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Introduction



Motivation cRc.-rm

o At finite baryon density, lattice QCD has a sign problem, which
prohibits direct simulation.

o Approximate methods: Taylor expansion, reweighting, imaginary
potential.
— Fail for /T Z 1.

o Need alternative methods to probe cold and dense QCD.
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3d Effective Theory cRc.-rm

Definition of effective theory (U € SU(N,)):
Z= / DUDYDW e—SclUl-S{" (U, ¥]
= /DUO e Seft SU:(3) /DL e~ Sert[L]

= Se[Uo] = —log ( / DUDVDY e—Sc[Ul—SEW)[UM@])

Analytic determination using combined strong coupling (small g = %)

and hopping expansion (small k = ﬁ)

Se has a mild sign problem and weak couplings — pertubative treatment
also possible.



Systematics of the hopping expansion



Effective Theory at Strong Coupling cRc.-rm

At strong coupling, link integration factorizes [Rossi, Wolff 84]

exp(—Sex[Uo]) = / DYDY V(A+T )V

3
<[] H/de(”) ot (Ji(m Ui(n)+ U] (m)Ki(m))

neN i=1



Single Site integral cRc.-rm

Known for U(N) [Bars 80], for SU(N) use

/ dU F(U / dU det(U)TF (V)
SU(N) quU( N)
to obtain
ktr(JULUTK) _ = (1 Oko p p
U e )_Z<1 : )(d H(J)* + det(K)¥)
SU(N.) k=0

X Z ar(k)br k(K) a

reGL(N,) irreps

Ne
Summands are of order O(nkNC+2 PO /\’) = spatial Baryon hoppings
surpressed for large N..
Due to Grassmann constraint kN, + 2 Z;V:CI < ANgN,.



Grassmann integration cRc.-rm

After spatial link integration

e S = / DYDY V1TV
3 -_— -_—
< TTTI [+ PU(n), W(n + e)), (n), ¥(n + &)
neN i=1
After expanding product: Grassmann integration using Wick's theorem.
Note: (14 T)71(x,y) ~ dxy
= Integration factorizes for W’s with different spatial coordinates

= Can be organized as an expansion of clusters of connected graphs on A
using the moment cumulant formalism. [Ruelle 69, Miinster 81]



Perturbative treatment of effective theory for arbitrary N. and Nf
(degenerate) quark flavours:

Free energy

k2N,

(%)
Nc 20 ’

—f = |Og(20) — 6Nf

with the SU(N,) integrals

2 = / AW det(1 + hy W),

SU(Ne)
W
_ 2Ny 1
= / AW det(1 + b W) tr(1+h1W>,
SU(Ne)

p_m

where h; = (2ke?)Nr = "7, m = — log(2k).



Integration of temporal links cRc.-rm

The integrands only depend on the eigenvalues of the group element W.
= Use eigenvalues for parametrization (reduced Haar measure).

AW det(1 + hy W)2Nr
SU(Nc)
- >
(21N
(2m) = Z1</</<Nc

2N¢ N
=5 det (. " )M, [Nishida 03]
g—0 \SsNe | \I—J +p

/dcp, 1+ hle’<Pk)2Nfe’(I k+q)pi

Specifically for Ny = 1

2o = 1+ (NC —+ ].)h]l_vc =+ h%NC.



Large N, limit
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Asymptotic Analysis cRc.-rm

For Nf = 1 the s correction to the pressure:

2 (3Ne(Ne + 1)hy' + Nehz')?
Ne(1 4 hie (1 + Ne) + h3Me)2

a4p1 = —bkK

h1 < 1, for Nc — oo expand about h; =0
1 = oK Ne(Ne + 1PN 1 O(h)
~ —%/-;2/\/3/@"’6.
hy > 1, expand about 1/hMe =0

a*py = —6Kk%N. + O(1/he)
~ —6K%NL.



cnc.-rm

Asymptotic Analysis - results

Ne=2, hh <1:

1
3, Ne 2 7 12N
m—84N + K
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800 LNghTe 4+ O(k %)
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1200a3
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Conjecture large N, phase diagram cRc.-rm

't Hooft limit: N. — oo, hold A\ = g?N, fixed ['t Hooft]
[McLerran, Pisarski 09]:
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Gauge corrections cRc.-rm

Include Gauge corrections using character expansion, to leading order:

I€2Nt ur — UNt le(hl )2
—f = h1 corr 142 F | (—6Np) =2/
og(ZO( heo )) * N * 1- ur ( f) ZO(hl,corr)
N
ur —u
hl,corr = exp [Nt (1 + 2;_[]:)

In 't Hooft limit [Gross, Witten 1979]

1
U = N = qualitative results unchanged.

Open questions:
o Higher order corrections?
o Interchange strong strong-coupling and large N¢ limit?

o N.-dependence of a?
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