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1.1 BS wave function through LSZ reduction formula
[Lin et al., NPB619:467(2001)]

BS wave function of two pions in infinite volume (Only S-wave)
d(z; k) = (0|m1(Z/2)ma(—%/2)|m1 (k)ma(—k);in)

N S K B (IO
(27)3p2 — k2 — e

Inelastic scattering contribution and unnecessary overall factors are neglected.

NOT exactly same as one in BS equation

Half off-shell amplitude H(p; k)

E,+ E,
H(p; k) = -2 M (p; k)

M (p; k) defined by LSZ reduction formula

- —iNZM(p: k
e7101.X—<12—|—¢rb(2p_ z)e - /d42d4y1d4y2K(p,Z)K(—kl,Yl)K(—k%Yz)G‘l(vale’y2)

K(p,z) = ﬁ@ip'z(—l)2 +m?), Ga(z,x,y1,y2) = (0|T[mr1(z)m2(x)71(y1)72(y2)|0)
P = (Epaﬁ)a kl — (Ek7 k)a k2 — (Eka _k)7 q= (2Ek - Ep7 _ﬁ)

off-shell momentum
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1.1 BS wave function through LSZ reduction formula
[Lin et al., NPB619:467(2001)]

BS wave function of two pions in infinite volume (Only S-wave)

¢(z k) = (O|my(Z/2)mo(—E/2)|m1(k)mo(—k);in)
N S K I (IO
o (27)3p2 — k2 — e

Inelastic scattering contribution and unnecessary overall factors are neglected.

NOT exactly same as one in BS equation

At on-shell momentum p = k, on-shell amplitude H(k; k)

H(k; k) = 4%@“(’“) sin 5(k)

BS wave function was used to derive Luscher’'s finite volume formula

in quantum field theory [CP-PACS, PRD71:094504(2005)]



1.2 Reduced BS wave function [cp-rpACS, PRD71:094504(2005)]

Reduced BS wave function
h(z; k) = (A + k2)é(x; k)

Important assumption
h(x;k) =0 in x > R (R: interaction range)




1.2 Reduced BS wave function [cp-rpACS, PRD71:094504(2005)]

Reduced BS wave function
h(z; k) = (A + k2)é(x; k)

Important assumption is valid in two-pion scattering.
h(x;k) =0 in x > R (R: interaction range)
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0.1} "' -
0 \_0“4—«
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0 4 8 12 16 20 24
X

I = 2 two-pion system
h(x; k)/o(x; k) mr = 0.52 GeV
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1.3 H(k; k) from BS wave function inside R

[TY and Kuramashi, PRD96:114511,11(2017)]

Reduced BS wave function .
d L,
Wz k) = (A +k)¢(i k) = — [t P TH(p; k)
(2m)3

P @*p  H(pik) gz
;k‘ — kT ' Ip-T
plaik) = e /(27T)3p2 k2 e




1.3 H(k; k) from BS wave function inside R

[TY and Kuramashi, PRD96:114511,11(2017)]

Reduced BS wave function .
d L,
Wz k) = (A +k)¢(i k) = — [t P TH(p; k)
(2m)3

d°p  H(p; k)
27)3p2 — k2 — e

DT

(k) = eF7 /(

\U/ Fourier transformation



1.3 H(k; k) from BS wave function inside R

[TY and Kuramashi, PRD96:114511,11(2017)]

Reduced BS wave function

3 s
A K) = (A + K)o(ai k) = / L g

P @*p  H(pik) gz
;k‘ — kT ' Ip-T
plaik) = e /(27T)3p2 k2 e

\U/ Fourier transformation

Relation between H(k; k) and h(x; k) i.e. ¢(x; k) inside R
~h(z;k) =0 in z <R

H(k: k) = —/d% e HRTh (20 k)

c.f. [CP-PACS, PRD71:094504(2005)]
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1.3 H(k; k) from BS wave function inside R (cont’'d)

[Namekawa and TY, PRD98:011501,1(2018)]

H(k; k) in finite integration range L/2 > R

o0 —
—/ d3z e HFTh(z: k)

— 00

H(k; k)

L/2 )
— —/ d3z e_ik'fh(a:; k) - h(x;k) =0 (x> R)
_L)2




1.3 H(k; k) from BS wave function inside R (cont’'d)

[Namekawa and TY, PRD98:011501,1(2018)]

H(k; k) in finite integration range L/2 > R

o0 —
—/ d3z e HFTh(z: k)

— 00

H(k; k)

L/2 )
— —/ d3z e_ik'fh(a:; k) - h(x;k) =0 (x> R)
_L)2

Suitable for finite volume calculation

Sufficient condition L/2 > R
— same as in finite volume method

First calculation using this relation
[Namekawa and TY, PRD98:011501,1(2018)]
I = 2 S-wave 7w scattering at m, = 0.86 GeV
in quenched lattice QCD
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1.4 H(k; k) from lattice QCD [Namekawa and TY, PRD98:011501,1(2018)]

I = 2 S-wave 7w scattering at m,; = 0.86 GeV in quenched lattice QCD
same setup as in [CP-PACS, PRD71:094504(2005)]

Reduced BS wave function from CM frame two-pion 4-point function
hi (@ k) = (A + k2 or(F k) = (A + k2)Crr(tres, T)
Crr(t —to, @) = (O|n(t, Z)m(t,0)Qrr(t0)|0)

Qen(t) = > (¢, 7)) =(t,7)
7

—

T

tref = 44 for two-pion ground state: k2 = 0.001549(20) GeV?

On-shell amplitude on lattice
HL(/C; k) = — Z jo(km)hL(f; k) jo(kx): spherical Bessel function
rel3
Ratio of on-shell amplitude: overall factor cancellation
Hy (ki k) _ H(k k)
¢r(Treri k) A(Tref; k) (zref > R)




1.4 H(k; k) from lattice QCD [Namekawa and TY, PRD98:011501,1(2018)]

hi(Zk) = (A + k2o (F k) = (A + k) Crn(trer, &) trer =44

Hp (ki k) = — > jo(kx)hp(Z; k)
reL3
G (t,Z): two-pion 4-point function, jo(kz): spherical Bessel function
sin(k
tan 5(]@) — - ( wref)
Anxref ¢1,(Zrers k)/Hp (k; k) — cos(kzyer)
Tref > R, Tref = (127772)
Hp (ki k) _ H(k;k)
°® m =0858[Gev] 1 o (T k) H(T k)
0.9 .
Cvg 0.95 + - 1 tan 5(]6) ~ an
? i + + ] mx k ma
) y o FiH | Consistent with finite volume
m E . .
el - EE(CP-PACS) | method (Ej in figure)
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1.5 Time independence of ratio of H(k; k)

On-shell amplitude at each ¢
Hy(t, ki k) = = jo(kz) (A + k) Crr(t, %)
Z

| Hp(t,k;k)  H(k k)

Crn(t, Trer) ¢ (Zrefi k) ¢
(xref > R)

H, (tkK) / C_(tx )

Almost independent of ¢

large t: only ground state in Crr(t, Zrer)

small ¢: non-trivial cancellation of excited states



1.5 Time indep. of ratio of H(k; k)

o':_
Hy(t, k; k) 2
5, Hi(tkik) = =) jo(kz)(A + k) Con(t, @) 27 ]
Crr (ta Lref ) = o ]
Significant excited state contribution in t <10 ™ ®© ® ® % ® % © ® %
1.4e+087§. A L L R B BN B 1le+07 .' L B L L B L B A
13e+08(- - | |
i Dirichlet boundary —> Jer06r” Dirichlet boundary —> 1 |
1.2e+08|- - !
“ l o gero6|- ]
o Lles0s : = e :
- [ | e} - ® |
\III-:: el i :E7e+06— .
9e+07| - i
i ! 6e+06 |- A
8et+07 - ! — !
7e+07,— : % Be+06 5 : %
Purpose

Discuss condition for excited
using another relation

state cancellation in ratio
between H(k; k) and ¢(x; k)



2. H(k; k) from interaction boundary

Relation between H(p; k) and ¢(x; k)

L/2
H(k k) = —/ 3z e PE(A + k) p(z; k)
—L/2




2. H(k; k) from interaction boundary

Relation between H(p; k) and ¢(x; k)

L/2
H(k k) = —/ Bz e PE(A 4+ k) p(z; k)
—L/2
L/2
— (kaQ)/ 3z e P Th(x; k)
—L/2
L/2 ; L/2
-~ d2z e T (9.0(x: k) + ik:d(x: k
>/, o [ R (90 k) + ik >)]_L/2

Surface term surf(k; k): integration at boundary (j =1,2,3)

using partial integration

H(k; k) from surf(k; k)
H(k; k) = surf(k; k)



2. H(k; k) from interaction boundary

Integration range can be replaced by R

H(k; k) from o¢(x; k) at interaction boundary
H(k; k) = surf(k; k)

—00 (00]

0¢(x; k)

Ox r=R

surf(k; k) = —4% Rsin(kR) — (kRcos(kR) —sin(kR))¢(R; k)

surf(k; k) is given by o¢(xz; k) at boundary (z > R).
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2. H(k; k) from interaction boundary

Similar integration expressed by surf(k; p)

L/2 B
- / 43z e FT(A + k) d(z; p)
—L/2
L/2

= (k2 — k?) 32 Ty (2 p) + surf(k: p)
L/2

Relation on lattice assuming (A 4+ k2)jg(kz) = 0

— Y jo(kz)(A + k*)pr(# p) = surfr(k;p)
rel3
Explicit form of surfp(k;p) in [Namekawa and TY, arXiv:1904.00387]

At on-shell momentum p =k, Hy(k; k) = surf;(k; k)



3. surfr(k;q) and Crr(t, %) S —

CM frame two-pion 4-point function in small ¢

Simply we consider only two contributions;

Crn(t,8) = Y. Ag(D)61.(T0) + S ALDSLE d) s s ]
q J

) 10 20 30 40 50 60 70 80 90
t

mr scattering mr' scattering («': radial excitation of )

AP ) = AP exp(~EPY), By =2m2 + ¢, E,=/m2+ @+ VmZ + ¢
q,q ~2r/L-/n (n>0: integer), [lowest ¢] = k

easy to extend with #«/n’ scattering

Hj;(t,k; k) in terms of surf;(k; q)

Hp(t,kik) = — > jo(kz)(A + k?)Crr(t, %)
reL3
— %:Aq(t)surfL(k:; q) + Z:A;,(t)surfL(k; q)
q

using — Z jo(kx) (A + k) o(Z; p) = surfr(k; p)

rel®

10



4. Conditions for time independence

Hp(t,k;k) _ Hp(k; k) 14 5H(t)

Crr(t, Tref) B ¢r(Treri k) 1+ 0C(2)
Hy(k; k) =surfp(k; k)

Excited state contributions

> A®surfilkiq) + Y Ap(DsurfLk;q)
SH(t) = '

A (t)su I’qu(k; k)

Z Ay(t)dr(Zrer; @) + Z Ag/(t)CbL(fref; q)

a7k A
5C(t) Ak(t)¢L(fref; k)

HL(t, k; k)

~ const. = dH(t) ~ 6C(t
wa(tafref) ( ) ( )

surfr (k; q(’)) ¢ (Zref; CI(/))

surfr(k; k) PL(Zref; k)

Simple scenario: some states satisfy this condition

-,

k) e

H, (tk;

H, (tkik) / C_(tX )

1.4e+08

1.3e+08
1.2e+08 ;
1.1e+08 ;
1e+08 ;
9e+07 q
8e+07—

7e+07 —

Dirichlet boundary —> !

0

and Aé@(t) < Ai(t) in other ¢®

to observe excited state contribution in t < 10
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4. Conditions for time independence

surfr,(k; CI(/)) ¢1,(Zref, q(’))
surfr(kik)  ¢1(rer: k)
surfy(k;p)
¢1,(Zyref; D)

In order to examine

Define Rsyrf(k;p) = = Rsure(k;p) ~ Rsyre(k; k)

Since surfy(k; p) and ¢ (Zer; p) given by ¢ (Z;p) in x > R
Rsyre(k;p) can be estimated by G(Z; p)
G(&;p) < ¢1(;p) in = > R where (A +p?)G(&p) =0

et2mi-Z/L

1 ) |
G(Tp) = ﬁz Gy 57 [Lischer, NPB354:531(1991))

surf¥ (k; p)

G(Zrer: D) surf (k; p) = surfr(k;p) [¢or(Z;p) — G(Z;p)]

Reyre(k,p) =

12



4. Conditions for time independence

Evaluation of Rg,(k;p) =

Rsurf(k;p) / Rsurf(k;k)

1.005

o
©
©
a

o
©
©

©
©
o}
al

0.98

0.975

=
T

1 I 1 I 1 I 1
0 0.005 0.01 0.015 0.02

surf% (k; p)

G(Zrefs p)

calculation method of G(&; p) in [CP-PACS, PRD71:094504(2005)]

p1GeV7]

Reyure(k:p) = Reyre(k; k) in less than 3% when p? < 10k2
Rsurf(k; p) largely differs from Rg,s(k; k) in p > 27/L.

I:2surf(k;p) / I:2surf(k;k)

o
©

o
(o)

©
\‘

o
o

0.5

1 I 1 I 1 I 1
0 0025 005 0075 01

0125 015
p’[Gev’]

1 I 1
0175 0.2
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4. Conditions for time independence

Rsyre(k;p) ~ Rsyrf(k; k) inp~k
Crn(t, @) =) Ag()or (T 9) + > AL(D)oL(F; d)
q q/

mr scattering mr' scattering («': radial excitation of )

q,q ~2n/L-+/n (n>0: integer), [lowest ¢g] =k

Conditions for time independence of Hy (t,k; k)/Crr(t, Zref)
mr’ state with ¢/ ~ k has A;,(t) ~ Ar(t).

Other states have Aé’g)(t) < Ap(t) in t < 10.

Conditions seem reasonable, because
7! contribution in effective my in t < 10
Source operator with p = 0 projected pions
p #= 0 states suppressed

Variational analysis helps to confirm these conditions

14



5. Summary

On-shell amplitude from BS wave function
Hy(kik) = =Y jo(kx)(A + k2)¢(Z; k)
T

= surfy(k; k) at (interaction) boundary

Time independence of Hy(t,k; k)/Crr(t, Zrer) through surfy(k; q)
e Simply consider only mr and nrn’ scatterings in Crx (¢, )

o H;(t,k; k) given by sum of surf(k;q)

e Conditions for time independence

7' ground state has sizable contribution in t < 10.

Other states with larger momentum are smaller or negligible.

e Reasonable conditions from effective m, and source operators
variational analysis helps to confirm these conditions

15



Back up



Exploratory study in I = 2 two-pion scattering
[Namekawa and TY, (1)PRD98:011501,1(2018); (2)arXiv:1904.00387]

Simulation parameters
e Quenched QCD
e Iwasaki gauge action at 8 =2.334 (a=1 = 1.2 GeV)
e Clover quark action at mr = 0.86,0.67,0.52 GeV
e 200 configurations on (1) 243 x 64, (2) 243 x 96
e S-wave scattering (Ai" in cubic group) at k~ 0

C(Z,t) = (0|m (&, t)m(0, )2 (0)|0) —~7 CrLd(T: ke~ Ert

e Random Z(2) source
Four sources at every 2 time slices

e Periodic boundary condition in spatial direction
Dirichlet boundary condition in temporal direction
16



Time independence of ratio of H(k; k)

On-shell amplitude at each ¢
Hp(t, ki k) == jo(ka) (A + k?)Crr(t, %)
Z
Hr(t,kik) _ H(k k)
Crn(l, Trer)  &(Trer: k)|,

'120 :‘3 T T T T T T T ]
1p5| 24°%96,B=2334, Cgy = 1.398
X 130/
5
£ -135|
O -14.0 { '
< -14.5
&
= 1507k, =0.1369 -=-
-15.5 H Kyg = 0.1358 —~
Kyal = 0.1340 —e— |
-16.00—10 20 30 40 50 60 70 80 90

t

Almost independent of ¢



(12,7,2))

(Peff(t,X) / (peff(t’xref

Time dependence

of ¢(t, )

10—
~ 1.05 724 x 96, 3 = 2.334, CSW = .1.398’
N Kyq) = 0.1340 ,
™ 1.00 5y e
N 3 e
< 095/ — :
Y— ® | *
& 0.90t :
= . 'S
% 085/, L
£ o080l Lo | [x=(12,0,0) o~
* <*
= . x=(10.0.0)
:—_:;;: 0.75¢ f x=(8,0,0
S —— =(6.0.0
S 0.70¢ || X=(4.0,0
‘ ‘ ‘ L X=(2,0,0) ——
0.655—>0 40 (60 80 100
10— 110
24° x 96, B = 2.334, CSW:1-398 247 x 96, 3 = 2.334, CSW:1.398
1.05] o ~ 105/ ;o
L ool 0.1358 | N L op A 0.1369 o
o P — N P ——— |
0.95 | < 095 .
0.90 | - > 0.904 %
0.85+t R—— ‘% 0851 i
0.80{* BRI < osof :’
9‘ |: X= X * R
0.75| . X = 0.75|% Lo
\———-\ X 5 /
0.70| . " & 0.70] =
X

0.656—=>0 20 t 60 80 100

0.656—=20 40 : 60 80 100

X X

XX X X 11l
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Effective pion mass

0.674

0.862

0.861F
0.860 1
0.859}

%9 0.858}
g 0.857¢
0.856
0.855¢
0.854

Kv&l =0.1340

B =2.334, Cgy = 1.398

Random 22(24° x 96) ~*- |

0.853

0.672|
0.670|

= 0.668|
=
(]
£ 0.666/
0.664 |

0.662

B =2.334, Cqy = 1.398
Kyp = 0.1358 o

Random 22(24 x 96) —*~

0.6605

10 20 30 40 50 60 70 80 90
t

t

= 0.524 |

=
[¢}]

£ 0.522¢

0.530

0 10 20 30 40 50 60 70 80 90

0.528
0.526 1

0.520
0.518¢

B 2.334, Cqyy = 1.398 t

=0.1369

Kval =

Random 22(24 x 96) ¢~

0.5160

10 20 30 40 50 60 70 80 90
t
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Effective two-pion energy

Ekeﬁ(t)

1.360
1.355}

1.350
1.345}
1.340}
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1.320

x96)-—0—-

70 80 90

B =2.334, Cq = 1.398
Kgq) = 0.1369

Random 22(24 x 96) ¢~
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1722| L $5OIT sw T
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1.720|
1718}
5_ 1716}
L
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Random Z2(24
1.7085—15 20 30 40 50 60
t
B = 2.334, Cayy = 1.398 ‘ 1070
vaI
1.060|
' ¢ __1.055¢
5 _1.050]
L
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1.040|
| 1.035|
Random 22(24 x 96) ¢~
0 10 20 30 40 50 60 70 80 90 1.030q

t

10 20 30 40 50 60 70 80 90
t
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Reproduced data with radial excitation
~=0.86 GeV, my = 1.5 GeV, p? = ck?
5H(t) — (B Ek)tsurf(k p)/surf(k; k)
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Reproduced data with radial excitations
my = 0.86 GeV, my» = 1.5 GeV, p? = c1k?, q2 = cok?

SH(t) = ( —(E; Ekﬁsurf(k p) + e By Etgy p (k: q)> Jsurf(k; k)
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Reproduced data with momentum excitations

= 0.86 GeV, p2 =
5H(t) = ce <Ep Ek)tsurf(k p)/surf(k k)
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