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_Motivation

Dark matter is representing a significant fraction
of the energy content of the Universe

Dark Matter

But, we do not know what it is...

Many candidate theories are under discussion

Dark Energy

(WIMPs, axions, primordial blackholes, entropic gravity ...)

Let us consider the SU(N) Yang-Mills theory :
Generation of mass scale, logarithmic dependence, no important fine-tuning
= Theory with very high
Lightest particles are glueballs ! = SU(N) glueballs are candidate of DM

Important feature of DM : Self-interaction
( = DM-DM scattering)

DM self-interaction is constrained by observations
(collisions of galaxies, structure formation)

= We need to evaluate the

interglueball scattering cross section! R TP
Bullet cluster : collision of galaxies



Object of study

Lattice gauge theory calculation is the only way to quantify
nonperturbative physics of nonabelian SU(N) gauge theory.

Object:

In this work, we study the interglueball interaction of
SU(2) Yang-Mills theory (YMT) on lattice, derive the

glueball scattering cross section, and constrain the
SU(2) YMT scale parameter from observational data.




Setup
We consider the SU(2) pure Yang-Mills theory

Standard SU(2) plaquette action :
Lattice spacings: B = 2.5 (Nc=2)

Volume : 163x24

Confs. generated with pseudo-heat-bath method (1 M confs.)

Use SX-ACE (@RCNP, Osaka U.), vector machine

Improvement of glueball operator : APE smearing

We use all space-time translational and cubic rotational symmetries
to effectively increase the statistics
(like the all-mode average for meson and baryon observables)

Reduction of the statistical error w/ cluster decomposition principle



Scale determination

We do not know the scale of the YM theory, so we leave it as a free parameter A
Nevertheless, all quantities calculated on lattice depend on A
= We express all quantities in unit of A (and finally constrain A from other data).

Relation between A and string tension:

Avs 0.33(3)(3) Fitted from the analysis
fo = 0.503(2)(40) + 2 of the running coupling
= 0.586(41) (for SU(2)) C. Allton et al., JHEP 0807 (2008) 021

M. Teper, Acta Phys. Polon. B 40 (2009) 3249

String tension for B = 2.5 in SU(2) YM :

B aJ/o

2.5 0.186(3) M. Teper, Phys. Lett. B 397 (1997) 223; hep-th/9812187



Scale determination

We do not know the scale of the YM theory, so we leave it as a free parameter A
Nevertheless, all quantities calculated on lattice depend on A
= We express all quantities in unit of A (and finally constrain A from other data).

Relation between A and string tension:

Avs 0.33(3)(3) Fitted from the analysis
fo = 0.503(2)(40) + 2 of the running coupling
= 0.586(41) (for SU(2)) C. Allton et al., JHEP 0807 (2008) 021

M. Teper, Acta Phys. Polon. B 40 (2009) 3249

String tension for B = 2.5 in SU(2) YM :

B alo a (in unit of A1)
2.5 0.186(3) 0.317(23)

= Lattice spacing is now expressed in unit of A



Glueball operator and operator improvement

0++ glueball operator:
O = T—’l _ T—>l Glueball has expectation value — subtract
g <« <« Sum over cubic rotational invariance
APE smearing :

U(+1) so as to maximize Re Tr [ U(n+1) V(n)T]
A\

> . & ] n
where V(n) =  x T + T AN T = Gaussian spread: 2|/ —

4_‘\ _T> (in lattice unit)
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" (SU(2) 0+* glueball, B=2.5)
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Nambu-Bethe-Salpeter amplitude

1

Coolt:x —y) = 7 D _{0|T[e(x +1,8)¢(y +1,1) - T (0)]] 0)

r

J(0) : source op.

The source is smeared, but the sinks are not
For the glueball, caution is needed :

2-glueball (0+*) state
= The source may be chosen as 1-body, 2-body, etc, on convenience

Multi-glueball operators also have !

(often called “VEV”, but it corresponds to the divergence
caused by the mixing with the identity operator)

= We then have to subtract the “VEV” of both source and sink

(removing the source “VEV” will automatically remove sink “VEV”:

< ((Psrc‘-Psrc' <@PsrcPsrc> ) ((Psnk(Psnk' <@PsnkPsnk> ) >=< ((Psrc(Psrc' <@PsrcPsrc> )(Psnk(Psnk > )

= Important consequence : fulfills the cluster decomposition principle!



Glueball NBS wave function (with wall source)

1-body source:
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Time-dependent HALQCD method

Extract the potential from the NBS wave function

1 0% 0

1
_ 4 2
4m¢ 8752 8t + m¢

R(t,r) = /d3r'U(r, r')R(t,r")
R(t,r) = Cos(t,r)

e—2m¢t

N. Ishii et al., PLB 712 (2012) 437.

Crucial advantage : do not need ground state saturation

» Mandatory to use time-dependent HAL method
for the glueball analysis, since the glueball correlator
becomes very noisy before ground state saturation

Inelastic threshold for glueball = 3m :
high enough so that we may consider t=2,3 data



SU(2) result : potential plot (local central only, wall source
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3 regions :
Very short range (lattice unit 0 and 1) : artifact due to [0 ?

(also appeared in the SU(3,4) case, maybe related w/ the failure of Luescher’s method)
Short range (r < 0.4 A1) : looks repulsive (determined from 1-body src)

Long range (r > 0.4 A-1) : flat, vanish (determined from 2-body src)



Reduction o

Cluster decomposition principle:
“If you are far you are uncorrelated”

= Almost zero contribution for r > cutoff

For disconnected diagram, noise remains constant

= Integration over r > cutoff accumulates noise

= Remove r > cutoff will reduce the noise? wall x wall correlation
chiQCD Collaboration, PRD97, 034507 (2018)

Example of glueball 2pt-correlator:

-7
6x10 cutoff=4 ——
7 cutoff=6 ———
5x10°° | i3t cutoff=8 ——=—
“ 4x1 0'7 = f CCulf[LC;;:g
o cutoff=12 —e—
o 3x10 ' | .
o)
O ox107 |
-5_ xﬂ!
N 1x1077 I 1
x i.ii
0 E‘H 51 53 35 |

-7 L L | |
X107 5 2 4 6 8 10



cutoff=4 ——
cutoff=6 ——«

i$9 cutoff=8 ——
. cutoff=9 ——=
cutoff=10
cutoff=12 ——e-
wall ———
i
. e
x 1




cutoff=4 ———
cutoff=6 ——«
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cutoff=4 ———
cutoff=6 ——«
idt cutoff=8
cutoff=9 ——=

x Correlator saturates at somerr, CUtOff=1 0
then noise increases! cut Off=1 >
wall ———

Just stop after saturation
and before the growth of noise!




cutoff= 4
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idt cutoff= 8
cutoff=9
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wall

Just stop after saturation
and before the growth of noise!

Let us apply it to NBS and potential !
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Improvement of NBS and potential with CD principle

NBS amplitude: Potential:
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Statistical error ~ 1/2, with 1/2 statistics (8 times improvement)!



Fit of the potential

We test two fitting forms:

e—m¢7"

Yukawa: V(r)=1; -

Vi =38.2 + 2.1 (latt. unit) x2d.o.f. =12.6

e Mol (m )2

+ Voe™ T 2

Yukawa + Gaussian: V(r) =V "

Vi=219.1 £ 15.1, V2 =-68.2 + 5.6 (latt. unit) x2d.o.f. =3.1

‘| Note 1:
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From potential to scattering cross section

Potential = Scattering phase shift: (5T

S l 82 2 1 i
olve W+k +U(r) |o(r) =0 0.5/\ /\
B () csinlr +6(k)] (- oo) |

» phase shift

1 Glueball wave function
A5 ggt(;?l)al ‘ | |
0 2 4 6 8 10
r (unit: AT

Scattering phase shift = Cross section:

We are interested in low energy DM cross section, s-wave dominant :

D o= sin?[§(k — 0)]

Yukawa: Otot = (3.2 - 3.4)A2 (stat.)
Yukawa+Gaussian: Otot = (6.7 - 7.1)A-2 (stat.)

B Gt = (3.2 - 7.1) A2 (stat.and sys.)
(sys. due to fitting forms)



Constraint on SU(N) YM scale parameter from DM X section

Otot

Observational constraints: < 1.0 cm?/g

Mo

Robust constraint from galactic cluster shape, collisions (upper limit)
A. H. Peter et al., MNRAS 430, 81 (2013), 430, 105 (2013); S. W. Randall et al., APJ 679, 1173 (2008).
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Constraint on SU(N) YM scale parameter from DM X section

Otot

Observational constraints:

<1.0 cm2/g
Mo

Robust constraint from galactic cluster shape, collisions (upper limit)
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A. H. Peter et al., MNRAS 430, 81 (2013), 430, 105 (2013); S. W. Randall et al., APJ 679, 1173 (2008).
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Naive extrapolation with
large Nc argument
(otot scales as Nc4)



Constraint on SU(N) YM scale parameter from DM X section

Observational constraints:

0.45 cm2/g <

Otot

<1.0 cm2/g

Robust constraint from galactic cluster shape, collisions (upper limit)

A. H. Peter et al., MNRAS 430, 81 (2013), 430, 105 (2013); S. W. Randall et al., APJ 679, 1173 (2008).

Constraint from Spergel et al. (lower limit), might disappear?
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D. N. Spergel et al., PRL 84, 3760 (2000).
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Summary

Glueballs of the SU(N) Yang-Mills theory are good candidates of
dark matter : study of self-interaction is important.

We calculated the interglueball potential in the SU(2) Yang-Mills
theory: is important for the
interglueball potential because the signal becomes noisy before
the ground state saturation.

We used the to reduce the
statistical noise.

Interglueball potential repulsive for r < 0.4A-1, flat at r > 0.4A1.
We calculated the scattering phase shift and derived the
interglueball cross section.

We could constrain A of SU(2) YMT for the 1st time from
observational data : A > 50 MeV.

Homeworks:

Complete analyses of other lattice spacings.
Complete analyses of other SU(N) Yang-Mills theories.
Lattice artifacts to be discussed.






SU(3) result (wall source)

Potential (unit: A)

LN
o
T

N
o
T

N
o

A
o

o

el
Ty ¥ 1
w | Mﬁﬁ Eﬁﬁﬁ I i % 2 fﬁ%ﬁi
%| S R
-~ 1-body src i
-~ 2-body src | | ! |
0 0.2 0.4 0.6 0.8 1 1.2 1.4
r (unit: A'1)
B =5.7,

158641 confs)



SU(4) result (wall source)
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Luescher’s method

Calculate the scattering phase shift : need the modulation of the energy of NBS

wavefunction in momentum

Problem for the interglueball scattering :

= The glueball 2-body state mixes

with 1-body state (at least for 0++)

= GS saturation of 2-body scattering
I
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What about diagonalization? (remove 1-body state)

= Many glueball states with energy close to 2mgg...?

= Maybe difficult to distinguish the 2mgs+AE level

from other glueball states

(momentum modulation may be visible, but challenging)
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B. Lucini et al., JHEP 1008 (2010) 119

Difficult to calculate interglueball scattering with Luescher’s method



Self-interacting dark matter (Spergel et al., PRL 84, 3760

The DM distribution can be predicted in with gravity only
= Successful in describing the large scale structure (scale > Mpc)
Introducing DM self-interaction its distribution smaller than Mpc

There are (were?) several problems in the galactic DM distribution:

Core vs Cusp problem: DM density
N-body simulation predicts cuspy DM distribution near the ACUS'L
galactic center, whereas observations suggest flat ones. core

Too-big-to-fail problem: radios
Satellite galaxies are less dense than those predicted by the N-body

simulation.

Missing satellite problem:

More satellite galaxies than those predicted by the N-body simulation are
observed (resolved?).

DM-DM self-interaction « DM-DM scattering <& DM-DM potential

must be studied



