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! Mixing of flavour-neutral !-!Õ due to SU(3)f breaking 

! how are physically observed mass eigenstates are formed from SU(3)f 
octet and singlet components? 

! are there gluonic components? 

! implications for eg. CKM studies using 

! help identify new physics contributions to               mixing  

! already received much attention in Lattice QCD 

! Allowing for isospin-breaking (naturally broken with QED) 

! " 0 can also mix 

! not yet studied on lattice
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! +
<latexit sha1_base64="w0+vEDGUVxkJ3JM9jfZYXjJh1vU="></latexit><latexit sha1_base64="w0+vEDGUVxkJ3JM9jfZYXjJh1vU="></latexit><latexit sha1_base64="w0+vEDGUVxkJ3JM9jfZYXjJh1vU="></latexit><latexit sha1_base64="w0+vEDGUVxkJ3JM9jfZYXjJh1vU="></latexit>

! !
<latexit sha1_base64="q1rO2kUcRrECb0+NkAXSibMHKxY="></latexit><latexit sha1_base64="q1rO2kUcRrECb0+NkAXSibMHKxY="></latexit><latexit sha1_base64="q1rO2kUcRrECb0+NkAXSibMHKxY="></latexit><latexit sha1_base64="q1rO2kUcRrECb0+NkAXSibMHKxY="></latexit>

K+
<latexit sha1_base64="ka6pyHoXNPy+fl2mpqXSP0MzjCE="></latexit><latexit sha1_base64="ka6pyHoXNPy+fl2mpqXSP0MzjCE="></latexit><latexit sha1_base64="ka6pyHoXNPy+fl2mpqXSP0MzjCE="></latexit><latexit sha1_base64="ka6pyHoXNPy+fl2mpqXSP0MzjCE="></latexit>

K !
<latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit><latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit><latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit><latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit>

K 0
<latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit><latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit><latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit><latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit>

K
0

<latexit sha1_base64="BigJXX8MlZpJ/phKF/K7vDaeXoM="></latexit><latexit sha1_base64="BigJXX8MlZpJ/phKF/K7vDaeXoM="></latexit><latexit sha1_base64="BigJXX8MlZpJ/phKF/K7vDaeXoM="></latexit><latexit sha1_base64="BigJXX8MlZpJ/phKF/K7vDaeXoM="></latexit>

Isospin

Iz

! 0
<latexit sha1_base64="MBk0emLCvXJ3uZvbnedjCT3T6b4="></latexit>

!
<latexit sha1_base64="45krL7nm1hjd0xiZXaQVGsWssUU="></latexit>
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K
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!
<latexit sha1_base64="45krL7nm1hjd0xiZXaQVGsWssUU="></latexit>
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#
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#

1
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p
<latexit sha1_base64="gXqEhg5XgKGHB9IqP+jcHOam/6A="></latexit>

n
<latexit sha1_base64="2wIc37GYA07RfVqNb++Nc+0VY8U="></latexit>

! +
<latexit sha1_base64="EuqJLEFILIxrKyoWgLU4yAjXROQ="></latexit>

! !
<latexit sha1_base64="1oPUC4q4ZUvMbeqhc8Jem/I/g0k="></latexit> ⌃0

<latexit sha1_base64="i/uZM1wyCqFnppowH5Qp0VWO6sA="></latexit>

⌅0
<latexit sha1_base64="nAg/SSFHRav284PwJ6f1dLe89W4="></latexit>

⌅�
<latexit sha1_base64="XTg125FxYDNkyMEtq9eSNjsVQVw="></latexit>

⇤
<latexit sha1_base64="uLZMhemf2ZA3PppjZ7gsKp+1hN4="></latexit>

(u $ d)
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K !
<latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit><latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit><latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit><latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit>
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<latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit><latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit><latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit><latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit>
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!
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0 + 1-1 +
1
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#

1
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Iz

0 + 1-1 +
1
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#

1
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p
<latexit sha1_base64="gXqEhg5XgKGHB9IqP+jcHOam/6A="></latexit>

n
<latexit sha1_base64="2wIc37GYA07RfVqNb++Nc+0VY8U="></latexit>

! +
<latexit sha1_base64="EuqJLEFILIxrKyoWgLU4yAjXROQ="></latexit>

! !
<latexit sha1_base64="1oPUC4q4ZUvMbeqhc8Jem/I/g0k="></latexit> ⌃0

<latexit sha1_base64="i/uZM1wyCqFnppowH5Qp0VWO6sA="></latexit>

⌅0
<latexit sha1_base64="nAg/SSFHRav284PwJ6f1dLe89W4="></latexit>

⌅�
<latexit sha1_base64="XTg125FxYDNkyMEtq9eSNjsVQVw="></latexit>

⇤
<latexit sha1_base64="uLZMhemf2ZA3PppjZ7gsKp+1hN4="></latexit>

(d $ s)

U-spin
U-spin
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! +
<latexit sha1_base64="w0+vEDGUVxkJ3JM9jfZYXjJh1vU="></latexit><latexit sha1_base64="w0+vEDGUVxkJ3JM9jfZYXjJh1vU="></latexit><latexit sha1_base64="w0+vEDGUVxkJ3JM9jfZYXjJh1vU="></latexit><latexit sha1_base64="w0+vEDGUVxkJ3JM9jfZYXjJh1vU="></latexit>

! !
<latexit sha1_base64="q1rO2kUcRrECb0+NkAXSibMHKxY="></latexit><latexit sha1_base64="q1rO2kUcRrECb0+NkAXSibMHKxY="></latexit><latexit sha1_base64="q1rO2kUcRrECb0+NkAXSibMHKxY="></latexit><latexit sha1_base64="q1rO2kUcRrECb0+NkAXSibMHKxY="></latexit>

K+
<latexit sha1_base64="ka6pyHoXNPy+fl2mpqXSP0MzjCE="></latexit><latexit sha1_base64="ka6pyHoXNPy+fl2mpqXSP0MzjCE="></latexit><latexit sha1_base64="ka6pyHoXNPy+fl2mpqXSP0MzjCE="></latexit><latexit sha1_base64="ka6pyHoXNPy+fl2mpqXSP0MzjCE="></latexit>

K !
<latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit><latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit><latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit><latexit sha1_base64="DSvMLDc9KPRzXd/QsWDwFlUCyWs="></latexit>

K 0
<latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit><latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit><latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit><latexit sha1_base64="thToV/gvgIsyioBoBOnSKpjPhEs="></latexit> K

0
<latexit sha1_base64="BigJXX8MlZpJ/phKF/K7vDaeXoM="></latexit><latexit sha1_base64="BigJXX8MlZpJ/phKF/K7vDaeXoM="></latexit><latexit sha1_base64="BigJXX8MlZpJ/phKF/K7vDaeXoM="></latexit><latexit sha1_base64="BigJXX8MlZpJ/phKF/K7vDaeXoM="></latexit>

U-spin

Uz

0 + 1-1 +
1

2
#

1

2

! 0
U

<latexit sha1_base64="jxLui2lzGred1ZF7Sig4qNpk6a0="></latexit>

⌘U
<latexit sha1_base64="zMQHLYCYDfsK8ui/vkqQEg9et9o="></latexit>

⇡0
U =

1p
2

�
dd̄� ss̄

�

⌘U =
1p
6

�
dd̄+ ss̄� 2uū

�

<latexit sha1_base64="SR+bn5VRWfRKxdl4s5zgUKUOmKY="></latexit><latexit sha1_base64="SR+bn5VRWfRKxdl4s5zgUKUOmKY="></latexit><latexit sha1_base64="SR+bn5VRWfRKxdl4s5zgUKUOmKY="></latexit><latexit sha1_base64="SR+bn5VRWfRKxdl4s5zgUKUOmKY="></latexit>

! 0 =
1

!
2

!
uøu " d ød

"

" =
1

!
6

!
uøu + d ød " 2søs

"

<latexit sha1_base64="VDb/lKkzLztk3H9eYHaIGCxLVT8="></latexit>

Isospin basis:

U-spin basis:

(d $ s)
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K !
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K 0
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0
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U-spin

Uz

0 + 1-1 +
1

2
#

1

2

! 0
U

<latexit sha1_base64="jxLui2lzGred1ZF7Sig4qNpk6a0="></latexit>

⌘U
<latexit sha1_base64="zMQHLYCYDfsK8ui/vkqQEg9et9o="></latexit>

! Note: 

! all U-spin multiplets have 
same electric charge 

! Natural starting point for 
QCD+QED simulations 

! SU(3) broken naturally by 
quark charges 

! Breaking purely EM if masses 
tuned to be same 

! How to achieve this?

Qu = +
2
3

, Qd = Qs = !
1
3

(d $ s)



! SU(3)f symmetric point? 

! QCD: trivial — input  

! +QED: with  

! Define the ÒDashen SchemeÓ  

! Tune quark masses to SU(3)sym point via  

! n : 0 

! d : -1/3 

! u : +2/3 

! Nf =2+1 O(a)-improved Clover (“SLiNC”) 

! Tree-level Symanzik gluon action 

! Non-compact QED with ! QED = 0.1 !8

H$))4-+(789:7;9('+)3.,

mu øu
! = md ød

! = msøs
!

Qu = +
2
3

, Qd = Qs = !
1
3

mR
u = mR

d = mR
samu = amd = ams

amu = amd = ams mR
u != mR

d = mR
s

gauge-fixing of Uno & Hayakawa (2008) 
Ñ on valence quarks

QCDSF, JHEP 1604, 093 (2016)

md ød
! = 409(1) MeV

mnn̄
⇡ = 408(3) MeV

muū
⇡ = 407(3) MeV

V=32 3x64, a=0.068fm



!9

H$))4-+(789:7;9('+)3., V=24 3x48, a=0.068fm

# Nf muøu md ød msøs m#+ mK+

1 2 + 1 440 415 415 440 440
2 1 + 1 + 1 425 410 420 430 435
3 1 + 1 + 1 415 425 450 435 450

$QED =
e2

4#
%0.1

Triangle defined for fixed 
singlet mass

Chapter 7. Flavour-neutral pseudoscalar mesons using Lattice QCD+QED 108

mumd

ms

constant d mass

U-spin

physical point

Figure 7.4: The position of the ensemble quark masses, represented graphically
using ! mu + ! md + ! ms = 0. Ensemble 1 is the circular point at the centre of the
triangle where the U-spin and constantd lines intersect. Ensemble 2 and ensemble
3 are the triangle and square points respectively along the constantd line.

Dedicated simulations with ! d fixed

mu + md + ms = const.
<latexit sha1_base64="WMMTxZ9EF3rK9s353YEtdQzVG38=">AAACBHicdVDLSgMxFM34rPVV7bKboAiCUmYqvhZCwY3LCrYV2jJk0rQNJpkhuSOWoQtd+CtuXCji1o9wIfgHfoMr04dQRQ9cOJxz703uCSLBDbjuuzMxOTU9M5uaS88vLC4tZ1ZWKyaMNWVlGopQnwfEMMEVKwMHwc4jzYgMBKsGF8d9v3rJtOGhOoNuxBqStBVvcUrASn4mJ/14S/pNW+aoDuzK7khoqAzke35m3c27A+Axsut6h3se9kbKejH79nnz0dsu+ZnXejOksWQKqCDG1Dw3gkZCNHAqWC9djw2LCL0gbVazVBHJTCMZHNHDG1Zp4laobSnAA3V8IiHSmK4MbKck0DG/vb74l1eLoXXQSLiKYmCKDh9qxQJDiPuJ4CbXjILoWkKo5vavmHaIJhRsbmkbwvel+H9SKeS9nXzh1KZRREOkUA6toU3koX1URCeohMqIomt0hx7Qo3Pr3DtPzvOwdcIZzWTRDzgvX7k7nJE=</latexit>

~2000 trajectories each
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! Two types of Wick contractions
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yx

Figure 7.2: Disconnected quark line Feynman diagram.

when performing Wick contractions of ßavour-neutral mesons. Normally these
components are not important because they are OZI suppressed [78, 79, 80]. OZI
suppressed means that the QCD gauge coupling is small when the gluons have high
energy, where high energy corresponds to the mass of mesons. The importance
of these disconnected quark line contributions within the ßavour-neutral pseu-
doscalar mesons, when such contributions should be OZI suppressed, is explained
through WittenÕs and VenezianoÕs arguments. In this way the anomaly generates
the ! ! mass di! erence through quarkÑanti-quark annihilation diagrams, which is
in agreement with quark model arguments.

7.2 Quark Annihilation diagrams

Most pseudoscalar mesons can be classiÞed uniquely in terms of their quark con-
tent. However this is more complicated for the ßavour diagonal pseudoscalar
mesons" 0, ! and ! ! because they have quark annihilation diagrams, also called
disconnected quark line diagrams (or disconnected contributions), contributing to
their mass. These disconnected quark line diagrams are shown in Fig. 7.2. A
disconnected contribution is a process by which the ßavour diagonal meson propa-
gates only via gluon and (or) photon lines; the quark inside the meson propagates
back to its starting point and annihilates. This allows mesons of di! erent ßavours
to interact. The disconnected contributions break theS3 symmetry of the meson
states and lead to mixing of states. The composition of the states vary with ßavour
symmetry breaking.

Flavour neutral mesons in ßavour basis for example" øuu = øu#5u propagate
via quark lines but also via gluons. The correlation function in ßavour basis for
ßavour-neutral pseudoscalar meson two point functions is,

Cq0;q($p, t) =
X

~x,~y

e" i~p(~y" ~x)
D

"
���T{ O⇡q̄q

(y)O†

⇡
q̄0q0

(x)}
��� "

E
(7.14)

=
X

~x,~y

e" i~p(~y" ~x) h" |T{ øq#5q(y)[�øq!#5q!(x)]}| " i . (7.15)

By performing Wick contractions we produce propagators. The contractions only

1

Connected Disconnected

q

øq

q

øq

q"!

øq"!

allows for flavour off-diagonal contributions
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We do not know the state composition of the energy eigenstates! 0, " , and " ! in
the ßavour basis at arbitrary quark mass points, however they can be determined in
a similar way as above by Þnding the eigenvectors of the ßavour basis correlation
matrix at large times. The ßavour basis is the practical basis for calculation,
because it is these correlation matrix components we can calculate on the lattice.

We can formalise correlation functions for the energy eigenstates! 0, " and " !

in terms of the ßavour basis correlation functions. In the limit of large time on
the lattice, only the lowest energy neutral ßavour state remains, for instance for
" we ÞndO 

! |! ! " |O! ! . If we let ! , ! ! # { ! 0, " , " !} , then the elements of the
correlation matrix for ßavour-neutral mesons! 0, " , " ! (which are eigenstates of the
Hamiltonian) are given by,

C" ! ;" (t ! $ t0; #p) =
!

#x,#y

e" i #p(#y" #x)
"

O" ! (y)
#
#
#e" H (t ! " t0)

#
#
#O" (x)

$
(7.17)

where y = ( t!, #y) and x = ( t0, #x). These elements form a matrix which we call
C(t! $ t0; #p) and this matrix is diagonal at large timest = t! $ t0. The states
|O" ! are those states that diagonalise the Hamiltonian at large lattice times,
however we do not explicitly know them yet in any basis. LetÕs consider only
#p = 0 and implicitly include the sums over the#x, #y components into the brackets
|O" (t0)! =

#
#%

#x ei #pá#xO" (t0, #x)
&
. We want to change this expression into something

that includes the ßavour basis correlation matrix, which is a basis we can calculate
correlation functions in. The expression becomes,

C" ! ;" (t) =
'
O" (t!)

#
#e" Ht

#
#O" ! (t0)

&

=
!

q,q!

%O" (t!) |Oq(t!)!
!

k

%Oq(t!) |k! %k |Oq! (t0)! e" Ekt

( )* +
C

q! ;q(t )

%Oq! (t0) |O" ! (t0)!

(7.18)

whereq, q! # { u, d, s} and the statesk are energy eigenstates. In matrix notation
this becomes,

C(t) = P 

,

-
-
-
-
-
-
-
.

/

0
0
0
0
0
0
0
1

( )* +
CO(t )

P. (7.19)Source

Sink

uøu

d ød

uøu d ød

søs

søs

CqqÕ = 

! Diagonalise              physical flavour-neutral mesons  

! e.g. with SU(3)f symmetry in isospin basis

C$ = v$ 
q Cqq"!

v$
q"!

(state#label$)

v#0
=

1

2 (
1

# 1
0 ), v" =

1

6 (
1
1

# 2), v""!=
1

3 (
1
1
1)
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! Stochastic Z2 noise with colour, spin, time-dilution 

! Spatial dilution implemented via cubic interlacing (23)
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Interlaced source # 

1
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! Stochastic Z2 noise with colour, spin, time-dilution 

! Spatial dilution implemented via cubic interlacing (23)
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Interlaced source # 
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! Stochastic Z2 noise with colour, spin, time-dilution 

! Spatial dilution implemented via cubic interlacing (23)
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Figure 7.4: The position of the ensemble quark masses, represented graphically
using ! mu + ! md + ! ms = 0. Ensemble 1 is the circular point at the centre of the
triangle where the U-spin and constantd lines intersect. Ensemble 2 and ensemble
3 are the triangle and square points respectively along the constantd line.
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Diagonalised state (using t=4,5): Effective mass 

Ensemble 1 (md=m s)

1
2

3

Clean signal for " 0-! splitting 
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CO(t) of Eq. (7.19). Using the symmetry of the forward and backwards propagating
states in the time dimension we double the statistics of CO(t). We diagonalise
the matrix CO(t)�1CO(t + �t), where �t = 1, to produce C(t)�1C(t + �t). The
eigenvectors for the diagonalisation are only determined at a single time, teig and
these vectors are assumed to diagonalise the correlation matrix, CO(t) for all later
time slices. We chose the time teig = 4.5 because it is the latest time where the
⌘0 state is well resolved. We take the latest time that gives good resolution (to
at least three significant figures) of the state vector, which is approximately the
resolution required to determine the mixing. This choice is a compromise between
noise in the disconnected part and excited state contamination.

(a) (b)

Figure 7.5: Ensemble 1: (a) E↵ective mass plot of the neutral psuedoscalar mesons.
(b) E↵ective mass plot of the energy di↵erence between the two lowest states of
the neutral pseudoscalar mesons.

Taking the negative log of this diagonalised matrix C(t)�1C(t+�t), we produce
e↵ective mass plots. The eigenvectors from the diagonalisation, v give the flavour
composition of each state. The e↵ective mass plots are shown in Fig. 7.5a, Fig. 7.6a
and Fig. 7.7a showing all three states on each ensemble. We always name the
energy eigenstates in these plots ⇡0, ⌘ and ⌘0 in energy order irrespective of the
state composition. We see in the figures that we have not obtained a good estimate
of the ⌘0, but that at the time of diagonalisation teig = 4.5 the states are well
resolved. The states are not completely free of excited state contamination at this
time.

As we are at the SU(3) symmetric point, we would expect the connected parts
of the ⌘0 (under the assumption it is a singlet) to add up approximately to the
same number as at the physical point. The anomaly should also be generated in a
similar way to the physical point. Hence, we expect the ⌘0 to have approximately

(m
"

#
m

#0
) e

$(
t)

muøu md ød msøs

440 415 415



Diagonalised state: Ensemble 1 (md=m s<m u) 
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We do not know the state composition of the energy eigenstates! 0, " , and " ! in
the ßavour basis at arbitrary quark mass points, however they can be determined in
a similar way as above by Þnding the eigenvectors of the ßavour basis correlation
matrix at large times. The ßavour basis is the practical basis for calculation,
because it is these correlation matrix components we can calculate on the lattice.

We can formalise correlation functions for the energy eigenstates! 0, " and " !

in terms of the ßavour basis correlation functions. In the limit of large time on
the lattice, only the lowest energy neutral ßavour state remains, for instance for
" we ÞndO 

! |! ! " |O! ! . If we let ! , ! ! # { ! 0, " , " !} , then the elements of the
correlation matrix for ßavour-neutral mesons! 0, " , " ! (which are eigenstates of the
Hamiltonian) are given by,

C" ! ;" (t ! $ t0; #p) =
!

#x,#y

e" i #p(#y" #x)
"

O" ! (y)
#
#
#e" H (t ! " t0)

#
#
#O" (x)

$
(7.17)

where y = ( t!, #y) and x = ( t0, #x). These elements form a matrix which we call
C(t! $ t0; #p) and this matrix is diagonal at large timest = t! $ t0. The states
|O" ! are those states that diagonalise the Hamiltonian at large lattice times,
however we do not explicitly know them yet in any basis. LetÕs consider only
#p = 0 and implicitly include the sums over the#x, #y components into the brackets
|O" (t0)! =

#
#%

#x ei #pá#xO" (t0, #x)
&
. We want to change this expression into something

that includes the ßavour basis correlation matrix, which is a basis we can calculate
correlation functions in. The expression becomes,

C" ! ;" (t) =
'
O" (t!)

#
#e" Ht

#
#O" ! (t0)

&

=
!

q,q!

%O" (t!) |Oq(t!)!
!

k

%Oq(t!) |k! %k |Oq! (t0)! e" Ekt

( )* +
C

q! ;q(t )

%Oq! (t0) |O" ! (t0)!

(7.18)

whereq, q! # { u, d, s} and the statesk are energy eigenstates. In matrix notation
this becomes,

C(t) = P 
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-
-
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We do not know the state composition of the energy eigenstates! 0, " , and " ! in
the ßavour basis at arbitrary quark mass points, however they can be determined in
a similar way as above by Þnding the eigenvectors of the ßavour basis correlation
matrix at large times. The ßavour basis is the practical basis for calculation,
because it is these correlation matrix components we can calculate on the lattice.

We can formalise correlation functions for the energy eigenstates! 0, " and " !

in terms of the ßavour basis correlation functions. In the limit of large time on
the lattice, only the lowest energy neutral ßavour state remains, for instance for
" we ÞndO 

! |! ! " |O! ! . If we let ! , ! ! # { ! 0, " , " !} , then the elements of the
correlation matrix for ßavour-neutral mesons! 0, " , " ! (which are eigenstates of the
Hamiltonian) are given by,

C" ! ;" (t ! $ t0; #p) =
!

#x,#y

e" i #p(#y" #x)
"

O" ! (y)
#
#
#e" H (t ! " t0)

#
#
#O" (x)

$
(7.17)

where y = ( t!, #y) and x = ( t0, #x). These elements form a matrix which we call
C(t! $ t0; #p) and this matrix is diagonal at large timest = t! $ t0. The states
|O" ! are those states that diagonalise the Hamiltonian at large lattice times,
however we do not explicitly know them yet in any basis. LetÕs consider only
#p = 0 and implicitly include the sums over the#x, #y components into the brackets
|O" (t0)! =

#
#%

#x ei #pá#xO" (t0, #x)
&
. We want to change this expression into something

that includes the ßavour basis correlation matrix, which is a basis we can calculate
correlation functions in. The expression becomes,

C" ! ;" (t) =
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whereq, q! # { u, d, s} and the statesk are energy eigenstates. In matrix notation
this becomes,
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We do not know the state composition of the energy eigenstates! 0, " , and " ! in
the ßavour basis at arbitrary quark mass points, however they can be determined in
a similar way as above by Þnding the eigenvectors of the ßavour basis correlation
matrix at large times. The ßavour basis is the practical basis for calculation,
because it is these correlation matrix components we can calculate on the lattice.

We can formalise correlation functions for the energy eigenstates! 0, " and " !

in terms of the ßavour basis correlation functions. In the limit of large time on
the lattice, only the lowest energy neutral ßavour state remains, for instance for
" we ÞndO 

! |! ! " |O! ! . If we let ! , ! ! # { ! 0, " , " !} , then the elements of the
correlation matrix for ßavour-neutral mesons! 0, " , " ! (which are eigenstates of the
Hamiltonian) are given by,

C" ! ;" (t ! $ t0; #p) =
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where y = ( t!, #y) and x = ( t0, #x). These elements form a matrix which we call
C(t! $ t0; #p) and this matrix is diagonal at large timest = t! $ t0. The states
|O" ! are those states that diagonalise the Hamiltonian at large lattice times,
however we do not explicitly know them yet in any basis. LetÕs consider only
#p = 0 and implicitly include the sums over the#x, #y components into the brackets
|O" (t0)! =

#
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#x ei #pá#xO" (t0, #x)
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. We want to change this expression into something

that includes the ßavour basis correlation matrix, which is a basis we can calculate
correlation functions in. The expression becomes,
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whereq, q! # { u, d, s} and the statesk are energy eigenstates. In matrix notation
this becomes,
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We do not know the state composition of the energy eigenstates! 0, " , and " ! in
the ßavour basis at arbitrary quark mass points, however they can be determined in
a similar way as above by Þnding the eigenvectors of the ßavour basis correlation
matrix at large times. The ßavour basis is the practical basis for calculation,
because it is these correlation matrix components we can calculate on the lattice.

We can formalise correlation functions for the energy eigenstates! 0, " and " !

in terms of the ßavour basis correlation functions. In the limit of large time on
the lattice, only the lowest energy neutral ßavour state remains, for instance for
" we ÞndO 

! |! ! " |O! ! . If we let ! , ! ! # { ! 0, " , " !} , then the elements of the
correlation matrix for ßavour-neutral mesons! 0, " , " ! (which are eigenstates of the
Hamiltonian) are given by,
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where y = ( t!, #y) and x = ( t0, #x). These elements form a matrix which we call
C(t! $ t0; #p) and this matrix is diagonal at large timest = t! $ t0. The states
|O" ! are those states that diagonalise the Hamiltonian at large lattice times,
however we do not explicitly know them yet in any basis. LetÕs consider only
#p = 0 and implicitly include the sums over the#x, #y components into the brackets
|O" (t0)! =
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. We want to change this expression into something

that includes the ßavour basis correlation matrix, which is a basis we can calculate
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whereq, q! # { u, d, s} and the statesk are energy eigenstates. In matrix notation
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Basis, � h�
��⇡0

↵2 h� |⌘i2 h� |⌘0i2

Ensemble 1 ⇡
0
U 1.0000(1) 0.0000(1) 0.0000(1)

⌘U 0.0000(1) 0.999623(83) 0.000377(83)
⌘

0
U 0.0000(1) 0.000377(83) 0.999623(83)

Ensemble 2 ⌘V 0.999(23) 0.000(23) 0.000489(84)
⇡

0
V 0.000(23) 0.999(23) 0.00112(20)

⌘
0
V 0.00046(23) 0.00114(28) 0.9984(27)

Ensemble 3 ⇡
0
T 0.9838(53) 0.0148(53) 0.00136(32)

⌘T 0.0145(52) 0.9841(53) 0.00142(42)
⌘

0
T 0.00169(42) 0.00108(31) 0.99722(69)

Table 7.3: The energy eigenstates in the chiral basis, where the basis states are
aligned with U-spin, V-spin or isospin “T”. Note that in the top row, energy
eigenstates are labelled ⇡0, ⌘ and ⌘0 based solely on their energy not their state
composition, with ⇡0 corresponding to the lowest energy, then ⌘ then ⌘0.

occur if the quark masses are the same, but the u quark has double the electric
charge of the d quark. In the case Muū < Mdd̄, one would expect the ⇡0 state to
have a slightly higher u quark component. This case applies to the physical point.

7.8 Summary

We were able to determine the energy di↵erence between ⇡0 and ⌘ at three points
in quark mass parameter space (ensembles 1,2 and 3) near the SU(3) flavour de-
generate point. We modelled this system using e↵ective field theory to produce
hadron mass expansions in terms of quark mass and charge. By fitting the model
to the lattice data we were able to determine an estimate for the mass di↵erence
generated by electromagnetic isospin violation under the Dashen scheme definition.

Using the eigenvectors near the SU(3) symmetric point and our model we were
able to infer the behaviour of the states at a point close to the physical point,
where isospin is almost an exact symmetry. In this case the state that mixes
most strongly with the heavy ⌘0 state will shift (continuously) from the up quark
dominated state to the down quark dominated state as we move through the quark
mass degenerate point towards the physical point.

We have also explored the nature of SU(3) flavour breaking within this system.
Definitions of flavour degeneracy in terms of purely quark mass and quark charge
begin to become di�cult when both are included. It is interesting to note that the
degeneracy of quark flavours can be measured by the degeneracy of the flavour-
diagonal mesons Mqq̄ (connected quark line only). The masses of the flavour-
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occur if the quark masses are the same, but the u quark has double the electric
charge of the d quark. In the case Muū < Mdd̄, one would expect the ⇡0 state to
have a slightly higher u quark component. This case applies to the physical point.

7.8 Summary

We were able to determine the energy di↵erence between ⇡0 and ⌘ at three points
in quark mass parameter space (ensembles 1,2 and 3) near the SU(3) flavour de-
generate point. We modelled this system using e↵ective field theory to produce
hadron mass expansions in terms of quark mass and charge. By fitting the model
to the lattice data we were able to determine an estimate for the mass di↵erence
generated by electromagnetic isospin violation under the Dashen scheme definition.

Using the eigenvectors near the SU(3) symmetric point and our model we were
able to infer the behaviour of the states at a point close to the physical point,
where isospin is almost an exact symmetry. In this case the state that mixes
most strongly with the heavy ⌘0 state will shift (continuously) from the up quark
dominated state to the down quark dominated state as we move through the quark
mass degenerate point towards the physical point.

We have also explored the nature of SU(3) flavour breaking within this system.
Definitions of flavour degeneracy in terms of purely quark mass and quark charge
begin to become di�cult when both are included. It is interesting to note that the
degeneracy of quark flavours can be measured by the degeneracy of the flavour-
diagonal mesons Mqq̄ (connected quark line only). The masses of the flavour-
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Figure 7.6: Ensemble 2: (a) E↵ective mass plot of the neutral psuedoscalar mesons.
(b) E↵ective mass plot of the energy di↵erence between the two lowest states of
the neutral pseudoscalar mesons.

(a) (b)

Figure 7.7: Ensemble 3: (a) E↵ective mass plot of the neutral psuedoscalar mesons.
(b) E↵ective mass plot of the energy di↵erence between the two lowest states of
the neutral pseudoscalar mesons.

the physical ⌘0 mass on all three ensembles. Using the lattice spacing a = 0.068(1),
we can determine that our estimates for the ⌘0 at t = 5.5 are in agreement with
the physical ⌘0 mass (within two standard deviations) and that the ⇡0 and ⌘ are
close to the ⇡+ mass of 442 MeV.

The ratio of the two lowest energy states of the diagonalised matrix C(t)�1C(t+
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Figure 7.4: The position of the ensemble quark masses, represented graphically
using ! mu + ! md + ! ms = 0. Ensemble 1 is the circular point at the centre of the
triangle where the U-spin and constantd lines intersect. Ensemble 2 and ensemble
3 are the triangle and square points respectively along the constantd line.
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Figure 7.4: The position of the ensemble quark masses, represented graphically
using ! mu + ! md + ! ms = 0. Ensemble 1 is the circular point at the centre of the
triangle where the U-spin and constantd lines intersect. Ensemble 2 and ensemble
3 are the triangle and square points respectively along the constantd line.
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We do not know the state composition of the energy eigenstates! 0, " , and " ! in
the ßavour basis at arbitrary quark mass points, however they can be determined in
a similar way as above by Þnding the eigenvectors of the ßavour basis correlation
matrix at large times. The ßavour basis is the practical basis for calculation,
because it is these correlation matrix components we can calculate on the lattice.

We can formalise correlation functions for the energy eigenstates! 0, " and " !

in terms of the ßavour basis correlation functions. In the limit of large time on
the lattice, only the lowest energy neutral ßavour state remains, for instance for
" we ÞndO 

! |! ! " |O! ! . If we let ! , ! ! # { ! 0, " , " !} , then the elements of the
correlation matrix for ßavour-neutral mesons! 0, " , " ! (which are eigenstates of the
Hamiltonian) are given by,

C" ! ;" (t ! $ t0; #p) =
!

#x,#y

e" i #p(#y" #x)
"

O" ! (y)
#
#
#e" H (t ! " t0)

#
#
#O" (x)

$
(7.17)

where y = ( t!, #y) and x = ( t0, #x). These elements form a matrix which we call
C(t! $ t0; #p) and this matrix is diagonal at large timest = t! $ t0. The states
|O" ! are those states that diagonalise the Hamiltonian at large lattice times,
however we do not explicitly know them yet in any basis. LetÕs consider only
#p = 0 and implicitly include the sums over the#x, #y components into the brackets
|O" (t0)! =

#
#%

#x ei #pá#xO" (t0, #x)
&
. We want to change this expression into something

that includes the ßavour basis correlation matrix, which is a basis we can calculate
correlation functions in. The expression becomes,
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whereq, q! # { u, d, s} and the statesk are energy eigenstates. In matrix notation
this becomes,

C(t) = P 
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Basis, � h�
��⇡0

↵2 h� |⌘i2 h� |⌘0i2

Ensemble 1 ⇡
0
U 1.0000(1) 0.0000(1) 0.0000(1)

⌘U 0.0000(1) 0.999623(83) 0.000377(83)
⌘

0
U 0.0000(1) 0.000377(83) 0.999623(83)

Ensemble 2 ⌘V 0.999(23) 0.000(23) 0.000489(84)
⇡

0
V 0.000(23) 0.999(23) 0.00112(20)

⌘
0
V 0.00046(23) 0.00114(28) 0.9984(27)

Ensemble 3 ⇡
0
T 0.9838(53) 0.0148(53) 0.00136(32)

⌘T 0.0145(52) 0.9841(53) 0.00142(42)
⌘

0
T 0.00169(42) 0.00108(31) 0.99722(69)

Table 7.3: The energy eigenstates in the chiral basis, where the basis states are
aligned with U-spin, V-spin or isospin “T”. Note that in the top row, energy
eigenstates are labelled ⇡0, ⌘ and ⌘0 based solely on their energy not their state
composition, with ⇡0 corresponding to the lowest energy, then ⌘ then ⌘0.

occur if the quark masses are the same, but the u quark has double the electric
charge of the d quark. In the case Muū < Mdd̄, one would expect the ⇡0 state to
have a slightly higher u quark component. This case applies to the physical point.

7.8 Summary

We were able to determine the energy di↵erence between ⇡0 and ⌘ at three points
in quark mass parameter space (ensembles 1,2 and 3) near the SU(3) flavour de-
generate point. We modelled this system using e↵ective field theory to produce
hadron mass expansions in terms of quark mass and charge. By fitting the model
to the lattice data we were able to determine an estimate for the mass di↵erence
generated by electromagnetic isospin violation under the Dashen scheme definition.

Using the eigenvectors near the SU(3) symmetric point and our model we were
able to infer the behaviour of the states at a point close to the physical point,
where isospin is almost an exact symmetry. In this case the state that mixes
most strongly with the heavy ⌘0 state will shift (continuously) from the up quark
dominated state to the down quark dominated state as we move through the quark
mass degenerate point towards the physical point.

We have also explored the nature of SU(3) flavour breaking within this system.
Definitions of flavour degeneracy in terms of purely quark mass and quark charge
begin to become di�cult when both are included. It is interesting to note that the
degeneracy of quark flavours can be measured by the degeneracy of the flavour-
diagonal mesons Mqq̄ (connected quark line only). The masses of the flavour-
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occur if the quark masses are the same, but the u quark has double the electric
charge of the d quark. In the case Muū < Mdd̄, one would expect the ⇡0 state to
have a slightly higher u quark component. This case applies to the physical point.

7.8 Summary

We were able to determine the energy di↵erence between ⇡0 and ⌘ at three points
in quark mass parameter space (ensembles 1,2 and 3) near the SU(3) flavour de-
generate point. We modelled this system using e↵ective field theory to produce
hadron mass expansions in terms of quark mass and charge. By fitting the model
to the lattice data we were able to determine an estimate for the mass di↵erence
generated by electromagnetic isospin violation under the Dashen scheme definition.

Using the eigenvectors near the SU(3) symmetric point and our model we were
able to infer the behaviour of the states at a point close to the physical point,
where isospin is almost an exact symmetry. In this case the state that mixes
most strongly with the heavy ⌘0 state will shift (continuously) from the up quark
dominated state to the down quark dominated state as we move through the quark
mass degenerate point towards the physical point.

We have also explored the nature of SU(3) flavour breaking within this system.
Definitions of flavour degeneracy in terms of purely quark mass and quark charge
begin to become di�cult when both are included. It is interesting to note that the
degeneracy of quark flavours can be measured by the degeneracy of the flavour-
diagonal mesons Mqq̄ (connected quark line only). The masses of the flavour-
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Figure 7.4: The position of the ensemble quark masses, represented graphically
using ! mu + ! md + ! ms = 0. Ensemble 1 is the circular point at the centre of the
triangle where the U-spin and constantd lines intersect. Ensemble 2 and ensemble
3 are the triangle and square points respectively along the constantd line.
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Figure 7.6: Ensemble 2: (a) E↵ective mass plot of the neutral psuedoscalar mesons.
(b) E↵ective mass plot of the energy di↵erence between the two lowest states of
the neutral pseudoscalar mesons.
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Figure 7.7: Ensemble 3: (a) E↵ective mass plot of the neutral psuedoscalar mesons.
(b) E↵ective mass plot of the energy di↵erence between the two lowest states of
the neutral pseudoscalar mesons.

the physical ⌘0 mass on all three ensembles. Using the lattice spacing a = 0.068(1),
we can determine that our estimates for the ⌘0 at t = 5.5 are in agreement with
the physical ⌘0 mass (within two standard deviations) and that the ⇡0 and ⌘ are
close to the ⇡+ mass of 442 MeV.
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Figure 7.4: The position of the ensemble quark masses, represented graphically
using ! mu + ! md + ! ms = 0. Ensemble 1 is the circular point at the centre of the
triangle where the U-spin and constantd lines intersect. Ensemble 2 and ensemble
3 are the triangle and square points respectively along the constantd line.
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We do not know the state composition of the energy eigenstates! 0, " , and " ! in
the ßavour basis at arbitrary quark mass points, however they can be determined in
a similar way as above by Þnding the eigenvectors of the ßavour basis correlation
matrix at large times. The ßavour basis is the practical basis for calculation,
because it is these correlation matrix components we can calculate on the lattice.

We can formalise correlation functions for the energy eigenstates! 0, " and " !

in terms of the ßavour basis correlation functions. In the limit of large time on
the lattice, only the lowest energy neutral ßavour state remains, for instance for
" we ÞndO 

! |! ! " |O! ! . If we let ! , ! ! # { ! 0, " , " !} , then the elements of the
correlation matrix for ßavour-neutral mesons! 0, " , " ! (which are eigenstates of the
Hamiltonian) are given by,
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where y = ( t!, #y) and x = ( t0, #x). These elements form a matrix which we call
C(t! $ t0; #p) and this matrix is diagonal at large timest = t! $ t0. The states
|O" ! are those states that diagonalise the Hamiltonian at large lattice times,
however we do not explicitly know them yet in any basis. LetÕs consider only
#p = 0 and implicitly include the sums over the#x, #y components into the brackets
|O" (t0)! =

#
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&
. We want to change this expression into something

that includes the ßavour basis correlation matrix, which is a basis we can calculate
correlation functions in. The expression becomes,
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whereq, q! # { u, d, s} and the statesk are energy eigenstates. In matrix notation
this becomes,
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⌘T 0.0145(52) 0.9841(53) 0.00142(42)
⌘

0
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Table 7.3: The energy eigenstates in the chiral basis, where the basis states are
aligned with U-spin, V-spin or isospin “T”. Note that in the top row, energy
eigenstates are labelled ⇡0, ⌘ and ⌘0 based solely on their energy not their state
composition, with ⇡0 corresponding to the lowest energy, then ⌘ then ⌘0.

occur if the quark masses are the same, but the u quark has double the electric
charge of the d quark. In the case Muū < Mdd̄, one would expect the ⇡0 state to
have a slightly higher u quark component. This case applies to the physical point.

7.8 Summary

We were able to determine the energy di↵erence between ⇡0 and ⌘ at three points
in quark mass parameter space (ensembles 1,2 and 3) near the SU(3) flavour de-
generate point. We modelled this system using e↵ective field theory to produce
hadron mass expansions in terms of quark mass and charge. By fitting the model
to the lattice data we were able to determine an estimate for the mass di↵erence
generated by electromagnetic isospin violation under the Dashen scheme definition.

Using the eigenvectors near the SU(3) symmetric point and our model we were
able to infer the behaviour of the states at a point close to the physical point,
where isospin is almost an exact symmetry. In this case the state that mixes
most strongly with the heavy ⌘0 state will shift (continuously) from the up quark
dominated state to the down quark dominated state as we move through the quark
mass degenerate point towards the physical point.

We have also explored the nature of SU(3) flavour breaking within this system.
Definitions of flavour degeneracy in terms of purely quark mass and quark charge
begin to become di�cult when both are included. It is interesting to note that the
degeneracy of quark flavours can be measured by the degeneracy of the flavour-
diagonal mesons Mqq̄ (connected quark line only). The masses of the flavour-
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Table 7.3: The energy eigenstates in the chiral basis, where the basis states are
aligned with U-spin, V-spin or isospin “T”. Note that in the top row, energy
eigenstates are labelled ⇡0, ⌘ and ⌘0 based solely on their energy not their state
composition, with ⇡0 corresponding to the lowest energy, then ⌘ then ⌘0.

occur if the quark masses are the same, but the u quark has double the electric
charge of the d quark. In the case Muū < Mdd̄, one would expect the ⇡0 state to
have a slightly higher u quark component. This case applies to the physical point.

7.8 Summary

We were able to determine the energy di↵erence between ⇡0 and ⌘ at three points
in quark mass parameter space (ensembles 1,2 and 3) near the SU(3) flavour de-
generate point. We modelled this system using e↵ective field theory to produce
hadron mass expansions in terms of quark mass and charge. By fitting the model
to the lattice data we were able to determine an estimate for the mass di↵erence
generated by electromagnetic isospin violation under the Dashen scheme definition.

Using the eigenvectors near the SU(3) symmetric point and our model we were
able to infer the behaviour of the states at a point close to the physical point,
where isospin is almost an exact symmetry. In this case the state that mixes
most strongly with the heavy ⌘0 state will shift (continuously) from the up quark
dominated state to the down quark dominated state as we move through the quark
mass degenerate point towards the physical point.

We have also explored the nature of SU(3) flavour breaking within this system.
Definitions of flavour degeneracy in terms of purely quark mass and quark charge
begin to become di�cult when both are included. It is interesting to note that the
degeneracy of quark flavours can be measured by the degeneracy of the flavour-
diagonal mesons Mqq̄ (connected quark line only). The masses of the flavour-
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Muū = Mss̄
> Mdd̄
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Figure 7.8: The ⇡0–⌘ system at the symmetric point, fit using Eq. (7.31). The
fit was obtained from mass splittings of the particles using K0 to fix the mass
constant M2

0 . With this in mind, the ⇡0 data points and the K0 points are fixed
to the fitting lines, and the other masses are shifted to ensure the splittings are
properly represented.

109 §7.7. Results

our simulation point is 4�µu = (0.00243 � 0.001615)/1.1703 = 0.0006964 if it was
implemented under the prescription �m = diag
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2�µu ��µu ��µu

�
.

Including this correction in the above Lagrangian Eq. (7.30), the mass terms
of the pseudoscalars can be determined by taking two derivatives with respect to
the fields (one of the particle and one of the anti-particle) which produces,

M2
⇡+ = M2

0 + b1(�mu + �µu) + cEM
4

M2
K+ = M2

0 + b1�µu + cEM
4

M2
K0 = M2

0 � b1(�mu + 2�µu)

M2
⌘± = M2

0 +
2

3
cEM
6 ± 2

3

q
3b2

1�m
2
u + 3b1cEM

6 �mu + (cEM
6 )2

+ �µu(9b2
1�µu + 9b2

1�mu + 6b1cEM
6 ) (7.31)

where we have defined K0 to have no electromagnetic component. Along the path
�md = 0, the Muū = Mss̄ point should correspond to a minimum in the mass curves
of ⌘+ and ⌘�. While the electromagnetic component of the splitting is defined at
a point when �µu = �mu = 0, hence M2
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7.6.2 Improving the signal

Noise in the signal of the ⇡0–⌘–⌘0 system primarily originates in the disconnected
component of the correlation function. To obtain an accurate estimate the dis-
connected component we need a significant increase in statistics. This is normally
achieved by determining an estimate for the self-to-self propagator G(x; x), to get
the most out of each configuration. In this study we use noisy Z2 wall sources to
determine this estimate, as wall sources are the fastest method in producing an esti-
mate of G(x; x) and have been proven to be successful [81, 82, 83, 84, 71, 76, 86, 73].
Noisy sources produce only an estimate of the self-to-self propagator G(x; x), and
introduce an error in G(x; x). These errors can be reduced using dilution and in
this study we employ spin, colour and time dilution, as well as a spatial dilution
of the nearest neighbour elements using interlacing, as described above. While
the disconnected part is calculated on each time-slice, the connected part is only
calculated (using the one-end trick) once per configuration from t = 0 to all other
time-slices. This saves on inversions, as the connected part is not the component
of the analysis that contributes the most noise.

7.7 Results

Once we have obtained estimates for the propagators, we calculate the correlation
functions of the flavour diagonal states, which populate the correlation matrix,
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Table 7.3: The energy eigenstates in the chiral basis, where the basis states are
aligned with U-spin, V-spin or isospin “T”. Note that in the top row, energy
eigenstates are labelled ⇡0, ⌘ and ⌘0 based solely on their energy not their state
composition, with ⇡0 corresponding to the lowest energy, then ⌘ then ⌘0.

occur if the quark masses are the same, but the u quark has double the electric
charge of the d quark. In the case Muū < Mdd̄, one would expect the ⇡0 state to
have a slightly higher u quark component. This case applies to the physical point.

7.8 Summary

We were able to determine the energy di↵erence between ⇡0 and ⌘ at three points
in quark mass parameter space (ensembles 1,2 and 3) near the SU(3) flavour de-
generate point. We modelled this system using e↵ective field theory to produce
hadron mass expansions in terms of quark mass and charge. By fitting the model
to the lattice data we were able to determine an estimate for the mass di↵erence
generated by electromagnetic isospin violation under the Dashen scheme definition.

Using the eigenvectors near the SU(3) symmetric point and our model we were
able to infer the behaviour of the states at a point close to the physical point,
where isospin is almost an exact symmetry. In this case the state that mixes
most strongly with the heavy ⌘0 state will shift (continuously) from the up quark
dominated state to the down quark dominated state as we move through the quark
mass degenerate point towards the physical point.

We have also explored the nature of SU(3) flavour breaking within this system.
Definitions of flavour degeneracy in terms of purely quark mass and quark charge
begin to become di�cult when both are included. It is interesting to note that the
degeneracy of quark flavours can be measured by the degeneracy of the flavour-
diagonal mesons Mqq̄ (connected quark line only). The masses of the flavour-
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where we have defined K0 to have no electromagnetic component. Along the path
�md = 0, the Muū = Mss̄ point should correspond to a minimum in the mass curves
of ⌘+ and ⌘�. While the electromagnetic component of the splitting is defined at
a point when �µu = �mu = 0, hence M2
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7.6.2 Improving the signal

Noise in the signal of the ⇡0–⌘–⌘0 system primarily originates in the disconnected
component of the correlation function. To obtain an accurate estimate the dis-
connected component we need a significant increase in statistics. This is normally
achieved by determining an estimate for the self-to-self propagator G(x; x), to get
the most out of each configuration. In this study we use noisy Z2 wall sources to
determine this estimate, as wall sources are the fastest method in producing an esti-
mate of G(x; x) and have been proven to be successful [81, 82, 83, 84, 71, 76, 86, 73].
Noisy sources produce only an estimate of the self-to-self propagator G(x; x), and
introduce an error in G(x; x). These errors can be reduced using dilution and in
this study we employ spin, colour and time dilution, as well as a spatial dilution
of the nearest neighbour elements using interlacing, as described above. While
the disconnected part is calculated on each time-slice, the connected part is only
calculated (using the one-end trick) once per configuration from t = 0 to all other
time-slices. This saves on inversions, as the connected part is not the component
of the analysis that contributes the most noise.

7.7 Results

Once we have obtained estimates for the propagators, we calculate the correlation
functions of the flavour diagonal states, which populate the correlation matrix,
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aligned with U-spin, V-spin or isospin “T”. Note that in the top row, energy
eigenstates are labelled ⇡0, ⌘ and ⌘0 based solely on their energy not their state
composition, with ⇡0 corresponding to the lowest energy, then ⌘ then ⌘0.

occur if the quark masses are the same, but the u quark has double the electric
charge of the d quark. In the case Muū < Mdd̄, one would expect the ⇡0 state to
have a slightly higher u quark component. This case applies to the physical point.

7.8 Summary

We were able to determine the energy di↵erence between ⇡0 and ⌘ at three points
in quark mass parameter space (ensembles 1,2 and 3) near the SU(3) flavour de-
generate point. We modelled this system using e↵ective field theory to produce
hadron mass expansions in terms of quark mass and charge. By fitting the model
to the lattice data we were able to determine an estimate for the mass di↵erence
generated by electromagnetic isospin violation under the Dashen scheme definition.

Using the eigenvectors near the SU(3) symmetric point and our model we were
able to infer the behaviour of the states at a point close to the physical point,
where isospin is almost an exact symmetry. In this case the state that mixes
most strongly with the heavy ⌘0 state will shift (continuously) from the up quark
dominated state to the down quark dominated state as we move through the quark
mass degenerate point towards the physical point.

We have also explored the nature of SU(3) flavour breaking within this system.
Definitions of flavour degeneracy in terms of purely quark mass and quark charge
begin to become di�cult when both are included. It is interesting to note that the
degeneracy of quark flavours can be measured by the degeneracy of the flavour-
diagonal mesons Mqq̄ (connected quark line only). The masses of the flavour-

state 1 state 2 state 3

# muøu md ød msøs

1 440 415 415
2 425 410 420
3 415 425 450

md = constant



Chapter 7. Flavour-neutral pseudoscalar mesons using Lattice QCD+QED 112

�0.0015 �0.0010 �0.0005 0.0000 0.0005 0.0010
�mu

0.135

0.140

0.145

0.150

0.155

0.160

aM

Mdd̄ = Mss̄

< Muū
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where we have defined K0 to have no electromagnetic component. Along the path
�md = 0, the Muū = Mss̄ point should correspond to a minimum in the mass curves
of ⌘+ and ⌘�. While the electromagnetic component of the splitting is defined at
a point when �µu = �mu = 0, hence M2
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7.6.2 Improving the signal

Noise in the signal of the ⇡0–⌘–⌘0 system primarily originates in the disconnected
component of the correlation function. To obtain an accurate estimate the dis-
connected component we need a significant increase in statistics. This is normally
achieved by determining an estimate for the self-to-self propagator G(x; x), to get
the most out of each configuration. In this study we use noisy Z2 wall sources to
determine this estimate, as wall sources are the fastest method in producing an esti-
mate of G(x; x) and have been proven to be successful [81, 82, 83, 84, 71, 76, 86, 73].
Noisy sources produce only an estimate of the self-to-self propagator G(x; x), and
introduce an error in G(x; x). These errors can be reduced using dilution and in
this study we employ spin, colour and time dilution, as well as a spatial dilution
of the nearest neighbour elements using interlacing, as described above. While
the disconnected part is calculated on each time-slice, the connected part is only
calculated (using the one-end trick) once per configuration from t = 0 to all other
time-slices. This saves on inversions, as the connected part is not the component
of the analysis that contributes the most noise.

7.7 Results

Once we have obtained estimates for the propagators, we calculate the correlation
functions of the flavour diagonal states, which populate the correlation matrix,
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occur if the quark masses are the same, but the u quark has double the electric
charge of the d quark. In the case Muū < Mdd̄, one would expect the ⇡0 state to
have a slightly higher u quark component. This case applies to the physical point.

7.8 Summary

We were able to determine the energy di↵erence between ⇡0 and ⌘ at three points
in quark mass parameter space (ensembles 1,2 and 3) near the SU(3) flavour de-
generate point. We modelled this system using e↵ective field theory to produce
hadron mass expansions in terms of quark mass and charge. By fitting the model
to the lattice data we were able to determine an estimate for the mass di↵erence
generated by electromagnetic isospin violation under the Dashen scheme definition.

Using the eigenvectors near the SU(3) symmetric point and our model we were
able to infer the behaviour of the states at a point close to the physical point,
where isospin is almost an exact symmetry. In this case the state that mixes
most strongly with the heavy ⌘0 state will shift (continuously) from the up quark
dominated state to the down quark dominated state as we move through the quark
mass degenerate point towards the physical point.

We have also explored the nature of SU(3) flavour breaking within this system.
Definitions of flavour degeneracy in terms of purely quark mass and quark charge
begin to become di�cult when both are included. It is interesting to note that the
degeneracy of quark flavours can be measured by the degeneracy of the flavour-
diagonal mesons Mqq̄ (connected quark line only). The masses of the flavour-
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