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Simulation Parameters for 2+1 Flavor QCD (1)
PACS,PRD99(2019)014504

• Wilson-clover quark action + Iwasaki gauge action
• Stout smearing with α=0.1 and Nsmear=6 
• NP CSW=1.11 determined by SF 
• β=1.82 ⇒ a−1�2.33 GeV
• Lattice size=1284 ⇒�(11 fm)4

• Hopping parameters: (κud,κs)=(0.126117,0.1247902) 
⇒ mπ≈135 MeV, mπL≈7.5

• Simulation algorithm
− (HB)2DDHMC w/ active link for ud quarks, 
− RHMC w/ NRHMC=8; [0:00025; 1:85] for s quark
− Block size=16x16x8x64
− HB parameters: (ρ1,ρ2)=(0.9997,0.9940)
− Multi-time scale integrator: (N0,N1,N2,N3,N4)=(8,2,2,2,22)
− trajectory length: τ=1.0
− Chronological inverter guess
− Solver: mixed precision nested BiCGStab

1284 lattice
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Simulation Parameters for 2+1 Flavor QCD (2)
PACS,PRD99(2019)014504

• Wilson-clover quark action + Iwasaki gauge action
• Stout smearing with α=0.1 and Nsmear=6 
• NP CSW=1.11 determined by SF 
• β=1.82 ⇒ a−1�2.33 GeV
• Lattice size=644 ⇒�(5.5 fm)3 spatial volume 
• Hopping parameters: (κud,κs)=(0.126117,0.1247902) 

⇒ mπ≈138 MeV, mπL≈7.6
• Simulation algorithm
− (HB)2DDHMC w/ active link for ud quarks, 
− UVPHMC w/ Npoly=350 for s quark
− Block size=8x8x16x32
− HB parameters: (ρ1,ρ2)=(0.9997,0.9940)
− Multi-time scale integrator: (N0,N1,N2,N3,N4)=(8,2,2,2,12)
− trajectory length: τ=1.0
− Chronological inverter guess 
− Solver: mixed precision nested BiCGStab

644 lattice
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Finite Size Effect on PS Sector (1)

Clear finite size effect on π meson mass
mπ(L=64) is heavier than mπ(L=128) by 2.1(8)%
mud(L=64) is heavier than mud(L=128) by 4.8(1.6)%

It is hard to detect the finite size effect on  K meson mass

π meson effective mass 

III. NUMERICAL RESULTS

A. Finite size effect at the fixed hopping parameters

We first compare the results on 644 and 1284 lattices
at the same hopping parameters ðκud; κsÞ ¼ ð0.126117;
0.124902Þ. Figure 2 shows the effective masses for the
PS mesons. We observe that the effective π meson mass on
the 644 lattice is clearly heavier than that on the 1284 lattice
beyond the error bars. On the other hand, the effective mass
for the K meson shows little finite size effect. In Table I, we
summarize the fit results for the PS meson masses mπ;K ,
choosing the fit range of ½tmin; tmax% ¼ ½17; 60% and [20, 60]
for π and K mesons, respectively, on the 1284 lattice and
½tmin; tmax% ¼ ½17; 30% and [20, 30] on the 644 lattice. The
deviation in the π meson channel is found to be 2.1(8)%.
We also list the AWI quark massesmud;s in Table II. The ud
quark mass on the 644 lattice is heavier than that on the
1284 lattice by 4.8(1.6)%, in accordance with the finite size
effect found for mπ. Essentially, what makes the π meson
mass heavier on 644 lattice is the increment of the ud quark
mass, which is caused by the shift of the critical kappa κc

due to the finite size effect. For the decay constants, we plot
the results on 644 and 1284 lattices in Fig. 3, which are
obtained by the method explained in Sec. II C. Their
numerical values are presented in Table III. The small
[0.36(31)%] finite size effect is observed in the π meson
channel, though it is hardly detected in the K meson
channel. It should be noted that our results show an
expected feature from ChPT that the finite size effect
makes the values of the decay constants smaller as the
spatial volume decreases.

B. Finite size effect at the fixed AWI quark masses

Let us turn to the analysis with the fixed AWI quark
masses. In the previous section, we have found that the
AWI quark masses on 644 and 1284 lattices show deviation
by 4.8(1.6)%. We adjusted the AWI quark masses on the
644 lattice to those on the 1284 lattice with the use of the
reweighting technique explained in Sec. II B. The target
hopping parameter is ðκ&ud; κ&s Þ ¼ ð0.126119; 0.124902Þ,
which is obtained by a tiny shift of ðΔκ&ud;Δκ&s Þ ¼
ðþ0.000002;(0Þ from the simulation point. We choose
Nud

B ¼ 4 for the number of the determinant breakup and
introduce 12 sets of noise vectors for each determinant
breakup. Figure 4 shows the configuration dependence
of the reweighting factor from ðκud; κsÞ ¼ ð0.126117;
0.124902Þ to ðκ&ud;κ&s Þ¼ð0.126119; 0.124902Þ, which is
normalized by the configuration average. The fluctuations
are less than 60% around the average. In Fig. 5, we plot the
reweighting factor as a function of the stout-smeared
plaquette value on each configuration. We observe that
the reweighting factor takes larger values as the plaquette
value increases. This is an expected correlation, due to
which the reweighted plaquette value at ðκ&ud; κ&s Þ ¼
ð0.126119; 0.124902Þ should be larger than the original
one at ðκud; κsÞ ¼ ð0.126117; 0.124902Þ. Figure 6 tells us
how many noise vectors are necessary to make the
reweighted values converge. We observe that the values
of mud, mπ , and fπ with the error bars show little Nη
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FIG. 2. Comparison of the effective masses for π (top) and K
(bottom) mesons on 644 and 1284 lattices.

TABLE I. Fit results for the PS meson masses.

Lattice size mπ mK

1284 0.058431(275) 0.214677(083)
644 (original) 0.059647(349) 0.214813(110)
644 (reweighted) 0.058311(376) 0.214586(114)

TABLE II. Results for the AWI quark masses.

Lattice size mud ms ms=mud

1284 0.001366(14) 0.037 983(06) 27.80(29)
644 (original) 0.001432(17) 0.038006(09) 26.54(31)
644 (reweighted) 0.001367(18) 0.037998(10) 27.79(37)
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Finite Size Effect on PS Sector (2)

2σ difference after tuning mπ(L=64)=mπ(L=128) 
fπ(L=64) is smaller than fπ(L=128) by 0.66(33)%
fK(L=64) is smaller than fK(L=128) by 0.26(13)%

The deviation becomes smaller for fK/fπ

π meson decay const K meson decay const 

PACS,PRD99(2019)014504

dependence. Similar behaviors are obtained for other
physical quantities. So Nη ¼ 12 in our choice is sufficient.
In Table II, we present the results for the reweighted AWI

quark masses on 644 lattice, which show good agreement
with those on 1284 lattice both for the ud and s quarks. This
assures us that the target hopping parameters are properly

chosen. In Fig. 2, the red triangle represents the reweighted
effective pseudoscalar meson masses on 644 lattice. We
find that they are degenerate with those on 1284 lattice
within the error bars for both the π and K mesons. The
numerical values for the fit results in Table I give
quantitative confirmation of the consistency. It is hard to
detect the finite size effect on mπ and mK between 644 and
1284 lattices under the current statistical precision. On the
other hand, the results for the PS meson decay constants are
plotted in Fig. 3. We find that the reweighted fπ and fK
show a clear finite size effect, whose magnitude is
0.66(33)% for fπ and 0.26(13)% for fK.

C. Comparison with ChPT prediction

In SU(3) ChPT, the full one-loop expressions for the
finite size effects defined by RX ¼ ðXðLÞ − Xð∞ÞÞ=Xð∞ÞÞ
for X ¼ mπ; mK; fπ; fK are given by [5],
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FIG. 3. Comparison of the decay constants for π (top), K
(middle) mesons, and fK=fπ (bottom) on 644 and 1284 lattices. A
shaded band denotes the error band of the 1284 result. A red
triangle symbol denotes the result reweighted to the point where
the AWI quark masses on 644 lattice are equal to those on 1284

lattice, while a red cross symbol represents the interpolated result
onto the point where the reweighted pion mass reproduces the
ChPT prediction (see Sec. III C).

TABLE III. Results for the PS meson decay constants.

Lattice size fπ fK fK=fπ

1284 0.056914(088) 0.067806(52) 1.1914(16)
644 (original) 0.056709(153) 0.067 710(67) 1.1940(31)
644 (reweighted) 0.056536(169) 0.067628(70) 1.1962(35)
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factor from ðκud; κsÞ ¼ ð0.126117; 0.124902Þ to ðκ$ud; κ$s Þ ¼
ð0.126119; 0.124902Þ.
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Results for Vector Meson Sector

Measurements (1284: 7679, 644: 25573) were carried out by AMA method 

Finite size effects are negligible within error bars
No plateau is observed 
Effective masses go below the experimental resonance value 

in the large time region

⇒ Need appropriate treatment to extract the energy levels
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9Finite size effects are negligible within error bars
Reasonable plateau regions are observed 
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10Finite size effects seem negligible
No plateau similar to vector mesons

Results for Decuplet Baryon Sector
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Ω Baryon with AMA

Similar signal with other decuplet baryons 
Plateau in the large time region t≳16?
Finite size effect in t≳16?

⇒ Need to check with high statistics employing a different source 
and a different solver algorithm
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Precision measurement with BCC Ball Source

• Ball sources are filled in 3D spatial lattice 

with the body-centered-crystal (BCC) structure

• BCC Ball source is a variant of grid source

Li et al., PRD82(2010)114501; PRD88(2013)014503

Wu et al., J.Phys.G45(2018)125102

• (nball,rball)=(128,13.9) for 1284 lattice

• (nball,rball)=(  16,13.9) for   644 lattice
• Exponential smearing:  Aexp(-Br) w/ (A=1.0,B=0.06)

• Solver: mixed precision nested BiCGStab

• Strict tolerance |Dx-b|/|b|<10−15 

• No. measurements: 2560 for 1284 and 25600 for 644
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Ω Baryon with BCC Ball Source

Error bar is significantly reduced with bcc ball source method
No plateau before signal is lost beyond t≈20

⇒ impossible to extract Ω baryon mass with single exponential fit
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Possible Mixing States on the Lattice

3

TABLE I. Table for the AMA parameters on 1284 and 644

lattice. The limited iteration of solver denotes Nud
iter for light

quark, and Ns
iter for strange quark. Ns denotes the number

of deflation field.

1284 lattice

(Nud
iter,Ns)[GCRSAP+defl.] Ns

iter[GCRSAP] Domain size

(12,38) 9 44

644 lattice

(Nud
iter,Ns)[GCRSAP+defl.] Ns

iter[GCRSAP] Domain size

(5,28) 10 84

length of the cell is bcell = L/ndiv for ndiv ∈ Z, so
that bcell ∈ Q in the lattice unit a. Then, we pack
equal balls non-overlapping, where each center of the
balls is arranged at each lattice site of the cells. For sc,
bcc and fcc structure of the cells, the radios, the num-
ber and the packing rate of the balls, (rball, nball, wball),
are given by (bcell/2, n3

div, 52%), (
√

3bcell/4, 2n3
div, 68%)

and (
√

2bcell/4, 4n3
div, 74%), respectively. The many-to-

all source Ψ(x) is finally defined by assigning Z3 elements
η(y) to the balls randomly as

Ψ(x) =
!

y∈Λcell

ψ(x, y) η(y). (9)

In Eq. (9), Λcell is the set of the lattice sites of the sc or
bcc or fcc cells, the function ψ(x, y) has a finite support
inside the ball and is simply assumed to be ψ(x, y) = 1
for |x − y| < rball. Repeating the assignment of the Z3

noises, the quark contractions of hadrons are restricted
within each ball effectively, so that many-to-all hadron
correlators can be obtained. If needed, we can further
introduce any smeared wave functions for ψ(x, y) inside
the balls to maximize the overlapping to the ground
state of the target hadron. We refer to this source as
ball source in this paper. It is also possible to consider
the space filling of polyhedra instead of the ball pack-
ing, where the corresponding polyhedron is simple cube,
truncated octahedron and rhombic dodecahedron for sc,
bcc and fcc cells. We refer to the source as honeycomb
source. In Sec. III C, to confirm the result obtained
with the AMA, we repeat the measurement of the cor-
relators of Ω and φ with the ball source using one Z3

random noise set for each measurement with the solver
stopping condition |Dx − b|/|b| < 10−15. The lattice
structure of the cells is bcc. The other parameters are
(ndiv, nball, bball, rball) = (4, 128, 32, 13.9) for 1284 lattice
and (2, 16, 32, 13.9) for 644 lattice. We adopt the ex-
ponential smearing function with As = 1.0, Bs = 0.06
inside the balls. The radii of the balls and the smearing
parameters are the same for both 1284 and 644 lattices,
so that we can study the finite size effects among both
lattices. The number of the measurement is 2560 and
25600 for 1284 and 644 lattices, respectively.

Calculational details of the AWI quark masses and the

TABLE II. Possible mixing states on the lattice. j and j′ are
the lowest and the next contributing angular momentum in
each octahedral irreducible representation, respectively.

Channel 2O rep. j j′ nearby two-body state

π A1 0 4

K A1 0 4

ρ G1 1 3 ππ

K∗ G1 1 3 Kπ

φ G1 1 3 KK

N T1 1/2 7/2

Λ T1 1/2 7/2

Σ T1 1/2 7/2

Ξ T1 1/2 7/2

∆ H 3/2 5/2 Nπ

Σ∗ H 3/2 5/2 Λπ

Ξ∗ H 3/2 5/2 Ξπ

Ω H 3/2 5/2 ΞK

PS meson masses are described in Ref. [3], where the
wall source method without gauge fixing [16] is employed
to measure the correlators with the use of the local PS
operator and the local axial vector current. The solver
algorithm is the mixed precision BiCGStab method [4]
with the tolerance of |Dx − b|/|b| < 10−8.

B. Possible mixing states

Since the cubic lattice has only discretized rotational
symmetries, it is not possible to assign a definite spin
state in the continuum to a single lattice state. Reduc-
tion of SU(2) with respect to the double cover of the
octahedral group 2O is discussed in detail in Ref. [18].
The results are summarized in Table II. Spins j = 0,
1/2, 1 and 3/2 are described by single octahedral irre-
ducible representations A1, G1, T1 and H, respectively.
They contain the next contributing angular momenta of
j′ = 4, 7/2, 3 and 5/2, and the difference from the ground
state is ∆j = |j − j′|=4, 3, 2 and 1, respectively. Note
that the j = 3/2 decuplet state possibly suffers from the
contamination from the higher spin state of j′ = 5/2.

In Table II we also list the nearby two-body state which
can mix with the target single-body state. In the real
world the Ω baryon is not allowed to decay into the ΞK
state, whose energy level is slightly above the Ω baryon
mass (mΞ + mK)−mΩ ≈ 140 MeV. On the lattice, how-
ever, both can mix with each other. In this sense the Ω
baryon is an “unstable” particle on the lattice like other
decuplet baryons, whose energy level should be affected
by the nearby states belonging to the H representation
of the 2O group.

Possible contaminations to decuplet baryon (j=3/2):

higher spin states of j’=5/2

ΞK state (mΞ+mK-mΩ≈140MeV)

Johnson,PLB114(1982)147
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Determination of Physical Point on 1284 lattice (1)

Coefficients are determined from the reweighted results on 644 lattice

Physical inputs: mπ, mK, mΞ

Taylor expansion around the simulation point in terms of mud and ms 

6
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FIG. 4. Comparison of effective mass for Ω baryon channel
on 644 and 1284 lattices.

IV. DETERMINATION OF PHYSICAL QUARK
MASSES AND CUTOFF SCALE

The physical point on the 1284 lattice is determined
by the Taylor expansion of m2

π, m2
K and mΞ in terms of

the AWI quark masses around the simulation point:

m2
π = m2

π|org +
∂m2

π

∂mud

!!!!
org

(mud − mud|org)

+
∂m2

π

∂ms

!!!!
org

(ms − ms|org) , (10)

m2
K = m2

K |org +
∂m2

K

∂mud

!!!!
org

(mud − mud|org)

+
∂m2

K

∂ms

!!!!
org

(ms − ms|org) , (11)

mΞ = mΞ|org +
∂mΞ

∂mud

!!!!
org

(mud − mud|org)

+
∂mΞ

∂ms

!!!!
org

(ms − ms|org) . (12)

The 6 coefficents ∂m2
π/∂mud, ∂m2

π/∂ms, ∂m2
K/∂mud,

∂m2
K/∂ms, ∂mΞ/∂mud and ∂mΞ/∂ms are determined

from the results on the 644 lattice with the use of the
reweighted ones. In Fig. 5 we plot the AWI quark mass
dependence of m2

π−m2
π|org, m2

K−m2
K |org and mΞ−mΞ|org

on the 644 lattice together with the fit results employing
a function of C1 ·mud + C2 ·ms. We find that the quark
mass dependence is well described by the linear function.
Using the values of C1 and C2, which are listed in Ta-
ble IV, we determine the physical point on the 1284 lat-
tice to reproduce the experimental values of mπ, mK and
mΞ. The results for the bare ud and s quark masses and
the lattice cutoff are presented in Table V. We also plot
the physical quark masses in the mud-ms plane of Fig. 6,
which are consistent with the original quark masses at
the simulation point. It is confirmed that the original
hopping parameters are successfully tuned at the phys-
ical point. The cutoff scale a−1 = 2.3162(44) GeV is
smaller than a−1 = 2.333(18) GeV by 0.72%, which was

TABLE IV. Fit results for AWI quark mass dependence of
m2

π, m2
K and mΞ on 644 lattice.

Hadron mass C1 C2

m2
π 2.445(21) 0.0030(28)

m2
K 1.362(89) 1.206(14)

mΞ 3.6(1.8) 4.11(21)

determined with the physical inputs of mπ, mK and mΩ

on 964 lattice in Ref. [10]. Since a clear finite size effect
is found for the Ω baryon mass in this work, we should
stop using the old estimate of a−1 = 2.333(18) GeV1.

Having determined the physical point we can now ob-
tain the hadron masses at the physical point. We focus
on the octet baryon masses, because it is impossible to
extract the masses for the vector meson and the decuplet
baryon sectors whose effective masses do not show any
reasonable plateaus as found in Secs. IIIA and III C. We
use the following formula to extrapolate the results to
the physical point:

mN = mN |org +
∂mN

∂mud

!!!!
org

(mud − mud|org)

+
∂mN

∂ms

!!!!
org

(ms − ms|org) , (13)

mΛ = mΛ|org +
∂mΛ

∂mud

!!!!
org

(mud − mud|org)

+
∂mΛ

∂ms

!!!!
org

(ms − ms|org) , (14)

mΣ = mΣ|org +
∂mΣ

∂mud

!!!!
org

(mud − mud|org)

+
∂mΣ

∂ms

!!!!
org

(ms − ms|org) , (15)

where the coefficients are determined by using the
reweighted results on the 644 lattice. Table VI summa-
rizes the results for the octet baryon masses in both the
simulation point and the physical point. They are con-
sistent within the error bars as expected from Fig. 6.
In Fig. 7 we also plot the results for mB/mΞ with
B = N, Λ, Σ in comparison with the experimental val-
ues. Our result for the nucleon mass is heavier than the
experimental value by 1.25(45)% beyond the error bar.
There may be two possible reasons: the scaling violation
effect and/or the lack of isospin breaking effect. We leave
the investigation to future studies.

1 Although the old estimate is used in the previous work of Refs. [3,
7, 8], we are not concerned with any practical problem because
the old estimate is consistent with the new one within the error
bar.
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Determination of Physical Point on 1284 lattice (2)

Δmud�4.4%, Δms��1.6%

Reweighting point in mud – ms plane  
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Determination of Physical Point on 1284 lattice (3)

Reweighted data are well described by the linear expansion
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Determination of Physical Point on 1284 lattice (4)

Physical point is consistent with simulation point on 1284 lattice 
The sacle is determined to be 1/a=2.3162(44) GeV

Physical point in mud – ms plane  
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Summary

2+1 flavor QCD simulation at the physical point on 1284 and 644 lattices

• Clear finite size effect for PS meson sector

• Hard to detect finite size effects for vector meson and baryon sectors

• Ω baryon seems “unstable” on the lattice

• Simulation point was successfully tuned to the physical point

Future plan

• Investigation of cut-off effects with finer lattice

• Calculation of various physical quantities      


