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Nonequilibrium and Nonperturbative

Nonequilibrium processes in particle physics
(ex. the creation and evolution of QGP)
—Nonperturbative framework

e he standard method
= The imaginary-time formalism of lattice QCD
[Taniguchi et al.;1901.01666, Asakawa et al.;hep-lat/0011040]

eAnalytic continuation is impossible
= We need to infer spectral functions.
(cf. ansatzes, MEM etc.)
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Lattice formulation of the SK formalism

The Schwinger-Keldysh formalism
Real-time Green's functions directly
o Formulation for lattice scalar field

e Study of a sign problem with
generalized Lefschetz thimble method

[Alexandru et al.;1605.08040, 1704.06404]

—> Schwinger-Keldysh formalism for Lattice QCD J

Hoshina, Fujii,Kikukawa (UTokyo, Komaba)

SK Formalism For Lattice Gauge Theories

Lattice 2019 3/11



Schwinger-Keldysh formalism
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An observable for nonequilibrium processes:
(O(1)) = Tr{pO(t)}
= Tr{py 1T HT-D(g o~illt)
= [ D¢ (ol poldh) O(t) e Jo 121609
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Strategies for lattice formulation of SK formalism (1)

eContinuum theories
(Ot £);=Tr {efﬂH T o=iH(T—1) () e*th} 12, (po=e B )2)
el attice theories

7 = Tr{ﬁo} = Tr{(T+1)NB}7 where T—H — e*“OHIatt_
(O(m)) s = T { (Ta) V(T ) e (TN Os(Tyi) | /2

eThe ideal method

T = e~ a0 gt s T = eTiaoHat

oA typical imaginary-time TM
T+1 = e_ao Zn V(d;(Z)) e_z aO H2(x) —ao Zn V(¢2(1'))

Simple replacement ag — iag = unitary, but [T 1, T%;] # 0.
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Strategies for lattice formulation of SK formalism (2)

Our conditions for real-time TMs

@ Natural extentions of the imaginary-time TMs

@ Unitarity condition
T—f—iT—i = 1, T:I:i = AU:EZ‘A_I, 0:1;:2 = ﬁq:i = [j;zl
o Commutativity condition

[Ty1,T] = O(a).

A partition function and action

of the lattice QCD in the SK formalism. ¢, | — @oNr
78737873
Z=" {(TJrl)Nﬁ (Tﬂ)NT (TJri)NT} : G i (se ),
S . C Ay =< —i (s€Cy),
= /‘[qu]e_ SK/latt : 3 ) (S . 03)
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TMs and SK formalism for lattice QCD

elmaginary-time TM of Gauge bosons (U- = Ui(r,n))
Tfl(UT7 Uq-+1) — o~ 5(V(Ur)+V(Uri1))
x ILin e—6N/ g3a > rdr (Lr(1/g3a)) x Trr(U, UT+1)

V(U:) =Yl = (Un + Ul /2)/g2a, Uk plaquettes

elmaginary-time TM of Wilson fermions

T = Art1 O — Henr/2) 1 AT W/ Ar = BZY2[(2+ aDaw)ol- J
v, Vi
HT = ’YOG/ODSW,T m’ BT - 6n,n/ + aO(mO 5n,n’ + Zk k2 k)

oTM for SK formalism for lattice QCD T+1 = Tfl ® Tfl
ZSSD[ Bl = Tr{(TH)N’j}
= [ QU D Dipe~(SclUI+Sr[b0ul),
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TMs and SK formalism for lattice QCD

eReal-time TM of Gauge bosons (Us = Ui(s,m))

TS(Uy, Ussr) = ¢ 5 VUDHV W)

x 1,2 % 5 dn (La(1/30)™* Tra(U,UL,) }
V(Us) =k imll — U+ U,Il)/Q]/gga, Uy plaquettes

eReal-time TM of Wilson fermions

TA = Aot (0= DeniHonr/2) as Ay W/ A= B2+ aDawynole |

VkV )

Hs = yoaoDsw,s m Bs = 6pm + ao(mo On,n’ + Ek
eTM for SK formalism for lattice QCD ~ Th =T§ ® TX
29 a8, T = Te{(Ty )V (T )T (T )T} (@, = [AsDaw,s + BY?A.)/2)

= [ QU D) Dpe(Sc/sxlU+Sr sl pul) H2NT{det aen, )L
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The action for gauge fields and fermionic fields

oUy(s,n) =1 except s = 2N + Nz — 1 (Polyakov loops)

SK action for the lattice gauge bosons

Sasic = 3 { S V0) + V(Ui)) + K, (U Vi) |

B

exp [—an 4 Tr[Q—UUH_1 S+1UJ]} , (s€C3)
QN
Hn,i (e agasa >rdr (LR(l/goa))As Trr(Us Us+1)) )

e Ko, (Us Usir) _

(s e C1UCy)

SK action for the Wilson fermions

Sr/sk = Z P(s,m) {— (1_T’YO> Vo — (HT%) VE 4F aoDswvs,s'] Y(s',n)
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Linear response theory and the spectral function

eResponse to time-dependent external sources
ex. EM field(U(1) link fietld) Vu(t,n) = glaoAu(t,m)

A (Je(t,n)) g =iag ¥ a® > _([J(t,n), J(t',n)])5 Ae(t', n),
t'=0 n’

T —Ng—t

:éz >0 k(t,n)Ji(s,m)) *NBZGKubO )
t=0 s=t

n

eSpectral function . .
p(p; N1, N, ag) := 1% e (=NT/2) ([g(t), $(N7 /2)]) -

100
w0 — Relp(p™0)]
o — Imlp(p0)] o
wof
Al wall
vV oy
sof
NT =30
I 0 I L I ~1oog, L n

apg = 1, N[; = 8, mo = 0, ﬁ1 = 0.4267

— Re[p(p0)]
— Inlp(p°0)]
ALY

b3

4
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Summary and future works

Summary

@ We have constructed the real-time TMs for the link fields and the
fermionic fields, and formulated the SK formalism for lattice QCD.

@ We have investigated linear response theory in this formalism, and
defined the spectral function nonperturbatively.

Future works

@ Renormalizability of the real-time Green's functions

@ Construction of energy momentum tensor in the SK formalism
(cf. gradient flow method [Suzuki;1304.0533])

@ Applications of the Lefschez thimble and the complex Langevin
methods

11/11
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Exact expressions of scalar Green's functions in L

0 G
n [ Ap(tt) A7) _eeeiiiie
GC(&S ) = < AT(T, t/) AB(T, T/) ; 2N, : C, W,
seCiNCyNCs, ;= t ~ (tEOl) EC3
teCy QOQ, Te(Cy’ o 2Np —t (tECQ) — NN -1

BT S EL B _ o _ o
Ar(t,t) = A(E) (e iB7 [aiezEt tarae B Lo o e NBSEY L o2e NEezEt:|

iEt [ 2 —iEt i Bt —NE _iEt' 2 —NE_—iEt' /
? [oz,e Yt oara_e™ +ara_e e +aje e’ ]HC(t—t)

+e
+(t < t))
Ag(r, ') = A(E") {efE’\r—rw . efNE/eEqT,,/l}
At,7") = A(E") {e—iEE [a.,_e_El(Nﬁ_T/) N oz_e_ElT/]

+eiEf [a_e—E’(Nﬂ—r’) + a+e—iE/T’]}

AN 1 1
A(E ) T 2sinh B/ {_o—NE""

1 sinh B/ w2 /. w?
ai—§<1:t SinE),COSE— 7,COShE—1+7

Hoshina,Fujii,Kikukawa (UTokyo, Komaba) SK Formalism For Lattice Gauge Theories Lattice 2019



Free Green’s functions and the spectral function

e\We get analytic solutions of free Green's functions from the action.
eDefinition of spectral functions on a lattice with finite lattice size

Nt
p(pi N1, Ny, ao) i= 3 "N/ (19(n,), (N /2)])

TLt:O
. Nr/2
=i Z (cos(p® — E)nj — cos(p” + E)ny)
ny=—Nr/2
d
m%rsign( )0 (4sin % Z % md)

220, 27 sign (p°)8((p°)? — 7* — m%)

_ w? 2 _\d 02 pt 2
cosh E =1+ %, w® =37 4sin® & + mg
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Time translation properties of G~ in equilibrium

G (ng,n}) = (¢p(ny)p(n})) (Various reference times)
NA A
WRVATARY

n_t n_t

(a) ’rho = 1, pP1 = 0.99 (Re) (b) mo = 1, pP1 = 0.99 (Im)

P 2 .
rofes o
"
Ds\ /\
L
i
¢ .
&
10| =i
3 T 0

e

WAN/AN/aR

-

Re[G>(n_tk)]
Re[G">(n_t k)]

-

b \V/A \\
10 = +]
G 7 0 g 0 )
n_t n_t

(a) T?Lo = O].7 pP1 = 0.5 (Re) (b) ﬁ?,() = 01, pP1 = 0.5 (Im)

Re[G">(n_t,k)]
Re[G*>(n_t,K)]

£
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The action and TMs for the scalar field

SK action for the lattice scalar boson [Alexandru et al.;1704.06404]

Ssc/sk

_ Zazl |:(¢s+l,n - ¢s,n)2 + As Z <(¢s+l,n+fc _ ¢S+1’")2 + (¢s,n+k — ¢s,n)2>
k

2Asa? 2 2a?2 2a?

3 (Vi) +V(burrn)|

eDescription in TMs
7 — Tr{(TSC)NB(TSC)NT Tsc NT /D —SSC/SK

~ V(d(x)) aA, V(@)
TgC = e*(ZAsTe*TSHQ(x)e*ULAs 5

TECTSC =1, (150)' =75¢, [P0, TEC) £ 0
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The action for gauge fields

SK action for the lattice gauge boson

Sarsic = 3 { VW) +V(Uub) + Ka, (U, Vet |

s

V(Us) = X4 1ll = (Uni(n) + ULy) /2] /g3a

exp [— S 42 TH2 = ULUL, — USHUJ]] , (s € Cs)

o 2N
.. ( A5 S dr (Lr(1/gda))™ Tm(U.SUJH)) |

(S e Cy UCQ)

e*KAS(Us»UerN _

Caracter expansion (U €SU(N), R,dpr: a label of irreducible representation and its dimension)

exp {%Tr(U + Ui):| = Z drLr(1/g5a)Tr(U),
goa R

Lr(1/gha) = é/dUTr(UR) exp [gziaﬂ(U+U*)}
0
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The action for fermionic fields

SK action for the Wilson fermions

_ 1— 1+
SF/SK = Zw(n) |:_ ( 2’YO> 5s+1,s’5n,n/ - < 2’YO> 5s,s/+15n,n’

n,n’

+153,s/6n,n’ + a‘/s,s/DSW] w(n/)

\vAv) YV — Vi
DSW,T = Z( k2 k + Yk k 9 k) + mO(sn,’n'7
k

Vk = 5n+fc,n’ Uk (n) - 577'7’"4/’ VL = 5n,n/+chli (n) - 577'771/?
ViVi _ Vit Vi

2 2

1+A, 1-Ag
V. _ 2 é(Ss,s’ - Té(ss,s'-kl 0
E 0 1+As—15 17AS(; .
P} s,s" P} s+1,s’
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