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introduction – the electroweak mixing angle

the electroweak mixing (Weinberg) angle 𝜃W parametrizes the mixing between the SU(2)𝐿
and U(1)𝑌 sectors of the Standard Model. At tree level,

sin2 𝜃W =
𝑔′2

𝑔2 + 𝑔′2 ,

where 𝑔 and 𝑔′ are the SU(2)𝐿 and U(1)𝑌 coupling respectively
• it is a free parameter of the Standard Model

• sin2 𝜃W = 1 − 𝑀2
𝑊

𝑀2
𝑍

• 𝑍 vector coupling 𝑣𝑓 = 𝑇𝑓 − 2𝑄𝑓 sin2 𝜃eff
𝑓

• weak charge of the proton 𝑄𝑊(𝑝) ∼ 1 − 4 sin2 𝜃W

the precise numerical value of sin2 𝜃W
depends on the renormalization scheme and on the energy scale
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the running – a precision test of the SM
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[PDG 2018]

sin2 𝜃W(𝑄2) = sin2 𝜃0[1 + 𝛥 sin2 𝜃W(𝑄2)]

experiments: at high 𝑄2

• measurements at colliders
at low 𝑄2, upcoming

• MOLLER @ JLab
• P2 @ MESA, Mainz [Becker et al. 2018]

⇒ non-perturbative QCD effects
[talk by J. Wilhelm, Had. Struct., Fri. 15:00]

theory: running, in the MS scheme
• sin2 𝜃0 = 0.238 68(5) in the

Thomson limit [Erler, Ferro-Hernández 2017]

• the running at scales ≲ 𝛬QCD is
affected by non-perturbative QCD
physics

and global fits to EW precision data
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the hadronic contribution
the leading hadronic contribution to the running of sin2 𝜃W is [Jegerlehner 1986; 2011]

𝛥had sin2 𝜃W(𝑄2) = − 4π𝛼
sin2 𝜃W

𝛱𝑍𝛾
𝑅 (𝑄2), 𝛱𝑍𝛾

𝑅 (𝑄2) = 𝛱𝑍𝛾(𝑄2) − 𝛱𝑍𝛾(0),

proportional to the subtracted hadronic vacuum polarization

(𝑄𝜇𝑄𝜈 − 𝛿𝜇𝜈𝑄2)𝛱𝑍𝛾(𝑄2) = 𝛱𝑍𝛾
𝜇𝜈 (𝑄2) = ∫ d4𝑥 𝑒i𝑄𝑥⟨𝑗𝑍

𝜇 (𝑥)𝑗𝛾
𝜈(0)⟩

of the e.m. current and the vector part of the 𝑍 current

𝑗𝛾
𝜇 = 2

3
̄𝑢𝛾𝜇𝑢 − 1

3
̄𝑑𝛾𝜇𝑑 − 1

3
̄𝑠𝛾𝜇𝑠 + 2

3
̄𝑐𝛾𝜇𝑐,

𝑗𝑇3
𝜇 = 1

4
̄𝑢𝛾𝜇𝑢 − 1

4
̄𝑑𝛾𝜇𝑑 − 1

4
̄𝑠𝛾𝜇𝑠 + 1

4
̄𝑐𝛾𝜇𝑐,

𝑗𝑍
𝜇 = 𝑗𝑇3

𝜇 − sin2 𝜃W𝑗𝛾
𝜇,

• can be extracted from phenomenology using dispersion relations
• or can be computed ab initio on the lattice [Burger et al. 2015; Gülpers et al. 2015]

• similarly, the hadronic contribution to the running of 𝛼QED is given by 𝛱𝛾𝛾
𝑅 (𝑄2)

[next talk by M. T. San José Pérez]
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the time-momentum representation (TMR) method
introduced for the HVP contribution to (𝑔 − 2)𝜇 [Bernecker, Meyer 2011; Francis et al. 2013]

𝛱𝑍𝛾
𝑅 (𝑄2) = ∫

∞

0
d𝑥0 𝐺𝑍𝛾(𝑥0)[𝑥2

0 − 4
𝑄2 sin2

(
𝑄𝑥0

2 )],

𝐺𝑍𝛾(𝑥0) = −1
3 ∫ d3𝑥

3

∑
𝑘=1

⟨𝑗𝑍
𝑘 (𝑥)𝑗𝛾

𝑘(0)⟩,

⇒ using correlators from 𝑁f = 2 + 1 Mainz effort in computing (𝑔 − 2)HVP
𝜇

[Gérardin et al. 2019; talk by A. Gérardin, Had. Struct., Tue. 14:40]

• non-perturbatively 𝒪(𝑎)-improved vector currents [Gérardin, Harris, Meyer 2018]

• two discretizations: local-local and local-conserved
• w.r.t. the (𝑔 − 2)HVP

𝜇 case, the kernel has a shorter range

• expect 𝛥had sin2 𝜃W to be more sensitive at cut-off effects, especially at high 𝑄2

• but much simpler large-distance systematic
⇒ no loss of signal in the tail of the connected correlator
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lattice correlators
with SU(3)𝐹 notation, in the isospin-symmetric limit (light quark ℓ: either 𝑢 or 𝑑):

𝐺33
𝜇𝜈(𝑥) = 1

2
𝐶ℓ,ℓ

𝜇𝜈 (𝑥),

𝐺88
𝜇𝜈(𝑥) = 1

6[𝐶ℓ,ℓ
𝜇𝜈 (𝑥) + 2𝐶𝑠,𝑠

𝜇𝜈 (𝑥) + 2𝐷ℓ−𝑠,ℓ−𝑠
𝜇𝜈 (𝑥)],

𝐺08
𝜇𝜈(𝑥) = 1

2√3
[𝐶ℓ,ℓ

𝜇𝜈 (𝑥) − 𝐶𝑠,𝑠
𝜇𝜈 (𝑥) + 𝐷2ℓ+𝑠,ℓ−𝑠

𝜇𝜈 (𝑥)],

where the connected and disconnected Wick’s contractions are

𝐶𝑓1,𝑓2
𝜇𝜈 (𝑥) = −⟨Tr{𝐷−1

𝑓1
(𝑥, 0)𝛾𝜇𝐷−1

𝑓2
(0, 𝑥)𝛾𝜈}⟩,

𝐷𝑓1,𝑓2
𝜇𝜈 (𝑥) = ⟨Tr{𝐷−1

𝑓1
(𝑥, 𝑥)𝛾𝜇} Tr{𝐷−1

𝑓2
(0, 0)𝛾𝜈}⟩,

the 𝑍𝛾 correlator is given by

𝐺𝑍𝛾 = (
1
2

− sin2 𝜃W)(𝐺𝛾𝛾) − 1
6√3

𝐺08, 𝐺𝛾𝛾 = 𝐺33 + 1
3

𝐺88,

where 𝐺𝛾𝛾 is the e.m. current correlator, relevant for e.g. 𝛥had𝛼QED(𝑄2), 𝑎HVP
𝜇 , …
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ensembles
from the CLS initiative [Bruno et al. 2015, Bruno, Korzec, Schaefer 2017]

tree-level Lüscher-Weisz gauge action, non-perturbatively 𝒪(𝑎)-improved Wilson fermions, open BCs in time

𝑇 /𝑎 𝐿/𝑎 𝑎 [fm] 𝐿 [fm] 𝑚𝜋 [MeV] 𝑚𝐾 [MeV] 𝑚𝜋𝐿

H101 96 32 0.086 2.8 415 415 5.8
H102 96 32 2.8 355 440 5.0
H105* 96 32 2.8 280 460 3.9
N101 128 48 4.1 280 460 5.8
C101* 96 48 4.1 220 470 4.6

S400 128 32 0.076 2.4 350 440 4.3
N401* 128 48 3.7 285 460 5.3

H200 96 32 0.064 2.1 420 420 4.4
N202 128 48 3.1 410 410 6.4
N203* 128 48 3.1 345 440 5.4
N200* 128 48 3.1 285 465 4.4
D200* 128 64 4.1 200 480 4.2
E250§ 192 96 6.2 130 490 4.1

N300 128 48 0.050 2.4 420 420 5.1
N302* 128 48 2.4 345 460 4.2
J303 192 64 3.2 260 475 4.2

* disconnected contribution available, § periodic BCs in time
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preliminary results

E250: physical meson masses, 𝑎 = 0.064 26(74) fm
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preliminary results – including disconnected

N200: 𝑀𝜋 ≈ 285 MeV, 𝑎 = 0.064 26(74) fm
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preliminary results – including disconnected

N200: 𝑀𝜋 ≈ 285 MeV, 𝑎 = 0.064 26(74) fm
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preliminary results – chiral and continuum extrapolation

at 𝑄2 = 1 GeV2
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preliminary results – chiral and continuum extrapolation

at 𝑄2 = 1 GeV2, local-conserved only
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finite-size correction

added to the 𝐼 = 1 correlator 𝐺33(𝑡), with 𝑡𝑖 = (𝑚𝜋𝐿/4)2/𝑚𝜋
[Gérardin et al. 2019; talk by A. Gérardin, Had. Struct., Tue. 14:40]

𝑡 < 𝑡𝑖: correction from scalar QED (a.k.a. NLO χPT)
[Francis et al. 2013; Della Morte et al. 2017]

𝐺33(𝑡, 𝐿) − 𝐺33(𝑡, ∞) = 1
3 (

1
𝐿3 ∑

𝑘⃗

− ∫
d3𝑘⃗

(2π)3 )
𝑘⃗2 + 𝑚2

𝜋

𝑘⃗2
e−2𝑡√𝑘⃗2+𝑚2

𝜋

𝑡 > 𝑡𝑖: correction from GS model of 𝐹𝜋(𝜔) [Gounaris, Sakurai 1968]

𝐺33(𝑡, ∞) = ∫
∞

0
d𝜔 𝜔2𝜌(𝜔2)e−𝜔𝑡 𝜌(𝜔2) = 1

48π2 (1 − 4𝑚2
𝜋

𝜔2 )
3
2

|𝐹𝜋(𝜔)|
2

and the corresponding finite-volume correlator
[Lüscher 1991; Lellouch, Lüscher 2000; Meyer 2011]

𝐺33(𝑡, 𝐿) = ∑
𝑛

|𝐴𝑛|
2e−𝜔𝑛𝑡 with Lüscher’s 𝜔𝑛 and LL’s 𝐴𝑛
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finite-size correction – an example

using the TMR kernel to compute (𝑔 − 2)𝜇
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N101, 𝑀𝜋𝐿 = 5.8

lattice correlator error
scalar QED correction
GS model correction
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preliminary results – chiral and continuum extrapolation

at 𝑄2 = 1 GeV2, local-conserved only, without finite-size correction
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preliminary results – chiral and continuum extrapolation

at 𝑄2 = 1 GeV2, local-conserved only, with finite-size correction
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preliminary results – chiral and continuum extrapolation

at 𝑄2 = 1 GeV2, local-conserved and local-local, with finite-size correction
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preliminary results – chiral and continuum extrapolation

at 𝑄2 = 1 GeV2, local-conserved and local-local, with finite-size correction
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preliminary results – chiral and continuum extrapolation

at 𝑄2 = 1 GeV2, local-conserved and local-local, with finite-size correction
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conclusions & outlook

the leading hadronic contribution to the running sin2 𝜃W can be computed on the lattice
• with ≈ 1 % errors, competitive with phenomenology
• including the disconnected contribution, with sub-percent determination
• lattice provides flavour separation ⇒ input for the dispersive approach
• correction for finite-size effects is essential

• include the valence charm contribution (correlators already available)
• investigate the systematics of the chiral continuum extrapolation
• isospin breaking effects [talk by A. Risch, Had. Struct., Tue. 14:20]
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preliminatry fits
input: 𝑎2/𝑡0, 𝜙2 = 8𝑡0𝑀2

𝜋 , 𝜙4 = 8𝑡0(𝑀2
𝐾 + 𝑀2

𝜋 /2)
• 𝑡0 from CLS scale-setting paper [Bruno, Korzec, Schaefer 2017]

• 𝑎𝑀𝜋 from Mainz 𝑁f = 2 + 1 (𝑔 − 2)𝜇 paper [Gérardin et al. 2019]

• 𝑎𝑀𝐾 form CLS scale-setting paper and dedicated (preliminary!) measurements
fit ansatz, at fixed 𝑄2:

𝑓(𝑎2/𝑡0, 𝜙2, 𝜙4; 𝑝0, 𝛿1, 𝛿2, 𝛾1, 𝛾2, 𝛾4, 𝛾9) = 𝑝0 + 𝛿1𝑎2/𝑡0 + 𝛿2(𝑎2/𝑡0)3/2

+ 𝛾1(𝜙2 − 𝜙0
2) + 𝛾2(log 𝜙2 − log 𝜙0

2) + 𝛾4(𝜙2 − 𝜙0
2)2 + 𝛾9(𝜙4 − 𝜙0

4)

• combined fit of the local-local and local-conserved discretizations
• no error on 𝑎2/𝑡0, 𝜙2 = 8𝑡0𝑀2

𝜋 , 𝜙4 = 8𝑡0(𝑀2
𝐾 + 𝑀2

𝜋 /2) contributing to the 𝜒2 (yet)
preliminary results:

• fit of 𝛱33
𝑅 , with 𝛾1 = 0: 𝜒2/#dof = 26.99/24 = 1.12, 𝑝-value = 0.30

• fit of 𝛱88
𝑅 , with 𝛾2 = 0: 𝜒2/#dof = 73.40/24 = 3.06, 𝑝-value < 0.01

• fit of 𝛱𝛾𝛾
𝑅 , with 𝛾1 = 0: 𝜒2/#dof = 32.28/24 = 1.35, 𝑝-value = 0.12
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renormalization and 𝒪(𝑎) improvement
for the local current [Bhattacharya et al. 2006, […], Gérardin, Harris, Meyer 2018]

𝑉 3
𝜇,𝑅 = 𝑍𝑉(1 + 3𝑏̄𝑉𝑎𝑚av

𝑞 + 𝑏𝑉𝑎𝑚𝑞,ℓ)𝑉 3,𝐼
𝜇 ,

𝑉 8
𝜇,𝑅 = 𝑍𝑉[(1 + 3𝑏̄𝑉𝑎𝑚av

𝑞 + 𝑏𝑉
𝑎(𝑚𝑞,ℓ+2𝑚𝑞,𝑠)

3 )𝑉 8,𝐼
𝜇 + (

𝑏𝑉
3 + 𝑓𝑉)

2𝑎(𝑚𝑞,ℓ−𝑚𝑞,𝑠)

√3
𝑉 0,𝐼

𝜇 ],

𝑉 0
𝜇,𝑅 = 𝑍𝑉𝑟𝑉[(1 + (3 ̄𝑑𝑉 + 𝑑𝑉)𝑎𝑚av

𝑞 )𝑉 0,𝐼
𝜇 + 𝑑𝑉

𝑎(𝑚𝑞,ℓ−𝑚𝑞,𝑠)

√3
𝑉 8,𝐼

𝜇 ]

where
𝑉 𝑎,𝐼

𝜇 = 𝑉 𝑎
𝜇 + 𝑎𝑐𝑉𝜕0𝑇 𝑎

0𝜇, 𝑉 0,𝐼
𝜇 = 𝑉 0

𝜇 + 𝑎 ̄𝑐𝑉𝜕0𝑇 0
0𝜇.

while for the conserved current

𝑉 𝑎
𝜇,𝑅 = 𝑉 𝑎

𝜇 + 𝑎𝑐𝑐𝑠
𝑉 𝜕0𝑇 𝑎

0𝜇, 𝑉 0
𝜇,𝑅 = 𝑉 0

𝜇 + 𝑎 ̄𝑐𝑐𝑠
𝑉 𝜕0𝑇 0

0𝜇.

⇒ we use only the conserved vector current for the flavour-singlet component, and we set

𝑓𝑉 = 0, ̄𝑐𝑐𝑠
𝑉 = 𝑐𝑐𝑠

𝑉 .
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finite-size correction – an example

using the TMR kernel to compute (𝑔 − 2)𝜇

0 10 20 30 40
𝑡/𝑎

−1

0

1

2

3

𝑎 𝜇
×10−10 H200, 𝑀𝜋𝐿 = 4.4

0 10 20 30 40
𝑡/𝑎

N202, 𝑀𝜋𝐿 = 6.4

lattice correlator error
scalar QED correction
GS model correction
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