for such a SA. We can do this, since near the critical point
solutions of (11) are know as5

zj (t) ⇡ z�,j +
nX

i=1

ni v
(i)
�j

e�
(�)
i t

V (i)
�j

(t) ⇡ v(i)
�j

e�
(�)
i t

which we can compute for t = t0 ⌧ 0.

4
One could say the way we proceed in [?] makes the appearence of �n̂(t) and the computation of the

latter natural; the expression for �n̂(t) we use here is easier to deal with in practice.
5
For details see e.g. [?].

12

In the vicinity of a critical point we know the solution of the SA equations

(and the solution of parallel transportation of basis vectors as well…)

This is manifest in the semiclassical expansion thanks to S(U2) = S(U1), B2 = B̄1, �2 = �1,
ei'2 = ei'1 = e�i'1 , all following from e4⇡i/3 = e�2⇡i/3 = e2⇡i/3. Thus we can rephrase Z as

Z ⇡ Z0 + Z1 + Z2

with Z0 2 R and Z2 = Z̄1 (so that |Z1| = |Z2|). The semiclassical expansion on thimbles
also provides an easy way to compute an estimate for the relevance of J1,2 with respect to
J0 in the computation of e.g. the partition function. We define the relative weight r1,20

r1,20 ⌘ |Z1,2|
|Z0|

=

��e3Nf logB1,2
����4

1,2

|e3Nf logB0 |��4
0

=

✓
�1,2

�0

◆�4 ����
B1,2

B0

����
3Nf

(10)

and study it at di↵erent values of µ

T
and m. This, as we shall see, provides a reliable

estimate which can be compared with the results of numerical simulations. We note that,
being B0 = A+ 2 cosh(µ/T ) 2 R and B1 = A� cosh(µ/T ) + i

p
3 sinh(µ/T )

|B1,2|2 = A2 + cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
+ 3 sinh2

⇣µ

T

⌘

= A2 + 4 cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
� 3 < A2 + 4 cosh2

⇣µ

T

⌘
+ 4A cosh

⇣µ

T

⌘
= |B0|2

so that

r1,20 �!
Nf!1

0

for any value of µ

T
and m (the ratio �1,2/�0 is independent on Nf ). One thus expects

that integrating only over J0 will give more accurate results at large Nf , i.e. there is a
regime where the leading thimble dominance scenario actualy shows up. This is of course
a semiclassical estimate: the reliability of this prediction will be checked against numerical
simulations.

3 Monte Carlo computations on thimbles

Our preferred way of characterising points on a thimble goes through a constructive approach,
which we now recall in the formalism relevant for a very generic theory. Given a critical point,
we saw in subsection 2.3 how to determine the tangent space. By performing the Takagi
factorization of the Hessian we were left with Takagi values �i > 0 and Takagi vectors v(i),
which provide a basis of the tangent space. The tangent space contains all the directions
along which the SA paths defined by3

d

dt
zi =

@S̄

@z̄i
(11)

3
We denote by t the time coordinate parametrizing the flow along the SA path.
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Our preferred parametrisation of the thimbles
leave the critical point. If we impose a normalization condition

nX

i=1

n2
i
= R

all those directions are mapped to vectors

nX

i=1

niv
(i).

It is thus quite natural to single out any given point on a thimble by the correspondence

J� 3 z $ (n̂, t) 2 Sn�1
R ⇥ R (12)

with Sn�1
R the (n � 1)-sphere of radius

p
R. In [?] we made use of this approach to solve

a Chiral Random Matrix Model by means of thimble regularization. We now recall how to
make use of (12) to rephrase the integrals in the thimble decomposition of the path integral.
A change of variables in the integrals in (??) will be involved. Let us first of all define

Z� =

Z

J�

dny e�SR (13)

In the previous formula we were a little bit less generic. In particular dny stands for the real
volume form on the thimble J� (i.e. attached to critical point p�). With a slight abuse of
terminology we will refer to this expression as a partition function, which can be rewritten

Z� =

Z
Dn̂ Z(�)

n̂
(14)

in terms of the measure over Sn�1
R

Dn̂ ⌘
nY

k=1

dnk�
�
|~n|2 �R

�

and the partial partition functions

Z(�)
n̂

=

+1Z

�1

dt�(�)
n̂

(t) e�SR(n̂,t). (15)

The partition function Z� has been decomposed in contributions Z(�)
n̂

attached to SA paths

(i.e. complete flow lines). For each direction n̂, �(�)
n̂

(t) is what is left over after changing
variables in the integral. It can be thought of as an extra contribution to the measure (on

top of e�SR(n̂,t)) along the SA singled out by the direction n̂. The computation of �(�)
n̂

(t) is
non-trivial: it is required that one parallel transports the basis of the tangent space at the
critical point along the flow, to have a basis V (i)

� (n̂, t) at the (generic) point associated to

direction n̂ and flow time t. More precisely, by assembling the V (i)
� into the matrix V�, one

finds that

Z(�)
n̂

= 2
nX

i=1

�(�)
i

n2
i

+1Z

�1

dt e�S
(�)
e↵ (n̂,t) (16)

11

where the �(�)
i

> 0 are the Takagi values (solutions of the Takagi problem at the critical

point p�) and the e↵ective action S(�)
e↵ is given by

S(�)
e↵ (n̂, t) = SR(n̂, t)� log |detV�(n̂, t)| . (17)

At the same time, the phase of detV�(n̂, t) provides the residual phase ei!(n̂,t). We can now
go back to (1) and rewrite it in terms of the (n̂, t) variables. Notice that at this point Z�

will not be any relevant: it will reappear later on. All in all we have

hOi =

P
�
n� e�i SI(p�)

R
�
Dn̂ 2

P
n

i=1 �
(�)
i

n2
i

+1R
�1

dt e�S
(�)
e↵ (n̂,t) O(n̂, t) ei!(n̂,t)

P
�
n� e�i SI(p�)

R
�
Dn̂ 2

P
n

i=1 �
(�)
i

n2
i

+1R
�1

dt e�S
(�)
e↵ (n̂,t) ei!(n̂,t)

(18)

Before proceeding we make a couple of observations:

• The expression in (16) is not the same appearing in [?]: the two are equivalent4.

• The notation
R
�
could look generic: it reflects the fact that (12) holds for each critical

point. On the other side, at each critical point one has to solve a di↵erent Takagi
problem, resulting in di↵erent Takagi values �(�)

i
and di↵erent Takagi vectors v(i)� ,

which are the initial values for di↵erent V (i)
� (n̂, t) (and this results in the end in di↵erent

�(�)
n̂

(t)).

3.1 Simulations by flat, crude Monte Carlo

We can make use of flat, crude Monte Carlo to compute the integrals in (18). The recipe is
very simple

• We pick up randomly (with flat distribution) a direction n̂.

• Since we want to compute the contribution coming from the SA leaving the critical
point p� along n̂, we prepare convenient initial conditions both for the field and for the
tangent space basis vectors for such a SA. We can do this, since near the critical point
solutions of (11) are know as5

zj (t) ⇡ z�,j +
nX

i=1

ni v
(i)
�j

e�
(�)
i t

V (i)
�j

(t) ⇡ v(i)
�j

e�
(�)
i t

which we can compute for t = t0 ⌧ 0.

4
One could say the way we proceed in [?] makes the appearence of �n̂(t) and the computation of the

latter natural; the expression for �n̂(t) we use here is easier to deal with in practice.
5
For details see e.g. [?].

12

In the vicinity of a critical point we know the solution of the SA equations

(and the solution of parallel transportation of basis vectors as well…)

This in the end mean that a single SA is singled out by the direction along which it leaves the critical point, so that specifying 
this direction and the time of integration you can single out a given point on the thimble (like in Kikukawa et al 2013)

This is manifest in the semiclassical expansion thanks to S(U2) = S(U1), B2 = B̄1, �2 = �1,
ei'2 = ei'1 = e�i'1 , all following from e4⇡i/3 = e�2⇡i/3 = e2⇡i/3. Thus we can rephrase Z as

Z ⇡ Z0 + Z1 + Z2

with Z0 2 R and Z2 = Z̄1 (so that |Z1| = |Z2|). The semiclassical expansion on thimbles
also provides an easy way to compute an estimate for the relevance of J1,2 with respect to
J0 in the computation of e.g. the partition function. We define the relative weight r1,20

r1,20 ⌘ |Z1,2|
|Z0|

=

��e3Nf logB1,2
����4

1,2

|e3Nf logB0 |��4
0

=

✓
�1,2

�0

◆�4 ����
B1,2

B0

����
3Nf

(10)

and study it at di↵erent values of µ

T
and m. This, as we shall see, provides a reliable

estimate which can be compared with the results of numerical simulations. We note that,
being B0 = A+ 2 cosh(µ/T ) 2 R and B1 = A� cosh(µ/T ) + i

p
3 sinh(µ/T )

|B1,2|2 = A2 + cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
+ 3 sinh2

⇣µ

T

⌘

= A2 + 4 cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
� 3 < A2 + 4 cosh2

⇣µ

T

⌘
+ 4A cosh

⇣µ

T

⌘
= |B0|2

so that

r1,20 �!
Nf!1

0

for any value of µ

T
and m (the ratio �1,2/�0 is independent on Nf ). One thus expects

that integrating only over J0 will give more accurate results at large Nf , i.e. there is a
regime where the leading thimble dominance scenario actualy shows up. This is of course
a semiclassical estimate: the reliability of this prediction will be checked against numerical
simulations.

3 Monte Carlo computations on thimbles

Our preferred way of characterising points on a thimble goes through a constructive approach,
which we now recall in the formalism relevant for a very generic theory. Given a critical point,
we saw in subsection 2.3 how to determine the tangent space. By performing the Takagi
factorization of the Hessian we were left with Takagi values �i > 0 and Takagi vectors v(i),
which provide a basis of the tangent space. The tangent space contains all the directions
along which the SA paths defined by3

d

dt
zi =

@S̄

@z̄i
(11)

3
We denote by t the time coordinate parametrizing the flow along the SA path.
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Our preferred parametrisation of the thimbles
leave the critical point. If we impose a normalization condition

nX

i=1

n2
i
= R

all those directions are mapped to vectors

nX

i=1

niv
(i).

It is thus quite natural to single out any given point on a thimble by the correspondence

J� 3 z $ (n̂, t) 2 Sn�1
R ⇥ R (12)

with Sn�1
R the (n � 1)-sphere of radius

p
R. In [?] we made use of this approach to solve

a Chiral Random Matrix Model by means of thimble regularization. We now recall how to
make use of (12) to rephrase the integrals in the thimble decomposition of the path integral.
A change of variables in the integrals in (??) will be involved. Let us first of all define

Z� =

Z

J�

dny e�SR (13)

In the previous formula we were a little bit less generic. In particular dny stands for the real
volume form on the thimble J� (i.e. attached to critical point p�). With a slight abuse of
terminology we will refer to this expression as a partition function, which can be rewritten

Z� =

Z
Dn̂ Z(�)

n̂
(14)

in terms of the measure over Sn�1
R

Dn̂ ⌘
nY

k=1

dnk�
�
|~n|2 �R

�

and the partial partition functions

Z(�)
n̂

=

+1Z

�1

dt�(�)
n̂

(t) e�SR(n̂,t). (15)

The partition function Z� has been decomposed in contributions Z(�)
n̂

attached to SA paths

(i.e. complete flow lines). For each direction n̂, �(�)
n̂

(t) is what is left over after changing
variables in the integral. It can be thought of as an extra contribution to the measure (on

top of e�SR(n̂,t)) along the SA singled out by the direction n̂. The computation of �(�)
n̂

(t) is
non-trivial: it is required that one parallel transports the basis of the tangent space at the
critical point along the flow, to have a basis V (i)

� (n̂, t) at the (generic) point associated to

direction n̂ and flow time t. More precisely, by assembling the V (i)
� into the matrix V�, one

finds that

Z(�)
n̂

= 2
nX

i=1

�(�)
i

n2
i

+1Z

�1

dt e�S
(�)
e↵ (n̂,t) (16)

11

where the �(�)
i

> 0 are the Takagi values (solutions of the Takagi problem at the critical

point p�) and the e↵ective action S(�)
e↵ is given by

S(�)
e↵ (n̂, t) = SR(n̂, t)� log |detV�(n̂, t)| . (17)

At the same time, the phase of detV�(n̂, t) provides the residual phase ei!(n̂,t). We can now
go back to (1) and rewrite it in terms of the (n̂, t) variables. Notice that at this point Z�

will not be any relevant: it will reappear later on. All in all we have
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(18)

Before proceeding we make a couple of observations:

• The expression in (16) is not the same appearing in [?]: the two are equivalent4.

• The notation
R
�
could look generic: it reflects the fact that (12) holds for each critical

point. On the other side, at each critical point one has to solve a di↵erent Takagi
problem, resulting in di↵erent Takagi values �(�)

i
and di↵erent Takagi vectors v(i)� ,

which are the initial values for di↵erent V (i)
� (n̂, t) (and this results in the end in di↵erent

�(�)
n̂

(t)).

3.1 Simulations by flat, crude Monte Carlo

We can make use of flat, crude Monte Carlo to compute the integrals in (18). The recipe is
very simple

• We pick up randomly (with flat distribution) a direction n̂.

• Since we want to compute the contribution coming from the SA leaving the critical
point p� along n̂, we prepare convenient initial conditions both for the field and for the
tangent space basis vectors for such a SA. We can do this, since near the critical point
solutions of (11) are know as5
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which we can compute for t = t0 ⌧ 0.

4
One could say the way we proceed in [?] makes the appearence of �n̂(t) and the computation of the

latter natural; the expression for �n̂(t) we use here is easier to deal with in practice.
5
For details see e.g. [?].
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In the vicinity of a critical point we know the solution of the SA equations

(and the solution of parallel transportation of basis vectors as well…)

This in the end mean that a single SA is singled out by the direction along which it leaves the critical point, so that specifying 
this direction and the time of integration you can single out a given point on the thimble (like in Kikukawa et al 2013)

This is manifest in the semiclassical expansion thanks to S(U2) = S(U1), B2 = B̄1, �2 = �1,
ei'2 = ei'1 = e�i'1 , all following from e4⇡i/3 = e�2⇡i/3 = e2⇡i/3. Thus we can rephrase Z as

Z ⇡ Z0 + Z1 + Z2

with Z0 2 R and Z2 = Z̄1 (so that |Z1| = |Z2|). The semiclassical expansion on thimbles
also provides an easy way to compute an estimate for the relevance of J1,2 with respect to
J0 in the computation of e.g. the partition function. We define the relative weight r1,20

r1,20 ⌘ |Z1,2|
|Z0|

=

��e3Nf logB1,2
����4

1,2

|e3Nf logB0 |��4
0

=

✓
�1,2

�0

◆�4 ����
B1,2

B0

����
3Nf

(10)

and study it at di↵erent values of µ

T
and m. This, as we shall see, provides a reliable

estimate which can be compared with the results of numerical simulations. We note that,
being B0 = A+ 2 cosh(µ/T ) 2 R and B1 = A� cosh(µ/T ) + i

p
3 sinh(µ/T )

|B1,2|2 = A2 + cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
+ 3 sinh2

⇣µ

T

⌘

= A2 + 4 cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
� 3 < A2 + 4 cosh2

⇣µ

T

⌘
+ 4A cosh

⇣µ

T

⌘
= |B0|2

so that

r1,20 �!
Nf!1

0

for any value of µ

T
and m (the ratio �1,2/�0 is independent on Nf ). One thus expects

that integrating only over J0 will give more accurate results at large Nf , i.e. there is a
regime where the leading thimble dominance scenario actualy shows up. This is of course
a semiclassical estimate: the reliability of this prediction will be checked against numerical
simulations.

3 Monte Carlo computations on thimbles

Our preferred way of characterising points on a thimble goes through a constructive approach,
which we now recall in the formalism relevant for a very generic theory. Given a critical point,
we saw in subsection 2.3 how to determine the tangent space. By performing the Takagi
factorization of the Hessian we were left with Takagi values �i > 0 and Takagi vectors v(i),
which provide a basis of the tangent space. The tangent space contains all the directions
along which the SA paths defined by3

d

dt
zi =

@S̄

@z̄i
(11)

3
We denote by t the time coordinate parametrizing the flow along the SA path.
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… in terms of which the thimble decomposition 
of the functional integral reads

Notice normalization

leave the critical point. If we impose a normalization condition

nX

i=1

n2
i
= R

all those directions are mapped to vectors

nX

i=1

niv
(i).

It is thus quite natural to single out any given point on a thimble by the correspondence

J� 3 z $ (n̂, t) 2 Sn�1
R ⇥ R (12)

with Sn�1
R the (n � 1)-sphere of radius

p
R. In [?] we made use of this approach to solve

a Chiral Random Matrix Model by means of thimble regularization. We now recall how to
make use of (12) to rephrase the integrals in the thimble decomposition of the path integral.
A change of variables in the integrals in (??) will be involved. Let us first of all define

Z� =

Z

J�

dny e�SR (13)

In the previous formula we were a little bit less generic. In particular dny stands for the real
volume form on the thimble J� (i.e. attached to critical point p�). With a slight abuse of
terminology we will refer to this expression as a partition function, which can be rewritten

Z� =

Z
Dn̂ Z(�)

n̂
(14)

in terms of the measure over Sn�1
R

Dn̂ ⌘
nY

k=1

dnk�
�
|~n|2 �R

�

and the partial partition functions

Z(�)
n̂

=

+1Z

�1

dt�(�)
n̂

(t) e�SR(n̂,t). (15)

The partition function Z� has been decomposed in contributions Z(�)
n̂

attached to SA paths

(i.e. complete flow lines). For each direction n̂, �(�)
n̂

(t) is what is left over after changing
variables in the integral. It can be thought of as an extra contribution to the measure (on

top of e�SR(n̂,t)) along the SA singled out by the direction n̂. The computation of �(�)
n̂

(t) is
non-trivial: it is required that one parallel transports the basis of the tangent space at the
critical point along the flow, to have a basis V (i)

� (n̂, t) at the (generic) point associated to

direction n̂ and flow time t. More precisely, by assembling the V (i)
� into the matrix V�, one

finds that

Z(�)
n̂

= 2
nX

i=1

�(�)
i

n2
i

+1Z

�1

dt e�S
(�)
e↵ (n̂,t) (16)
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where the �(�)
i

> 0 are the Takagi values (solutions of the Takagi problem at the critical

point p�) and the e↵ective action S(�)
e↵ is given by

S(�)
e↵ (n̂, t) = SR(n̂, t)� log |detV�(n̂, t)| . (17)

At the same time, the phase of detV�(n̂, t) provides the residual phase ei!(n̂,t). We can now
go back to (1) and rewrite it in terms of the (n̂, t) variables. Notice that at this point Z�

will not be any relevant: it will reappear later on. All in all we have

hOi =

P
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n� e�i SI(p�)

R
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Dn̂ 2

P
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i

n2
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dt e�S
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e↵ (n̂,t) ei!(n̂,t)

(18)

Before proceeding we make a couple of observations:

• The expression in (16) is not the same appearing in [?]: the two are equivalent4.

• The notation
R
�
could look generic: it reflects the fact that (12) holds for each critical

point. On the other side, at each critical point one has to solve a di↵erent Takagi
problem, resulting in di↵erent Takagi values �(�)

i
and di↵erent Takagi vectors v(i)� ,

which are the initial values for di↵erent V (i)
� (n̂, t) (and this results in the end in di↵erent

�(�)
n̂

(t)).

3.1 Simulations by flat, crude Monte Carlo

We can make use of flat, crude Monte Carlo to compute the integrals in (18). The recipe is
very simple

• We pick up randomly (with flat distribution) a direction n̂.

• Since we want to compute the contribution coming from the SA leaving the critical
point p� along n̂, we prepare convenient initial conditions both for the field and for the
tangent space basis vectors for such a SA. We can do this, since near the critical point
solutions of (11) are know as5

zj (t) ⇡ z�,j +
nX

i=1

ni v
(i)
�j

e�
(�)
i t

V (i)
�j

(t) ⇡ v(i)
�j

e�
(�)
i t

which we can compute for t = t0 ⌧ 0.

4
One could say the way we proceed in [?] makes the appearence of �n̂(t) and the computation of the

latter natural; the expression for �n̂(t) we use here is easier to deal with in practice.
5
For details see e.g. [?].
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J0 in the computation of e.g. the partition function. We define the relative weight r1,20

r1,20 ⌘ |Z1,2|
|Z0|

=

��e3Nf logB1,2
����4

1,2

|e3Nf logB0 |��4
0

=

✓
�1,2

�0

◆�4 ����
B1,2

B0

����
3Nf

(10)

and study it at di↵erent values of µ

T
and m. This, as we shall see, provides a reliable

estimate which can be compared with the results of numerical simulations. We note that,
being B0 = A+ 2 cosh(µ/T ) 2 R and B1 = A� cosh(µ/T ) + i

p
3 sinh(µ/T )

|B1,2|2 = A2 + cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
+ 3 sinh2

⇣µ

T

⌘

= A2 + 4 cosh2
⇣µ

T

⌘
� 2A cosh

⇣µ

T

⌘
� 3 < A2 + 4 cosh2

⇣µ

T

⌘
+ 4A cosh

⇣µ

T

⌘
= |B0|2

so that

r1,20 �!
Nf!1

0

for any value of µ

T
and m (the ratio �1,2/�0 is independent on Nf ). One thus expects

that integrating only over J0 will give more accurate results at large Nf , i.e. there is a
regime where the leading thimble dominance scenario actualy shows up. This is of course
a semiclassical estimate: the reliability of this prediction will be checked against numerical
simulations.

3 Monte Carlo computations on thimbles

Our preferred way of characterising points on a thimble goes through a constructive approach,
which we now recall in the formalism relevant for a very generic theory. Given a critical point,
we saw in subsection 2.3 how to determine the tangent space. By performing the Takagi
factorization of the Hessian we were left with Takagi values �i > 0 and Takagi vectors v(i),
which provide a basis of the tangent space. The tangent space contains all the directions
along which the SA paths defined by3

d

dt
zi =

@S̄

@z̄i
(11)

3
We denote by t the time coordinate parametrizing the flow along the SA path.

10

… in terms of which the thimble decomposition 
of the functional integral reads

Notice normalization

leave the critical point. If we impose a normalization condition

nX

i=1

n2
i
= R

all those directions are mapped to vectors

nX

i=1

niv
(i).

It is thus quite natural to single out any given point on a thimble by the correspondence

J� 3 z $ (n̂, t) 2 Sn�1
R ⇥ R (12)

with Sn�1
R the (n � 1)-sphere of radius

p
R. In [?] we made use of this approach to solve

a Chiral Random Matrix Model by means of thimble regularization. We now recall how to
make use of (12) to rephrase the integrals in the thimble decomposition of the path integral.
A change of variables in the integrals in (??) will be involved. Let us first of all define

Z� =

Z

J�

dny e�SR (13)

In the previous formula we were a little bit less generic. In particular dny stands for the real
volume form on the thimble J� (i.e. attached to critical point p�). With a slight abuse of
terminology we will refer to this expression as a partition function, which can be rewritten

Z� =

Z
Dn̂ Z(�)

n̂
(14)

in terms of the measure over Sn�1
R

Dn̂ ⌘
nY

k=1

dnk�
�
|~n|2 �R

�

and the partial partition functions

Z(�)
n̂

=

+1Z

�1

dt�(�)
n̂

(t) e�SR(n̂,t). (15)

The partition function Z� has been decomposed in contributions Z(�)
n̂

attached to SA paths

(i.e. complete flow lines). For each direction n̂, �(�)
n̂

(t) is what is left over after changing
variables in the integral. It can be thought of as an extra contribution to the measure (on

top of e�SR(n̂,t)) along the SA singled out by the direction n̂. The computation of �(�)
n̂

(t) is
non-trivial: it is required that one parallel transports the basis of the tangent space at the
critical point along the flow, to have a basis V (i)

� (n̂, t) at the (generic) point associated to

direction n̂ and flow time t. More precisely, by assembling the V (i)
� into the matrix V�, one

finds that

Z(�)
n̂

= 2
nX

i=1

�(�)
i

n2
i

+1Z

�1

dt e�S
(�)
e↵ (n̂,t) (16)

11

… and the appearance of

All in all, this can be implemented in a Monte Carlo …
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F. Di Renzo, University of Parma & INFN

Importance sampling

• We then integrate the SA equations for the field and the equations for transporting the

basis vectors all the way up till we reconstruct the
+1R
�1

dt integrals appearing in (18)6.

In Figures ?? to ?? we display results obtained following this procedure for the chiral
condensate and the Polyakov loop. We cover a range of values for Nf , m and µ/T . We used
this very same flat Monte Carlo prescription to solve the Chiral Random Matrix model in
[?], but here there is a noticeable di↵erence. In [?] the contribution from one single thimble
was needed. Here, as all the three critical points belong to the original domain of integration
(SU(3)), we expect all of them to be relevant in the thimble decomposition. However, the
semiclassical arguments of 2.5 provide a deeper insight with respect to the actual weight of
each contribution entering such decomposition. Figures from ?? to ?? depict r1,20 (defined in
(10)) as a function of µ

T
and m; by studying this quantity one can predict for which values of

the parameters ( µ
T
,m) integration only over J0 is expected to capture substantially correct

results. In Figures ?? and ?? numerical results obtained by integrating only on J0 are shown
for m = 1, Nf = 2 and m = 0.1, Nf = 6 respectively. In the regions in which Figures ??

and ?? predict J1 and J2 to be relevant, results computed by taking only J0 into account
are clearly wrong, while taking into account J1 and J2 as well provides correct results, as
shown in Figures ??, ?? and ??, ??. The reader will notice that Figures ?? to ?? do not
show simulation results beyond certain values of µ/T which are dependent on m and Nf .
At higher values of Nf , simulations at all µ/T were successfull. This is consistent with the
observation that semiclassical estimates (which rely on the isotropy of the Hessian spectrum)
become exact in the limit Nf ! 1, thus rendering the model easy to simulate at high Nf

even by flat, crude Monte Carlo. Those regions of parameters (namely, large µ/T at small
Nf ) needed to be tackled by di↵erent means.

3.2 Simulations by importance sampling

In order to introduce a method to perform importance sampling on thimbles, we start in
a simplified setting, i.e. as if only one thimble contributed. This assumption will be later
released to make contact with the case at hand: in the meantime, it makes clearer what we
are going to do and even allows a simplified notation (for the sake of notational simplicity
we will often omit in the following the subscript/superscript �, e.g. in Takagi values: there
is no need to distinguish since only one critical point does matter).

In the simplified framework of a single contribution to (1) (coming from a single thimble),
the computation of (1) simply amounts to

hOi = hO ei!i�
hei!i�

(19)

where a reweighting with respect to the critical phase is in place and we introduced the

6
Notice that while ascending we compute both the integral in the numerator and the one in the denomi-

nator.

13

notation

h. . .i� =

R

J�

dny . . . e�SR

R

J�

dny e�SR
.

The reader will recognize the expression for Z� (13) in the denominator. Making use of the
representation (12), and thus of the same notation in which we wrote (14) and (15), we can
now rephrase

hfi� =
1

Z�

Z

J�

dny f e�SR =
1

Z�

Z
Dn̂ (2

nX

i=1

�in
2
i
)

+1Z

�1

dt f(n̂, t) e�Se↵(n̂,t) =

Z
Dn̂

Zn̂

Z�

fn̂ (20)

in which

fn̂ ⌘ 1

Zn̂

(2
nX

i=1

�in
2
i
)

+1Z

�1

dt f(n̂, t) e�Se↵(n̂,t)

almost looks like a functional integral along a single complete flow line. (20) can be put
at work in the computation of (19) (with f = O ei! in the numerator and f = ei! in the
denominator). One should notice that the Zn̂

Z�
factor contained in (20) is a legitimate (well

normalized) weight, so that (20) is nothing but the average of the fn̂, i.e. the average of
the contributions that a given observable takes from complete flow lines. This average is
computed in a given normalization, fixed by the Zn̂

Z�
weight, which in turn represents the

fraction of the partition function which is provided by a single complete flow line.

In [?] we made use of this approach for the computation of (19), but we made no attempt
at implementing importance sampling with respect to the Zn̂

Z�
weight: computations were

simply performed by flat, crude Monte Carlo, i.e. extracting the directions n̂ (flat) randomly.
Here we present a dynamic Monte Carlo, i.e. one performing importance sampling. This
will amount to extract directions according to the probability P (n̂) = Zn̂

Z�
. We proceed as

follow. In our Markov chain we start from the current configuration (i.e. a direction n̂) and
we propose a new one (i.e. a direction n̂0) which is identical to n̂ apart from two randomly
chosen components, say (ni, nj) with i 6= j. We define C by

C ⌘ n2
i
+ n2

j
= R�

X

k 6=i,j

n2
k

which is fixed by the normalization |~n| =
p
R and by the values of all {nk}k 6=i,j. It exists a

coordinate system in which we can now parametrize all the new values for (ni, nj) by

ni =
p
C cos� nj =

p
C sin�

with � 2 [0, 2⇡), and our aim is therefore to extract a value for �. We now define a gaussian
thimble: it is the thimble associated to a critical point of an action which only has quadratic
fluctuations on top of the value at that critical point. It is easy to find out that it is a flat
thimble, and for it one can compute

ZG
n̂
= 2

nX

i=1

�in
2
i

+1Z

�1

dt e

nP
i=1

�i t� 1
2

nP
i=1

�in
2
i e

2�it

. (21)
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leave the critical point. If we impose a normalization condition

nX

i=1

n2
i
= R

all those directions are mapped to vectors

nX

i=1

niv
(i).

It is thus quite natural to single out any given point on a thimble by the correspondence

J� 3 z $ (n̂, t) 2 Sn�1
R ⇥ R (12)

with Sn�1
R the (n � 1)-sphere of radius

p
R. In [?] we made use of this approach to solve

a Chiral Random Matrix Model by means of thimble regularization. We now recall how to
make use of (12) to rephrase the integrals in the thimble decomposition of the path integral.
A change of variables in the integrals in (??) will be involved. Let us first of all define

Z� =

Z

J�

dny e�SR (13)

In the previous formula we were a little bit less generic. In particular dny stands for the real
volume form on the thimble J� (i.e. attached to critical point p�). With a slight abuse of
terminology we will refer to this expression as a partition function, which can be rewritten

Z� =

Z
Dn̂ Z(�)

n̂
(14)

in terms of the measure over Sn�1
R

Dn̂ ⌘
nY

k=1

dnk�
�
|~n|2 �R

�

and the partial partition functions

Z(�)
n̂

=

+1Z

�1

dt�(�)
n̂

(t) e�SR(n̂,t). (15)

The partition function Z� has been decomposed in contributions Z(�)
n̂

attached to SA paths

(i.e. complete flow lines). For each direction n̂, �(�)
n̂

(t) is what is left over after changing
variables in the integral. It can be thought of as an extra contribution to the measure (on

top of e�SR(n̂,t)) along the SA singled out by the direction n̂. The computation of �(�)
n̂

(t) is
non-trivial: it is required that one parallel transports the basis of the tangent space at the
critical point along the flow, to have a basis V (i)

� (n̂, t) at the (generic) point associated to

direction n̂ and flow time t. More precisely, by assembling the V (i)
� into the matrix V�, one

finds that

Z(�)
n̂

= 2
nX

i=1

�(�)
i

n2
i

+1Z

�1

dt e�S
(�)
e↵ (n̂,t) (16)
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leave the critical point. If we impose a normalization condition

nX

i=1

n2
i
= R

all those directions are mapped to vectors

nX

i=1

niv
(i).

It is thus quite natural to single out any given point on a thimble by the correspondence

J� 3 z $ (n̂, t) 2 Sn�1
R ⇥ R (12)

with Sn�1
R the (n � 1)-sphere of radius

p
R. In [?] we made use of this approach to solve

a Chiral Random Matrix Model by means of thimble regularization. We now recall how to
make use of (12) to rephrase the integrals in the thimble decomposition of the path integral.
A change of variables in the integrals in (??) will be involved. Let us first of all define

Z� =

Z

J�

dny e�SR (13)

In the previous formula we were a little bit less generic. In particular dny stands for the real
volume form on the thimble J� (i.e. attached to critical point p�). With a slight abuse of
terminology we will refer to this expression as a partition function, which can be rewritten

Z� =

Z
Dn̂ Z(�)

n̂
(14)

in terms of the measure over Sn�1
R

Dn̂ ⌘
nY

k=1

dnk�
�
|~n|2 �R

�

and the partial partition functions

Z(�)
n̂

=

+1Z

�1

dt�(�)
n̂

(t) e�SR(n̂,t). (15)

The partition function Z� has been decomposed in contributions Z(�)
n̂

attached to SA paths

(i.e. complete flow lines). For each direction n̂, �(�)
n̂

(t) is what is left over after changing
variables in the integral. It can be thought of as an extra contribution to the measure (on

top of e�SR(n̂,t)) along the SA singled out by the direction n̂. The computation of �(�)
n̂

(t) is
non-trivial: it is required that one parallel transports the basis of the tangent space at the
critical point along the flow, to have a basis V (i)

� (n̂, t) at the (generic) point associated to

direction n̂ and flow time t. More precisely, by assembling the V (i)
� into the matrix V�, one

finds that

Z(�)
n̂

= 2
nX

i=1

�(�)
i

n2
i

+1Z

�1

dt e�S
(�)
e↵ (n̂,t) (16)
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If only one thimble is in place, it is easy to see that one can rephrase

where
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F. Di Renzo, University of Parma & INFN

Importance sampling

• We then integrate the SA equations for the field and the equations for transporting the

basis vectors all the way up till we reconstruct the
+1R
�1

dt integrals appearing in (18)6.

In Figures ?? to ?? we display results obtained following this procedure for the chiral
condensate and the Polyakov loop. We cover a range of values for Nf , m and µ/T . We used
this very same flat Monte Carlo prescription to solve the Chiral Random Matrix model in
[?], but here there is a noticeable di↵erence. In [?] the contribution from one single thimble
was needed. Here, as all the three critical points belong to the original domain of integration
(SU(3)), we expect all of them to be relevant in the thimble decomposition. However, the
semiclassical arguments of 2.5 provide a deeper insight with respect to the actual weight of
each contribution entering such decomposition. Figures from ?? to ?? depict r1,20 (defined in
(10)) as a function of µ

T
and m; by studying this quantity one can predict for which values of

the parameters ( µ
T
,m) integration only over J0 is expected to capture substantially correct

results. In Figures ?? and ?? numerical results obtained by integrating only on J0 are shown
for m = 1, Nf = 2 and m = 0.1, Nf = 6 respectively. In the regions in which Figures ??

and ?? predict J1 and J2 to be relevant, results computed by taking only J0 into account
are clearly wrong, while taking into account J1 and J2 as well provides correct results, as
shown in Figures ??, ?? and ??, ??. The reader will notice that Figures ?? to ?? do not
show simulation results beyond certain values of µ/T which are dependent on m and Nf .
At higher values of Nf , simulations at all µ/T were successfull. This is consistent with the
observation that semiclassical estimates (which rely on the isotropy of the Hessian spectrum)
become exact in the limit Nf ! 1, thus rendering the model easy to simulate at high Nf

even by flat, crude Monte Carlo. Those regions of parameters (namely, large µ/T at small
Nf ) needed to be tackled by di↵erent means.

3.2 Simulations by importance sampling

In order to introduce a method to perform importance sampling on thimbles, we start in
a simplified setting, i.e. as if only one thimble contributed. This assumption will be later
released to make contact with the case at hand: in the meantime, it makes clearer what we
are going to do and even allows a simplified notation (for the sake of notational simplicity
we will often omit in the following the subscript/superscript �, e.g. in Takagi values: there
is no need to distinguish since only one critical point does matter).

In the simplified framework of a single contribution to (1) (coming from a single thimble),
the computation of (1) simply amounts to

hOi = hO ei!i�
hei!i�

(19)

where a reweighting with respect to the critical phase is in place and we introduced the

6
Notice that while ascending we compute both the integral in the numerator and the one in the denomi-

nator.

13

notation

h. . .i� =

R

J�

dny . . . e�SR

R

J�

dny e�SR
.

The reader will recognize the expression for Z� (13) in the denominator. Making use of the
representation (12), and thus of the same notation in which we wrote (14) and (15), we can
now rephrase

hfi� =
1

Z�

Z

J�

dny f e�SR =
1

Z�

Z
Dn̂ (2

nX

i=1

�in
2
i
)

+1Z

�1

dt f(n̂, t) e�Se↵(n̂,t) =

Z
Dn̂

Zn̂

Z�

fn̂ (20)

in which

fn̂ ⌘ 1

Zn̂

(2
nX

i=1

�in
2
i
)

+1Z

�1

dt f(n̂, t) e�Se↵(n̂,t)

almost looks like a functional integral along a single complete flow line. (20) can be put
at work in the computation of (19) (with f = O ei! in the numerator and f = ei! in the
denominator). One should notice that the Zn̂

Z�
factor contained in (20) is a legitimate (well

normalized) weight, so that (20) is nothing but the average of the fn̂, i.e. the average of
the contributions that a given observable takes from complete flow lines. This average is
computed in a given normalization, fixed by the Zn̂

Z�
weight, which in turn represents the

fraction of the partition function which is provided by a single complete flow line.

In [?] we made use of this approach for the computation of (19), but we made no attempt
at implementing importance sampling with respect to the Zn̂

Z�
weight: computations were

simply performed by flat, crude Monte Carlo, i.e. extracting the directions n̂ (flat) randomly.
Here we present a dynamic Monte Carlo, i.e. one performing importance sampling. This
will amount to extract directions according to the probability P (n̂) = Zn̂

Z�
. We proceed as

follow. In our Markov chain we start from the current configuration (i.e. a direction n̂) and
we propose a new one (i.e. a direction n̂0) which is identical to n̂ apart from two randomly
chosen components, say (ni, nj) with i 6= j. We define C by

C ⌘ n2
i
+ n2

j
= R�

X

k 6=i,j

n2
k

which is fixed by the normalization |~n| =
p
R and by the values of all {nk}k 6=i,j. It exists a

coordinate system in which we can now parametrize all the new values for (ni, nj) by

ni =
p
C cos� nj =

p
C sin�

with � 2 [0, 2⇡), and our aim is therefore to extract a value for �. We now define a gaussian
thimble: it is the thimble associated to a critical point of an action which only has quadratic
fluctuations on top of the value at that critical point. It is easy to find out that it is a flat
thimble, and for it one can compute

ZG
n̂
= 2

nX

i=1

�in
2
i

+1Z

�1

dt e

nP
i=1

�i t� 1
2

nP
i=1

�in
2
i e

2�it

. (21)
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leave the critical point. If we impose a normalization condition

nX

i=1

n2
i
= R

all those directions are mapped to vectors

nX

i=1

niv
(i).

It is thus quite natural to single out any given point on a thimble by the correspondence

J� 3 z $ (n̂, t) 2 Sn�1
R ⇥ R (12)

with Sn�1
R the (n � 1)-sphere of radius

p
R. In [?] we made use of this approach to solve

a Chiral Random Matrix Model by means of thimble regularization. We now recall how to
make use of (12) to rephrase the integrals in the thimble decomposition of the path integral.
A change of variables in the integrals in (??) will be involved. Let us first of all define

Z� =

Z

J�

dny e�SR (13)

In the previous formula we were a little bit less generic. In particular dny stands for the real
volume form on the thimble J� (i.e. attached to critical point p�). With a slight abuse of
terminology we will refer to this expression as a partition function, which can be rewritten

Z� =

Z
Dn̂ Z(�)

n̂
(14)

in terms of the measure over Sn�1
R

Dn̂ ⌘
nY

k=1

dnk�
�
|~n|2 �R

�

and the partial partition functions

Z(�)
n̂

=

+1Z

�1

dt�(�)
n̂

(t) e�SR(n̂,t). (15)

The partition function Z� has been decomposed in contributions Z(�)
n̂

attached to SA paths

(i.e. complete flow lines). For each direction n̂, �(�)
n̂

(t) is what is left over after changing
variables in the integral. It can be thought of as an extra contribution to the measure (on

top of e�SR(n̂,t)) along the SA singled out by the direction n̂. The computation of �(�)
n̂

(t) is
non-trivial: it is required that one parallel transports the basis of the tangent space at the
critical point along the flow, to have a basis V (i)

� (n̂, t) at the (generic) point associated to

direction n̂ and flow time t. More precisely, by assembling the V (i)
� into the matrix V�, one

finds that

Z(�)
n̂

= 2
nX

i=1

�(�)
i

n2
i

+1Z

�1

dt e�S
(�)
e↵ (n̂,t) (16)
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leave the critical point. If we impose a normalization condition

nX

i=1

n2
i
= R

all those directions are mapped to vectors

nX

i=1

niv
(i).

It is thus quite natural to single out any given point on a thimble by the correspondence

J� 3 z $ (n̂, t) 2 Sn�1
R ⇥ R (12)

with Sn�1
R the (n � 1)-sphere of radius

p
R. In [?] we made use of this approach to solve

a Chiral Random Matrix Model by means of thimble regularization. We now recall how to
make use of (12) to rephrase the integrals in the thimble decomposition of the path integral.
A change of variables in the integrals in (??) will be involved. Let us first of all define

Z� =

Z

J�

dny e�SR (13)

In the previous formula we were a little bit less generic. In particular dny stands for the real
volume form on the thimble J� (i.e. attached to critical point p�). With a slight abuse of
terminology we will refer to this expression as a partition function, which can be rewritten

Z� =

Z
Dn̂ Z(�)

n̂
(14)

in terms of the measure over Sn�1
R

Dn̂ ⌘
nY

k=1

dnk�
�
|~n|2 �R

�

and the partial partition functions
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n̂
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+1Z

�1

dt�(�)
n̂

(t) e�SR(n̂,t). (15)

The partition function Z� has been decomposed in contributions Z(�)
n̂

attached to SA paths

(i.e. complete flow lines). For each direction n̂, �(�)
n̂

(t) is what is left over after changing
variables in the integral. It can be thought of as an extra contribution to the measure (on

top of e�SR(n̂,t)) along the SA singled out by the direction n̂. The computation of �(�)
n̂

(t) is
non-trivial: it is required that one parallel transports the basis of the tangent space at the
critical point along the flow, to have a basis V (i)

� (n̂, t) at the (generic) point associated to

direction n̂ and flow time t. More precisely, by assembling the V (i)
� into the matrix V�, one

finds that

Z(�)
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= 2
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�(�)
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dt e�S
(�)
e↵ (n̂,t) (16)
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notation

h. . .i� =

R

J�

dny . . . e�SR

R

J�

dny e�SR
.

The reader will recognize the expression for Z� (13) in the denominator. Making use of the
representation (12), and thus of the same notation in which we wrote (14) and (15), we can
now rephrase

hfi� =
1

Z�

Z

J�

dny f e�SR =
1

Z�

Z
Dn̂ (2

nX

i=1

�in
2
i
)

+1Z

�1

dt f(n̂, t) e�Se↵(n̂,t) =

Z
Dn̂

Zn̂

Z�

fn̂ (20)

in which

fn̂ ⌘ 1

Zn̂

(2
nX

i=1

�in
2
i
)

+1Z

�1

dt f(n̂, t) e�Se↵(n̂,t)

almost looks like a functional integral along a single complete flow line. (20) can be put
at work in the computation of (19) (with f = O ei! in the numerator and f = ei! in the
denominator). One should notice that the Zn̂

Z�
factor contained in (20) is a legitimate (well

normalized) weight, so that (20) is nothing but the average of the fn̂, i.e. the average of
the contributions that a given observable takes from complete flow lines. This average is
computed in a given normalization, fixed by the Zn̂

Z�
weight, which in turn represents the

fraction of the partition function which is provided by a single complete flow line.

In [?] we made use of this approach for the computation of (19), but we made no attempt
at implementing importance sampling with respect to the Zn̂

Z�
weight: computations were

simply performed by flat, crude Monte Carlo, i.e. extracting the directions n̂ (flat) randomly.
Here we present a dynamic Monte Carlo, i.e. one performing importance sampling. This
will amount to extract directions according to the probability P (n̂) = Zn̂

Z�
. We proceed as

follow. In our Markov chain we start from the current configuration (i.e. a direction n̂) and
we propose a new one (i.e. a direction n̂0) which is identical to n̂ apart from two randomly
chosen components, say (ni, nj) with i 6= j. We define C by

C ⌘ n2
i
+ n2

j
= R�

X

k 6=i,j

n2
k

which is fixed by the normalization |~n| =
p
R and by the values of all {nk}k 6=i,j. It exists a

coordinate system in which we can now parametrize all the new values for (ni, nj) by

ni =
p
C cos� nj =

p
C sin�

with � 2 [0, 2⇡), and our aim is therefore to extract a value for �. We now define a gaussian
thimble: it is the thimble associated to a critical point of an action which only has quadratic
fluctuations on top of the value at that critical point. It is easy to find out that it is a flat
thimble, and for it one can compute

ZG
n̂
= 2

nX

i=1

�in
2
i

+1Z

�1

dt e

nP
i=1

�i t� 1
2

nP
i=1

�in
2
i e

2�it

. (21)
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where

with

and … which almost looks like a functional integral 
along a single flow line … 

If only one thimble is in place, it is easy to see that one can rephrase
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Importance sampling

with

1

Z�

ˆ

J�

dn�y f e�SR =
1

Z�

ˆ
Dn̂ fn̂ =

ˆ
Dn̂

Zn̂

Z�

fn̂
Zn̂

(5.22)

in which

fn̂ = 2
nX

i=1

�in
2

i

+1ˆ
�1

dt f(n̂, t) e�Seff (n̂,t)

Zn̂ = 2
nX

i=1

�in
2

i

+1ˆ
�1

dt e�Seff (n̂,t)

where it is understood Z� =
´
Dn̂ Zn̂. Let us focus on a single thimble J�. From (5.22) we see that what

we should do in principle is extract a sequence (a Markov chain)
�
n̂(j)

 
j=1···N

according to the (correctly
normalized) probability P (n̂) = Zn̂/Z�; then the expectation value of f (being either O ei! or ei!) on J�

would be simply given by

lim
N!1

1

N

NX

j=1

fn̂(j)

Zn̂(j)

As a first proposal to sample the n̂-space, we consider the simplest one: doing no importance sampling
at all. The static, crude Monte Carlo consists of a Markov chain of n̂ which are uniformly distributed on
Sn�1

R
.36 Then one is able to directly compute the ratio

hOi =

P
�2⌃

n� e�i SI(z�)
´
Dn̂

�
O ei!

�
n̂

P
�2⌃

n� e�i SI(z�)
´
Dn̂ (ei!)n̂

(5.23)

This method is expected to be rather inefficient for systems whose Zn̂ vary a lot as functions of n̂. This
is in fact the cause of the larger error bars at lower values of m̃ in Figure 7.3. Nevertheless, this method
was used in [73] and was successful in recovering correct results for the Chiral Random Matrix model, as
discussed in Section 7. From (5.23), we also see that this method enables us to automatically take into
account the contribution of more than one thimble. The static, crude Monte Carlo was also used for SU(N)
one-link models and 0 + 1-dimensional QCD, where more than one thimble is relevant; see Sections 9 and 8
for details.

Let us now discuss a more sophisticated way to sample n̂ according to the probability P (n̂) = Zn̂/Z�.
The problem one immediately faces is that the computation of Zn̂ for a given n̂ needs integration of an
entire SA curve, which requires solving SA and PT equations for a long enough time for the integral in dt
to converge. Therefore a Von Neumann-like procedure to extract n̂ according to P (n̂) is unfeasible. One
possible way around this is the flat Metropolis algorithm: given n̂(j) at the j-th step of the Markov chain,
one extracts n̂0

uniformly on Sn�1

R
and accepts it with probability

Pacc

�
n̂0
��n̂
�
= min

⇢
1,

Zn̂0

Zn̂

�
(5.24)

36Extracting n̂ 2 Sn�1
R uniformly is easy [76]: one extracts n independent Gaussian numbers, that is nj 2 N (0, 1) and then

normalizes the resulting vector with norm
p
R. Extracting n̂ uniformly on Sn�1

R gives a volume factor Vol(Sn�1
R ) in front of

each
´
Dn̂ (the normalized probability density being �(|~n|2 �R)/Vol(Sn�1

R )). As we are interested only in ratios, we shall omit
the factor Vol(Sn�1

R ) from now on.
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• We then integrate the SA equations for the field and the equations for transporting the

basis vectors all the way up till we reconstruct the
+1R
�1

dt integrals appearing in (18)6.

In Figures ?? to ?? we display results obtained following this procedure for the chiral
condensate and the Polyakov loop. We cover a range of values for Nf , m and µ/T . We used
this very same flat Monte Carlo prescription to solve the Chiral Random Matrix model in
[?], but here there is a noticeable di↵erence. In [?] the contribution from one single thimble
was needed. Here, as all the three critical points belong to the original domain of integration
(SU(3)), we expect all of them to be relevant in the thimble decomposition. However, the
semiclassical arguments of 2.5 provide a deeper insight with respect to the actual weight of
each contribution entering such decomposition. Figures from ?? to ?? depict r1,20 (defined in
(10)) as a function of µ

T
and m; by studying this quantity one can predict for which values of

the parameters ( µ
T
,m) integration only over J0 is expected to capture substantially correct

results. In Figures ?? and ?? numerical results obtained by integrating only on J0 are shown
for m = 1, Nf = 2 and m = 0.1, Nf = 6 respectively. In the regions in which Figures ??

and ?? predict J1 and J2 to be relevant, results computed by taking only J0 into account
are clearly wrong, while taking into account J1 and J2 as well provides correct results, as
shown in Figures ??, ?? and ??, ??. The reader will notice that Figures ?? to ?? do not
show simulation results beyond certain values of µ/T which are dependent on m and Nf .
At higher values of Nf , simulations at all µ/T were successfull. This is consistent with the
observation that semiclassical estimates (which rely on the isotropy of the Hessian spectrum)
become exact in the limit Nf ! 1, thus rendering the model easy to simulate at high Nf

even by flat, crude Monte Carlo. Those regions of parameters (namely, large µ/T at small
Nf ) needed to be tackled by di↵erent means.

3.2 Simulations by importance sampling

In order to introduce a method to perform importance sampling on thimbles, we start in
a simplified setting, i.e. as if only one thimble contributed. This assumption will be later
released to make contact with the case at hand: in the meantime, it makes clearer what we
are going to do and even allows a simplified notation (for the sake of notational simplicity
we will often omit in the following the subscript/superscript �, e.g. in Takagi values: there
is no need to distinguish since only one critical point does matter).

In the simplified framework of a single contribution to (1) (coming from a single thimble),
the computation of (1) simply amounts to

hOi = hO ei!i�
hei!i�

(19)

where a reweighting with respect to the critical phase is in place and we introduced the

6
Notice that while ascending we compute both the integral in the numerator and the one in the denomi-

nator.

13

notation

h. . .i� =

R

J�

dny . . . e�SR

R

J�

dny e�SR
.

The reader will recognize the expression for Z� (13) in the denominator. Making use of the
representation (12), and thus of the same notation in which we wrote (14) and (15), we can
now rephrase

hfi� =
1

Z�

Z

J�

dny f e�SR =
1

Z�

Z
Dn̂ (2

nX

i=1

�in
2
i
)

+1Z

�1

dt f(n̂, t) e�Se↵(n̂,t) =

Z
Dn̂

Zn̂

Z�

fn̂ (20)

in which

fn̂ ⌘ 1

Zn̂

(2
nX

i=1

�in
2
i
)

+1Z

�1

dt f(n̂, t) e�Se↵(n̂,t)

almost looks like a functional integral along a single complete flow line. (20) can be put
at work in the computation of (19) (with f = O ei! in the numerator and f = ei! in the
denominator). One should notice that the Zn̂

Z�
factor contained in (20) is a legitimate (well

normalized) weight, so that (20) is nothing but the average of the fn̂, i.e. the average of
the contributions that a given observable takes from complete flow lines. This average is
computed in a given normalization, fixed by the Zn̂

Z�
weight, which in turn represents the

fraction of the partition function which is provided by a single complete flow line.

In [?] we made use of this approach for the computation of (19), but we made no attempt
at implementing importance sampling with respect to the Zn̂

Z�
weight: computations were

simply performed by flat, crude Monte Carlo, i.e. extracting the directions n̂ (flat) randomly.
Here we present a dynamic Monte Carlo, i.e. one performing importance sampling. This
will amount to extract directions according to the probability P (n̂) = Zn̂

Z�
. We proceed as

follow. In our Markov chain we start from the current configuration (i.e. a direction n̂) and
we propose a new one (i.e. a direction n̂0) which is identical to n̂ apart from two randomly
chosen components, say (ni, nj) with i 6= j. We define C by

C ⌘ n2
i
+ n2

j
= R�

X

k 6=i,j

n2
k

which is fixed by the normalization |~n| =
p
R and by the values of all {nk}k 6=i,j. It exists a

coordinate system in which we can now parametrize all the new values for (ni, nj) by

ni =
p
C cos� nj =

p
C sin�

with � 2 [0, 2⇡), and our aim is therefore to extract a value for �. We now define a gaussian
thimble: it is the thimble associated to a critical point of an action which only has quadratic
fluctuations on top of the value at that critical point. It is easy to find out that it is a flat
thimble, and for it one can compute

ZG
n̂
= 2

nX

i=1

�in
2
i

+1Z

�1

dt e

nP
i=1

�i t� 1
2

nP
i=1

�in
2
i e

2�it

. (21)
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leave the critical point. If we impose a normalization condition

nX

i=1

n2
i
= R

all those directions are mapped to vectors

nX

i=1

niv
(i).

It is thus quite natural to single out any given point on a thimble by the correspondence

J� 3 z $ (n̂, t) 2 Sn�1
R ⇥ R (12)

with Sn�1
R the (n � 1)-sphere of radius

p
R. In [?] we made use of this approach to solve

a Chiral Random Matrix Model by means of thimble regularization. We now recall how to
make use of (12) to rephrase the integrals in the thimble decomposition of the path integral.
A change of variables in the integrals in (??) will be involved. Let us first of all define

Z� =

Z

J�

dny e�SR (13)

In the previous formula we were a little bit less generic. In particular dny stands for the real
volume form on the thimble J� (i.e. attached to critical point p�). With a slight abuse of
terminology we will refer to this expression as a partition function, which can be rewritten

Z� =

Z
Dn̂ Z(�)

n̂
(14)

in terms of the measure over Sn�1
R

Dn̂ ⌘
nY

k=1

dnk�
�
|~n|2 �R

�

and the partial partition functions

Z(�)
n̂

=

+1Z

�1

dt�(�)
n̂

(t) e�SR(n̂,t). (15)

The partition function Z� has been decomposed in contributions Z(�)
n̂

attached to SA paths

(i.e. complete flow lines). For each direction n̂, �(�)
n̂

(t) is what is left over after changing
variables in the integral. It can be thought of as an extra contribution to the measure (on

top of e�SR(n̂,t)) along the SA singled out by the direction n̂. The computation of �(�)
n̂

(t) is
non-trivial: it is required that one parallel transports the basis of the tangent space at the
critical point along the flow, to have a basis V (i)

� (n̂, t) at the (generic) point associated to

direction n̂ and flow time t. More precisely, by assembling the V (i)
� into the matrix V�, one

finds that

Z(�)
n̂

= 2
nX

i=1

�(�)
i

n2
i

+1Z

�1

dt e�S
(�)
e↵ (n̂,t) (16)
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make use of (12) to rephrase the integrals in the thimble decomposition of the path integral.
A change of variables in the integrals in (??) will be involved. Let us first of all define
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In the previous formula we were a little bit less generic. In particular dny stands for the real
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(t) is
non-trivial: it is required that one parallel transports the basis of the tangent space at the
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The reader will recognize the expression for Z� (13) in the denominator. Making use of the
representation (12), and thus of the same notation in which we wrote (14) and (15), we can
now rephrase

hfi� =
1
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Z
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dny f e�SR =
1
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in which
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almost looks like a functional integral along a single complete flow line. (20) can be put
at work in the computation of (19) (with f = O ei! in the numerator and f = ei! in the
denominator). One should notice that the Zn̂

Z�
factor contained in (20) is a legitimate (well

normalized) weight, so that (20) is nothing but the average of the fn̂, i.e. the average of
the contributions that a given observable takes from complete flow lines. This average is
computed in a given normalization, fixed by the Zn̂

Z�
weight, which in turn represents the

fraction of the partition function which is provided by a single complete flow line.

In [?] we made use of this approach for the computation of (19), but we made no attempt
at implementing importance sampling with respect to the Zn̂

Z�
weight: computations were

simply performed by flat, crude Monte Carlo, i.e. extracting the directions n̂ (flat) randomly.
Here we present a dynamic Monte Carlo, i.e. one performing importance sampling. This
will amount to extract directions according to the probability P (n̂) = Zn̂

Z�
. We proceed as

follow. In our Markov chain we start from the current configuration (i.e. a direction n̂) and
we propose a new one (i.e. a direction n̂0) which is identical to n̂ apart from two randomly
chosen components, say (ni, nj) with i 6= j. We define C by

C ⌘ n2
i
+ n2

j
= R�

X

k 6=i,j

n2
k

which is fixed by the normalization |~n| =
p
R and by the values of all {nk}k 6=i,j. It exists a

coordinate system in which we can now parametrize all the new values for (ni, nj) by

ni =
p
C cos� nj =

p
C sin�

with � 2 [0, 2⇡), and our aim is therefore to extract a value for �. We now define a gaussian
thimble: it is the thimble associated to a critical point of an action which only has quadratic
fluctuations on top of the value at that critical point. It is easy to find out that it is a flat
thimble, and for it one can compute

ZG
n̂
= 2

nX

i=1

�in
2
i

+1Z

�1

dt e

nP
i=1

�i t� 1
2

nP
i=1
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2
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where

with

and … which almost looks like a functional integral 
along a single flow line … 

… so that in the end you can think of generating contributions along single flow lines, 
and importance sampling is with respect to their overall relative weight … à la Metropolis

If only one thimble is in place, it is easy to see that one can rephrase

… and we can compute on multiple thimbles and then put results together (see later)
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SINGLE THIMBLE DOMINANCE? 
Prolegomena

We have already mentioned that not all the thimbles do contribute! 

In order that a critical point contributes the associated unstable thimble must intersect the original domain of integration 

A trivial example; the usual toy model: 0-dim quartic oscillator… 
blue lines are thimbles, red ones are unstable thimbles

PS Unstable thimbles are those along which the real part of the action decreases. 
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SINGLE THIMBLE DOMINANCE? 
The original conjecture

On the dominant thimble (lowest value of the real part of the action) 

you collect a contribution that dominates more and more in the thermodynamic limit 
you have a theory with the right (i.e. original) symmetries 
you recover the standard Perturbation Theory 

so that in the end you can conjecture that it can capture the result you are interested in (at least in given regimes)
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SINGLE THIMBLE DOMINANCE? 
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Abstract: We consider the one-dimensional massive Thirring model formulated on the

lattice with staggered fermions and an auxiliary compact vector (link) field, which is ex-

actly solvable and shows a phase transition with increasing the chemical potential of fermion

number: the crossover at a finite temperature and the first order transition at zero tem-

perature. We complexify its path-integration on Lefschetz thimbles and examine its phase

transition by hybrid Monte Carlo simulations on the single dominant thimble. We observe

a discrepancy between the numerical and exact results in the crossover region for small

inverse coupling β and/or large lattice size L, while they are in good agreement in the

lower and higher density regions. We also observe that the discrepancy persists in the

continuum limit to keep the temperature finite and it becomes more significant toward the

low-temperature limit. This numerical result is consistent with our analytical study of the

model and implies that the contributions of subdominant thimbles should be summed up

in order to reproduce the first order transition in the low-temperature limit.
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Figure 4. The averages of the residual phase factor for ma = 1, β = 1, 3, 6 and L = 4, 8.
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Figure 5. The number density and scalar condensate at ma = 1 and β = 1, 3, 6 on the lattice L = 4.

the average residual phase in figure 4. The real part behaves similarly to the previous

one, being nearly consistent with unity, for all L and β. But we notice some deviations

from zero value in the imaginary part because of the reduced error bars, especially around

the crossover region for L = 8. We show the number density and scalar condensate in

figures 6–8. The overall behavior is unaltered from the previous results, although the

deviations from the exact solutions become slightly larger for L = 8, µ = 0.8 and β = 3. In

the analysis of the continuum limit presented in figure 9, the results at L = 8 and µ/m = 0.8

becomes closer to the exact solutions, while the values at µ/m = 1.0 and µ/m = 1.2 for

L = 8 become slightly larger than the original ones in the number density and smaller in

the scalar condensate. The agreement with the exact result is slightly improved for L = 16

and µ/m = 1.2.

In summary, the changes from the previous results are quite minor, and therefore the

conclusions in [1] are unchanged.
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perature. We complexify its path-integration on Lefschetz thimbles and examine its phase

transition by hybrid Monte Carlo simulations on the single dominant thimble. We observe

a discrepancy between the numerical and exact results in the crossover region for small

inverse coupling β and/or large lattice size L, while they are in good agreement in the

lower and higher density regions. We also observe that the discrepancy persists in the

continuum limit to keep the temperature finite and it becomes more significant toward the

low-temperature limit. This numerical result is consistent with our analytical study of the

model and implies that the contributions of subdominant thimbles should be summed up
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the average residual phase in figure 4. The real part behaves similarly to the previous

one, being nearly consistent with unity, for all L and β. But we notice some deviations

from zero value in the imaginary part because of the reduced error bars, especially around

the crossover region for L = 8. We show the number density and scalar condensate in

figures 6–8. The overall behavior is unaltered from the previous results, although the

deviations from the exact solutions become slightly larger for L = 8, µ = 0.8 and β = 3. In

the analysis of the continuum limit presented in figure 9, the results at L = 8 and µ/m = 0.8

becomes closer to the exact solutions, while the values at µ/m = 1.0 and µ/m = 1.2 for

L = 8 become slightly larger than the original ones in the number density and smaller in

the scalar condensate. The agreement with the exact result is slightly improved for L = 16

and µ/m = 1.2.

In summary, the changes from the previous results are quite minor, and therefore the

conclusions in [1] are unchanged.
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Sign problem and Monte Carlo calculations beyond

Lefschetz thimbles
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Abstract: We point out that Monte Carlo simulations of theories with severe sign prob-

lems can be profitably performed over manifolds in complex space different from the one

with fixed imaginary part of the action (“Lefschetz thimble”). We describe a family of such

manifolds that interpolate between the tangent space at one critical point (where the sign

problem is milder compared to the real plane but in some cases still severe) and the union

of relevant thimbles (where the sign problem is mild but a multimodal distribution function

complicates the Monte Carlo sampling). We exemplify this approach using a simple 0+1 di-

mensional fermion model previously used on sign problem studies and show that it can solve

the model for some parameter values where a solution using Lefschetz thimbles was elusive.
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SINGLE THIMBLE DOMINANCE? 
… so, what?

Never give up! but there are two ways not to give up … 

either you sit down and try to do the very right thing, i.e. when you understand the thimble structure, you take 
everything into account (multi thimble simulations) 
or you insist and try to take single thimble simulations at least a few steps further 
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SINGLE THIMBLE DOMINANCE? 
… so, what?

Never give up! but there are two ways not to give up … 

either you sit down and try to do the very right thing, i.e. when you understand the thimble structure, you take 
everything into account (multi thimble simulations) 
or you insist and try to take single thimble simulations at least a few steps further 

In order to (also) go through the second path, let’s anticipate a question: 

QUESTION: how can I learn of multiple thimbles structure? 
ANSWER: look for and into Stokes phenomena! 
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Multi thimbles computations: QCD 0+1
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In this case we have 2 contributions (remember the symmetry!) and we rephrase like

Putting all our ignorance into one single parameter…

… which can be computed taking one 
known result as a normalization point! 
This can be done quite well, e.g. for

Nf = 1 m = 0.1 µ/T = 2

we get, depending on the quantity we 
use to fix the normalization

↵ = 0.2686(13) 0.2682(8)
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(a) Chiral condensate at T = 0.5, Nf = 1, m = 0.1.
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(b) Polyakov loop at T = 0.5, Nf = 1, m = 0.1.
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(c) Chiral condensate at T = 0.5, Nf = 1, m = 1.
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(d) Polyakov loop at T = 0.5, Nf = 1, m = 1.

Figure 9.1: Chiral condensate and Polyakov loop expectation value for 0+1 QCD at Nf = 1. Other
parameters are T = 0.5 and m = 0.1, 1.

(a) Chiral condensate at T = 0.5, Nf = 2, m = 0.1. (b) Polyakov loop at T = 0.5, Nf = 2, m = 0.1.

(c) Chiral condensate at T = 0.5, Nf = 2, m = 1. (d) Polyakov loop at T = 0.5, Nf = 2, m = 1.

Figure 9.2: Chiral condensate and Polyakov loop expectation value for 0+1 QCD at Nf = 2. Other
parameters are T = 0.5 and m = 0.1, 1.
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One-dimensional QCD in thimble regularization

F. Di Renzo and G. Eruzzi*

Dipartimento di Scienze Matematiche, Fisiche e Informatiche, Università di Parma and INFN,
Gruppo Collegato di Parma I-43100 Parma, Italy

(Received 2 October 2017; published 12 January 2018)

QCD in 0þ 1 dimensions is numerically solved via thimble regularization. In the context of this toy
model, a general formalism is presented for SUðNÞ theories. The sign problem that the theory displays is a
genuine one, stemming from a (quark) chemical potential. Three stationary points are present in the original
(real) domain of integration, so that contributions from all the thimbles associated to them are to be taken
into account: we show how semiclassical computations can provide hints on the regions of parameter space
where this is absolutely crucial. Known analytical results for the chiral condensate and the Polyakov loop
are correctly reproduced: this is in particular trivial at high values of the number of flavors Nf . In this
regime we notice that the single thimble dominance scenario takes place (the dominant thimble is the one
associated to the identity). At low values of Nf computations can be more difficult. It is important to stress
that this is not at all a consequence of the original sign problem (not even via the residual phase). The latter
is always under control, while accidental, delicate cancelations of contributions coming from different
thimbles can be in place in (restricted) regions of the parameter space.

DOI: 10.1103/PhysRevD.97.014503

I. INTRODUCTION

The very first proposal of thimble regularization was
intended to extend our capabilities to properly define
quantum field theories [1–3]. After a while it was realized
that it was a very natural and powerful candidate solution
for the sign problem [4,5]. Since then it has attracted quite a
lot of attention. By now also other proposals have been put
forward which are more or less inspired by the thimble
approach, e.g., the holomorphic gradient flow [6] or the
idea of combining the latter with the complex Langevin
method (see [7–11]).
All in all, the basic idea underlying thimble regulariza-

tion amounts to deforming the original domain of integra-
tion of a given field theory into a new one, which is made of
one or more manifolds. These manifolds live in the
complexification of the original domain of integration; in
the original formulation (which is the one we adhere to)
they are the Lefschetz thimbles themselves. Thimbles are
defined as the union of the steepest ascent (SA) paths
attached to critical points σ of the (complexified) action and
have the same real dimension of the original manifold.
Proceeding straight to the field theoretic quantities one is

interested in, we denote the thimbles J σ and in a sketchy
way we write

hOi ¼
P

σnσe
−iSIðpσÞ

R
J σ

dze−SROeiω
P

σnσe
−iSIðpσÞ

R
J σ

dze−SReiω
ð1Þ

where the z are a shortcut for complexified field configu-
rations and the pσ stand for the configurations which are
the stationary points of the action S, the sum formally
extending to all of them, even though the nσ can be zero
(thus, not all the critical points do contribute). The action is
written in terms of a real part SR and of an imaginary part
SI . In the previous formula the denominator reconstructs
the partition function Z. Notice that a positive measure e−SR

is in place and constant phases e−iSIðpσÞ have been factored
out of the integrals. This is a consequence of the main virtue
the thimbles have: the imaginary part of the action stays
constant on them. A so-called residual phase eiω is there
that accounts for the relative orientation between the
canonical complex volume form and the real volume form,
characterizing the tangent space of the thimble.
Solving the sign problem via a deformation of the

integration domain is conceptually satisfying and the
thimble approach is potentially very powerful. However
one can not omit difficulties: thimbles are nontrivial
manifolds, for which a local characterization is missing
and thus, not surprisingly, devising Monte Carlo methods
to sample integrals on thimbles is a delicate issue.
Moreover, recent works have stressed how taking into

*Present address: Maps spa, I-43122 Parma, Italy.
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Multi thimbles computations: towards HDQCD

hOi = n0 e
�i SI(p0) Z0 hO e

i!i0 + n12 e
�i SI(p12) Z12 hO e

i!i12
n0 e

�i SI(p0) Z0 hei!i0 + n12 e
�i SI(p12) Z12 hei!i12

Here we have much the same as in QCD01

… but this time the relevant parameter Z12… 

is first computed in semiclassical approximation 
and then corrected as the simulation proceeds  
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Figure 3: Results obtained from 1 thimble (left) and 3 thimbles (right), Nsites = 2.

3. Conclusions

We had a first look at thimble regularization for heavy-dense QCD: by a semiclassical analysis,
we have found a region of parameters where a few thimbles contribute for not too large lattices (up
to ⇡ 33 ÷43 sites). We proposed a first-principle method to determine the weights of the relevant
thimbles by importance sampling. We showed that such method works in one- and two- sites lattice
simulations, recovering the correct results from the contributions of three inequivalent thimbles and
getting a first glimpse of the QCD phase diagram using thimbles.
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Towards Lefschetz thimbles regularization of
heavy-dense QCD
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At finite density, lattice simulations are hindered by the well-known sign problem: for finite
chemical potentials, the QCD action becomes complex and the Boltzmann weight e�S cannot
be interpreted as a probability distribution to determine expectation values by Monte Carlo tech-
niques. Different workarounds have been devised to study the QCD phase diagram, but their
application is mostly limited to the region of small chemical potentials. The Lefschetz thimbles
method takes a new approach in which one complexifies the theory and deforms the integration
paths. By integrating over Lefschetz thimbles, the imaginary part of the action is kept constant
and can be factored out, while e�Re(S) can be interpreted as a probability measure. The method
has been applied in recent years to more or less difficult problems. Here we report preliminary
results on Lefschetz thimbles regularization of heavy-dense QCD. While still simple, this is a
very interesting problem. It is a first look at thimbles for QCD, although in a simplified, effective
version. From an algorithmic point of view, it is a nice ground to test effectiveness of techniques
we developed for multi thimbles simulations.
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Multi thimbles computations: Thirring
Well … stay and listen to next talk …

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

 n
 

0

fermion number density

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

 n
 

{
}

fermion number density

Ph.D. course on High Performance Computing

Parallel Architectures                                                                                               Michele Amoretti

Parallel Architectures
Michele Amoretti

Department of Engineering and Architecture 

One-thimble regularisation of lattice field theories?

14/6/2019 Posta - francesco.direnzo@unipr.it

https://outlook.office.com/owa/?realm=unipr.it&path=/mail/inbox 1/1

[RESEND] Purchase Confirmation Email ‐ The 37th international
symposium on lattice field theory

Francesco, Di Renzo

INVOICE

CONFERENCE

Conference Name The 37th international symposium on lattice field theory

Conference Date June 16th to 22nd, 2019

ABBR Lattice 2019

Venue Hilton Hotel Wuhan Riverside ,Wuhan, Hubei, PRC

Website http://lattice2019.ccnu.edu.cn

ORDER AND PAYMENT

Order ID 2487727

Conference fee  8160.00

PAID BY Bank Transfer

Time of payment 2019‐06‐14 08:34:08

 

Central China Normal University ‐ Luoyu Road 152, Wuhan, 430079, China 
lattice2019@mail.ccnu.edu.cn

This message is automatically sent by the system. Please do not reply !

notice <notice@aconf.org>

ven 14/06/2019 12:04

A:Francesco DI RENZO <francesco.direnzo@unipr.it>;

Cc:lattice2019 <lattice2019@mail.ccnu.edu.cn>;



F. Di Renzo, University of Parma & INFN

SINGLE THIMBLE DOMINANCE? 
… do you remember?

QUESTION: how can I learn of multiple thimbles structure? 
ANSWER: look for and into Stokes phenomena!

Stokes phenomena occur when two thimbles go on top of each other; thimble decomposition fails in that point of the 
parameter space and there is a discontinuity in the number of thimbles contributing.
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But imaginary part of the action is constant on thimbles… 
… and that’s why you look for CROSSINGS!
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Figure 6. (a) ImS(σi) on the right half plane as a function of µ̂. (b) Enlarged plot of (a).
(c) ReS(σi). The dashed line indicates min.x∈RReS(x). Parameters are set to L = 4, β = 3 and
ma = 1.

upward and the imaginary parts ImS(σi) at these points increase from negative to positive

values with increasing µ̂, as seen in figure 6 (a). In the enlarged plot in the panel (b), the

lines of ImSσi show three crossings at µ̂ = µ̂∗
1 = 0.7, µ̂∗

2 = 0.735 and µ̂∗
3 = 0.86. We now

discuss the Stokes phenomenon and the change of the intersection numbers at each µ̂∗
i .

In figure 7 we show typical thimble structures at several values of µ̂. At µ̂ < µ̂∗
1, the

cycles Kσ1,2 starting from σ1,2 extend to the lower unsafe region toward z = −i∞, while

Kσ1̄,2̄
extend to the upper unsafe region toward z = +i∞. None of them has nonzero

intersection with C, and C c∼ Jσ0 + Jσ0̄
as was discussed previously. At µ̂ = µ̂∗

1, ImSσ0 =

ImSσ2 is achieved, and the two cycles Jσ0 and Kσ2 overlap. Across µ̂∗
1, one end of the

upward cycle Kσ2 jumps from −i∞ to +i∞, to give the intersection number n2 = 1 with C
(see panel (b)). (And one end of the cycle Jσ0 jumps from σ0̄ to zzero,2.)

At the same value of µ̂ = µ̂∗
1, the point σ2 shows the Stokes phenomenon with another

critical point σ0̄ because ImSσ0 = ImSσ0̄
= 0. (This coincidence could be avoided by

adding a small imaginary part to β, again.) In this case, the two cycles, Jσ2 and Kσ0̄

overlap, and one end of the cycle Jσ2 jumps from π− i∞ to π+ i∞ across µ̂ = µ̂∗
1. Hence,

we have the equivalence of the cycles8

C c∼ Jσ−2 + Jσ0 + Jσ2 for µ̂∗
1 < µ̂ < µ̂∗

2 . (5.3)

At µ̂ = µ̂∗
2 (panel (c)), the Stokes phenomenon happens between the critical points,
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8We define the orientation of a thimble as the direction where Rez increases, and define it for thimble

Jσ0̄
on the left as the direction of decreasing Imz.
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F. Di Renzo, University of Parma & INFN

ONE THIMBLE REVISITED 
… a more modest attitude …

If, in the parameter space, you are interested in a point that lies in the region where more than one thimble contribute, 
you can reach that point by taking a few steps forward from the region where only one thimble contributes…  

We mean that  you can compute a Taylor expansion of your observable in a one thimble simulation … 

… and notice: you can expand in either    or    or both …  (the two rows below are at different    values)
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Figure 6. (a) ImS(σi) on the right half plane as a function of µ̂. (b) Enlarged plot of (a).
(c) ReS(σi). The dashed line indicates min.x∈RReS(x). Parameters are set to L = 4, β = 3 and
ma = 1.

upward and the imaginary parts ImS(σi) at these points increase from negative to positive

values with increasing µ̂, as seen in figure 6 (a). In the enlarged plot in the panel (b), the

lines of ImSσi show three crossings at µ̂ = µ̂∗
1 = 0.7, µ̂∗

2 = 0.735 and µ̂∗
3 = 0.86. We now

discuss the Stokes phenomenon and the change of the intersection numbers at each µ̂∗
i .

In figure 7 we show typical thimble structures at several values of µ̂. At µ̂ < µ̂∗
1, the

cycles Kσ1,2 starting from σ1,2 extend to the lower unsafe region toward z = −i∞, while

Kσ1̄,2̄
extend to the upper unsafe region toward z = +i∞. None of them has nonzero

intersection with C, and C c∼ Jσ0 + Jσ0̄
as was discussed previously. At µ̂ = µ̂∗

1, ImSσ0 =

ImSσ2 is achieved, and the two cycles Jσ0 and Kσ2 overlap. Across µ̂∗
1, one end of the

upward cycle Kσ2 jumps from −i∞ to +i∞, to give the intersection number n2 = 1 with C
(see panel (b)). (And one end of the cycle Jσ0 jumps from σ0̄ to zzero,2.)

At the same value of µ̂ = µ̂∗
1, the point σ2 shows the Stokes phenomenon with another

critical point σ0̄ because ImSσ0 = ImSσ0̄
= 0. (This coincidence could be avoided by

adding a small imaginary part to β, again.) In this case, the two cycles, Jσ2 and Kσ0̄

overlap, and one end of the cycle Jσ2 jumps from π− i∞ to π+ i∞ across µ̂ = µ̂∗
1. Hence,

we have the equivalence of the cycles8

C c∼ Jσ−2 + Jσ0 + Jσ2 for µ̂∗
1 < µ̂ < µ̂∗

2 . (5.3)

At µ̂ = µ̂∗
2 (panel (c)), the Stokes phenomenon happens between the critical points,

σ0 and σ1. The two cycles Jσ0 and Kσ1 overlap there. When µ̂ passes µ̂∗
2, one end of the

cycle Kσ1 jumps from −i∞ to +i∞ and one end of the cycle Jσ0 from zzero,2 to zzero,1, and

therefore the critical point σ1 now acquires the intersection number nσ1 = 1. Hence,

C c∼ Jσ−2 + Jσ−1 + Jσ0 + Jσ1 + Jσ2 for µ̂∗
2 < µ̂ < µ̂∗

3 . (5.4)

At µ̂ = µ̂∗
3 (panel (e)), ImS of σ1 and σ2 coincide, which allows the Stokes phenomenon

between them. Across µ̂ = µ̂∗
3 one end of the cycle Kσ2 flips down from +i∞ to −i∞, while

one end of the cycle Jσ1 jumps from zzero,2 to π + i∞, so that the intersection number n2

changes from 1 to 0. Thus, we have (µ̂∗
4 introduced below)

C c∼ Jσ−1 + Jσ0 + Jσ1 for µ̂∗
3 < µ̂ < µ̂∗

4 . (5.5)

8We define the orientation of a thimble as the direction where Rez increases, and define it for thimble

Jσ0̄
on the left as the direction of decreasing Imz.
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F. Di Renzo, University of Parma & INFN

ONE THIMBLE REVISITED 
… a more modest attitude …

Does it work? Here we go! 

(expansion in    )
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F. Di Renzo, University of Parma & INFN

Conclusions and outlook

- One-thimble regularisation of lattice field theories: is it only a dream? … probably YES … 

- BUT 
- you can take advantage from the rich structure of Stokes phenomena … 
- … and at least take a few steps further from the region where only one thimble counts … 
- … and this can be done in a way that we (already) know: simply Taylor expand. 

- We are collecting the very first results, using as a lab 1-D Thirring model. Here you know a 
priori what to expect and up to where you can go, but we want to see whether the funny 
composite operators are computable within a reasonable precision. Notice that this is not 
such an extra work in our setting… 

- As a byproduct, we can gain some more insight into Taylor expansions methods per se. 
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