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Motivation: QCD Phase Diagram and Sign Problem

• Sign/complex phase problem     
• Access to            -plane via: Reweighting, Taylor series expansion, Imaginary       …

For lattice QCD, a dual representation is well known in the strong coupling limit

Sign problem is representation dependent! 
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• Change of integration order          gauge fields            first! 
new dual degrees of freedom: 
• bosonic (“mesonic”(M)) and fermionic (“baryonic”(B)) color-singlet states

QCD in the Strong Coupling Limit 
Study regime with a mild sign problem: [Wolff & Rossi, 1984]

Strong Coupling Limit: g → ∞,β =
2Nc

g2
→ 0
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Advantage:
• (almost) no sign problem

“complete” phase diagram 
can be calculated

• maximally coarse lattice (opposite of continuum limit) 
• difficult to include gauge corrections             to make lattice finer� > 0
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• Integer based algorithm (fast)

QCD in the Strong Coupling Limit 

Restriction by Grassmann constraint:
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Features: 
• Chiral symmetry breaking 
• (Tri)-critical endpoint
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Downside:

Exactly Nc Closed loops
[de Forcrand, Unger & Vairinhos, 2018]
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Continuous Time Limit within Strong Coupling QCD

No discretization errors due to finite      and work sign problem free

1st: Introduction of anisotropy for continuous temperature variation:

2nd: Gamma dependence of          non trivial:

Definition of the Continuous Time Limit as:
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[de Forcrand, Unger & Vairinhos, 2018]
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• Only one parameter left (temperature T) 
• Baryons become static (non-relativistic, but 

finite mass)   

• No multiple spatial dimers 
• Simpler dual observables

Continuous Time Limit within Strong Coupling QCD

Simplified partition function:

Nc = 3 :
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Sign problem is absent
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kb, NT =
X

x

nT (x)

<latexit sha1_base64="gfzcIcpVpp50xxW1CxJtb/LsGj4="></latexit>

Sign problem is absent

!6Marc Klegrewe Wuhan 2019



Observables from CT partition function

• Sample two-point correlation functions C(⌧, ~x)
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• Obtain chiral susceptibility 
• Construct temporal correlators 
          extract pole masses (possible: transport coefficients) [arXiv:1811.01614]

• Baryon density: nB =
hrli
V�

<latexit sha1_base64="PXOEjHnSPqu8j4STAge7oXqBUGY="></latexit>

• Simple for static baryons in CT limit: nB =
hB �Ai

V�
<latexit sha1_base64="B+7d87omoSOV/moPz8WBZsQ6reo="></latexit>

• Pressure/energy density(                    ):✏� 3p = 0
<latexit sha1_base64="xE68rKytyTKk/Ofej4i0y1No3QM="></latexit>

p ⇠ �hnD� i
<latexit sha1_base64="uhc7J8rhTPRmzjqhlpZK7WCQR9c="></latexit>

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.5  1  1.5  2  2.5  3

aT

aµB

Pressure

"test.dat"
2nd order
1st order
tricritical

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 0  0.5  1  1.5  2  2.5  3

aT

aµB

Baryon Density

"test.dat"
2nd order
1st order
tricritical

 0

 0.2

 0.4

 0.6

 0.8

 1

!7Marc Klegrewe Wuhan 2019



Taylor expansion of the pressure
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• Taylor expansion of the pressure

cumulants of winding number
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• Measure baryon density cumulants:

• Finally we obtain:

• Apply Taylor expansion method to reconstruct finite density pressure results 
measured in dual variable.            Validity of method in dual variables
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Results: Taylor coefficients
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Results: Taylor expansion vs. CT Finite muB
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Polymer Site Histograms

• The polymer weight encodes static dimers and static baryons as:

!p = 2 cosh(µBB/T ) +Nc + 1
<latexit sha1_base64="utiXDmzBxxYIpyz++opa3+hyN+M="></latexit>

P :B,A

Q :B,A,D
<latexit sha1_base64="FzFU9rtkXnpWMTNUGOvdqJNhXpY="></latexit>

• Improve on accuracy by measurement of histograms in a 
Polymer resummation scheme

• Measure histograms                      in polymer numberHV,T,µB (Q)
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• Extract baryon density moments fully analytically! (Only histogram is measured!)
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• Reconstruct functions                      that make up the baryon density moments 

Polymer Site Histograms
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Results: Taylor Coefficients from Histograms
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• Continuous Time formalism naturally introduces static baryons 
          Static baryons improve accuracy of coefficients       , but computational effort 
          too great to go beyond     on                          lattice

Summary and Outlook
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• Histograms with full polymer resummation (Q) greatly improve Taylor coefficients

• Error propagation for Histograms … 
• Data available for 
• Radius of convergence

• Ct finite beta corrections 
• Finite quark mass 
• …

Thank you
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Backup



Usual algorithm:

1. Mesonic update 2. Baryonic update+

Static lines either mesonic or (anti)-baryonic

Benefits:  More accurate algorithm?

First resummation scheme:

Second resummation scheme::

Concept: Polymer resummation

Nc + 1 mesonic line types with weight: !m = 1.0
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(anti)-baryonic line types with weight: !± = e±µBB/T
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Resummation in (anti)-baryon sector: !b = 2 cosh(µBB/T ) ! No distinction
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Resummation in both sectors: !p = 2 cosh(µBB/T ) +Nc + 1
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