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1. Quasi-PDFs and procedure

2. Investigation of systematic
effects

3. Preliminary new results

4. Conclusions and prospects

Based on:

• C. Alexandrou, K. Cichy, M. Constantinou, K. Hadjiyiannakou,
K. Jansen, A. Scapellato, F. Steffens, “Systematic uncertainties in
parton distribution functions from lattice QCD simulations at the
physical point”, Phys. Rev. D99 (2019) 114504

• C. Alexandrou, K. Cichy, M. Constantinou, K. Jansen, A. Scapellato,
F. Steffens, “Light-Cone Parton Distribution Functions from Lattice
QCD”, Phys. Rev. Lett. 121 (2018) 112001

• C. Alexandrou, K. Cichy, M. Constantinou, K. Jansen, A. Scapellato,
F. Steffens, “Transversity parton distribution functions from lattice
QCD”, Phys. Rev. D98 (2018) 091503 (Rapid Communications)

• C. Alexandrou, K. Cichy, M. Constantinou, K. Hadjiyiannakou,
K. Jansen, H. Panagopoulos, F. Steffens, “A complete non-
perturbative renormalization prescription for quasi-PDFs”, Nucl.
Phys. B923 (2017) 394-415 (invited Frontiers Article)

Review of the field:
• K. Cichy, M. Constantinou, “A guide to light-cone PDFs from Lat-

tice QCD: an overview of approaches, techniques and results”, in-
vited review article for a special issue of Advances in High En-
ergy Physics, Adv. High Energy Phys. 2019 (2019) 3036904, arXiv:
1811.07248 [hep-lat]
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• Quasi-PDF approach:
X. Ji, Parton Physics on a Euclidean Lattice, Phys. Rev. Lett. 110 (2013) 262002

• Compute a quasi distribution q̃, which is purely spatial and uses nucleons with
finite momentum:

q̃(x, µ2, P3) =

∫

dz

4π
eixP3z〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉.

• z – distance in any spatial direction z,

• P3 – momentum boost in this direction.

• e.g. Γ = γ0, γ3 – unpolarized, Γ = γ5γ3 – helicity,
Γ = σ31, σ32 – transversity

• Theoretically very appealing and intuitive!

• Differs from light-front PDFs by O

(

Λ2
QCD

P 2
3
,
m2

N

P 2
3

)

.

• The highly non-trivial aspect:
how to relate q̃(x, µ2, P3) to the light-front PDF
q(x, µ2) (infinite momentum frame)
⇒ Large Momentum Effective Theory (LaMET)
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The procedure to obtain light-cone PDFs from the lattice
computation can be summarized as follows:
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1. Compute bare matrix elements: 〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉 .
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The procedure to obtain light-cone PDFs from the lattice
computation can be summarized as follows:

1. Compute bare matrix elements: 〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉 .
2. Compute renormalization functions in an intermediate lattice

scheme (here: RI’-MOM): ZRI′(z, µ).



Summary of the procedure

Outline of the talk

Quasi-PDFs

Quasi-PDFs

Procedure

Systematics

Summary

Krzysztof Cichy Quasi-PDFs with twisted mass fermions – LATTICE 2019 – Wuhan – 4 / 26
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computation can be summarized as follows:

1. Compute bare matrix elements: 〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉 .
2. Compute renormalization functions in an intermediate lattice

scheme (here: RI’-MOM): ZRI′(z, µ).
3. Perturbatively convert the renormalization functions to the

scheme needed for matching (here MMS) and evolve to a

reference scale: ZRI′(z, µ) → ZMMS(z, µ̄).
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The procedure to obtain light-cone PDFs from the lattice
computation can be summarized as follows:

1. Compute bare matrix elements: 〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉 .
2. Compute renormalization functions in an intermediate lattice

scheme (here: RI’-MOM): ZRI′(z, µ).
3. Perturbatively convert the renormalization functions to the

scheme needed for matching (here MMS) and evolve to a

reference scale: ZRI′(z, µ) → ZMMS(z, µ̄).
4. Apply the renormalization functions to the bare matrix elements,

obtaining renormalized matrix elements in the MMS scheme.
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The procedure to obtain light-cone PDFs from the lattice
computation can be summarized as follows:

1. Compute bare matrix elements: 〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉 .
2. Compute renormalization functions in an intermediate lattice

scheme (here: RI’-MOM): ZRI′(z, µ).
3. Perturbatively convert the renormalization functions to the

scheme needed for matching (here MMS) and evolve to a

reference scale: ZRI′(z, µ) → ZMMS(z, µ̄).
4. Apply the renormalization functions to the bare matrix elements,

obtaining renormalized matrix elements in the MMS scheme.
5. Calculate the Fourier transform, obtaining quasi-PDFs:

q̃MMS(x, µ̄, P3) =

∫

dz

4π
eixP3z〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉MMS.
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The procedure to obtain light-cone PDFs from the lattice
computation can be summarized as follows:

1. Compute bare matrix elements: 〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉 .
2. Compute renormalization functions in an intermediate lattice

scheme (here: RI’-MOM): ZRI′(z, µ).
3. Perturbatively convert the renormalization functions to the

scheme needed for matching (here MMS) and evolve to a

reference scale: ZRI′(z, µ) → ZMMS(z, µ̄).
4. Apply the renormalization functions to the bare matrix elements,

obtaining renormalized matrix elements in the MMS scheme.
5. Calculate the Fourier transform, obtaining quasi-PDFs:

q̃MMS(x, µ̄, P3) =

∫

dz

4π
eixP3z〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉MMS.

6. Relate MMS quasi-PDFs to MS light-cone PDFs via a matching
procedure: q̃MMS(x, µ̄, P3) → qMS(x, µ̄).
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The procedure to obtain light-cone PDFs from the lattice
computation can be summarized as follows:

1. Compute bare matrix elements: 〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉 .
2. Compute renormalization functions in an intermediate lattice

scheme (here: RI’-MOM): ZRI′(z, µ).
3. Perturbatively convert the renormalization functions to the

scheme needed for matching (here MMS) and evolve to a

reference scale: ZRI′(z, µ) → ZMMS(z, µ̄).
4. Apply the renormalization functions to the bare matrix elements,

obtaining renormalized matrix elements in the MMS scheme.
5. Calculate the Fourier transform, obtaining quasi-PDFs:

q̃MMS(x, µ̄, P3) =

∫

dz

4π
eixP3z〈N |ψ(z)ΓA(z, 0)ψ(0)|N〉MMS.

6. Relate MMS quasi-PDFs to MS light-cone PDFs via a matching
procedure: q̃MMS(x, µ̄, P3) → qMS(x, µ̄).

7. Apply nucleon mass corr. to eliminate residual m2
N/P

2
3 effects.
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Adv. High Energy Phys. 2019 (2019) 3036904, arXiv:1811.07248
Special issue Transverse Momentum Dependent Observables from Low to High

Energy: Factorization, Evolution, and Global Analyses,

• discusses in detail quasi-distributions:
nucleon: non-singlet quark qPDFs, qGPDs, qTMDs, singlet
qPDFs, gluon qPDFs; pion: qPDFs, qDAs

• reviews also other approaches:
hadronic tensor, auxiliary scalar quark, auxiliary heavy quark,
auxiliary light quark, pseudo-distributions, “OPE without OPE”,
lattice cross sections
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• Computation of quasi-PDFs subject to different systematic effects.
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• Computation of quasi-PDFs subject to different systematic effects.

• In this talk, we report our studies for:
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• Computation of quasi-PDFs subject to different systematic effects.

• In this talk, we report our studies for:

⋆ excited states effects,
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• Computation of quasi-PDFs subject to different systematic effects.

• In this talk, we report our studies for:

⋆ excited states effects,

⋆ renormalization functions (pion mass dependence, FVE, lattice
artifacts),
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• Computation of quasi-PDFs subject to different systematic effects.

• In this talk, we report our studies for:

⋆ excited states effects,

⋆ renormalization functions (pion mass dependence, FVE, lattice
artifacts),

⋆ level of stout smearing,
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• Computation of quasi-PDFs subject to different systematic effects.

• In this talk, we report our studies for:

⋆ excited states effects,

⋆ renormalization functions (pion mass dependence, FVE, lattice
artifacts),

⋆ level of stout smearing,

⋆ matching (vector current conservation, MS2MS vs. RI2MS,
Fourier transform truncation),
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• Computation of quasi-PDFs subject to different systematic effects.

• In this talk, we report our studies for:

⋆ excited states effects,

⋆ renormalization functions (pion mass dependence, FVE, lattice
artifacts),

⋆ level of stout smearing,

⋆ matching (vector current conservation, MS2MS vs. RI2MS,
Fourier transform truncation),

⋆ momentum dependence.
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• Computation of quasi-PDFs subject to different systematic effects.

• In this talk, we report our studies for:

⋆ excited states effects,

⋆ renormalization functions (pion mass dependence, FVE, lattice
artifacts),

⋆ level of stout smearing,

⋆ matching (vector current conservation, MS2MS vs. RI2MS,
Fourier transform truncation),

⋆ momentum dependence.

• Careful investigation of several systematic effects in:
C. Alexandrou et al. [ETM Collaboration], “Systematic uncertainties in parton
distribution functions from lattice QCD simulations at the physical point”,

Phys. Rev. D99 (2019) 114504
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• fermions: Nf = 2 twisted mass fermions + clover term

• gluons: Iwasaki gauge action, β = 2.1

• gauge field configurations generated by ETMC

β=2.10, cSW=1.57751, a=0.0938(3)(2) fm

483 × 96 aµ = 0.0009 mN = 0.932(4) GeV

L = 4.5 fm mπ = 0.1304(4) GeV mπL = 2.98(1)

P3 = 6π
L

P3 = 8π
L

P3 = 10π
L

Insertion Nconf Nmeas Nconf Nmeas Nconf Nmeas

γ0 50 4800 425 38250 811 72990

γ5γ3 65 6240 425 38250 811 72990

σ3j 50 9600 425 38250 811 72990
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Very important aspect in lattice hadron structure: excited states effects.
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• Danger: easy to get fooled when using only one method of excited states analysis
e.g. 2-state fit with ts/a = 8, 9, 10 looks fine,
but is inconsistent with plateau fit at ts = 10a.

• Robust statements about excited states only when checking a few analysis methods.

here: 2-state fit with ts/a = 8, 9, 10, 12 shows full consistency with the 1-state fit at ts = 12a.
• Drawback: one needs to get meaningful results at the largest ts, i.e. large cost!
• LQCD philosophy: control all systematics ⇒ even expensive checks are required and crucial.
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C. Alexandrou et al., Phys. Rev. D99 (2019) 114504
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Possibly enhanced FVE in non-local operators suggested in:
R. Briceño, J. Guerrero, M. Hansen, C. Monahan, Phys. Rev. D98 (2018) 014511
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C. Alexandrou et al., Phys. Rev. D99 (2019) 114504
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Z-factors can have O(g2a∞) artefacts perturbatively subtracted
By: M. Constantinou, H. Panagopoulos, e.g. Phys. Rev. D95 (2017) 034505

C. Alexandrou et al., Phys. Rev. D99 (2019) 114504
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Renormalized matrix elements should not depend on the number of applied stout
steps (even though both bare matrix elements and Z-factors depend on it)
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C. Alexandrou et al., Phys. Rev. D99 (2019) 114504
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The matching formula can be expressed as:

q(x, µ) =

∫ ∞
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, ι=0 for γ0 and ι=1 for γ3/γ5γ3.
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, ι=0 for γ0 and ι=1 for γ3/γ5γ3.

Problem: violates vector current conservation:
∫
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∫
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∫
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which increases with growing P3 (around 8% at P3 = 10π/48).
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Alternative matching: [C. Alexandrou et al., Phys. Rev. Lett. 121 (2018) 112001]
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• In this procedure, vector current is conserved.
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• In this procedure, vector current is conserved.

• Additional subtractions with respect to MS – made outside the physical region
of the unintegrated vertex corrections.
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of the unintegrated vertex corrections.

• Thus, needs modified renormalization scheme for input quasi-PDF.
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• In this procedure, vector current is conserved.

• Additional subtractions with respect to MS – made outside the physical region
of the unintegrated vertex corrections.

• Thus, needs modified renormalization scheme for input quasi-PDF.

• However, modification decreases with growing P3.
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We introduce a modified MS scheme (MMS) with an extra subtraction made outside the physical
region of the unintegrated vertex corrections. [C. Alexandrou et al., Phys. Rev. D99 (2019) 114504]

This renormalizes the ξ-dependence for ξ > 1 and ξ < 0.
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The above has to modify the conversion factor, i.e. the conversion will be RI→ MS → MMS.
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Exactly cancels the divergence in ln(z) present in MS!
(consistency with: M. Constantinou, H. Panagopoulos, Phys. Rev. D96 (2017) 054506
and with the “Ratio” scheme of T. Izubuchi et al., Phys. Rev. D98 (2018) 056004)
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Another alternative matching (“ratio” scheme):
[T. Izubuchi et al., Phys. Rev. D98 (2018) 056004]
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Another alternative matching (“ratio” scheme):
[T. Izubuchi et al., Phys. Rev. D98 (2018) 056004]
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In this scheme, all regions in the ξ-integration of the plus functions (including the
“physical” one) contain the same 3/2(1− ξ) term and no additional term appears.
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[T. Izubuchi et al., Phys. Rev. D98 (2018) 056004]
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In this scheme, all regions in the ξ-integration of the plus functions (including the
“physical” one) contain the same 3/2(1− ξ) term and no additional term appears.

Modification of the perturbative conversion from the intermediate renormalization
scheme to MS:

C0(µ
2z2) = 1 +

αsCF

2π

[
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2
ln(µ2z2e2γE/4) +

5

2

]

Caveat: modification of the physical ξ-region – potentially large numerical effect.



Effect from MMS

Krzysztof Cichy Quasi-PDFs with twisted mass fermions – LATTICE 2019 – Wuhan – 17 / 26

Nucleon momentum 10π
48

C. Alexandrou et al., Phys. Rev. D99 (2019) 114504

unpolarized



Effect from MMS

Krzysztof Cichy Quasi-PDFs with twisted mass fermions – LATTICE 2019 – Wuhan – 17 / 26

Nucleon momentum 10π
48

C. Alexandrou et al., Phys. Rev. D99 (2019) 114504

unpolarized helicity



Effect from MMS

Krzysztof Cichy Quasi-PDFs with twisted mass fermions – LATTICE 2019 – Wuhan – 17 / 26

Nucleon momentum 10π
48

C. Alexandrou et al., Phys. Rev. D99 (2019) 114504

unpolarized helicity

transversity



Effect from MMS

Krzysztof Cichy Quasi-PDFs with twisted mass fermions – LATTICE 2019 – Wuhan – 17 / 26

Nucleon momentum 10π
48

C. Alexandrou et al., Phys. Rev. D99 (2019) 114504

unpolarized helicity

transversity

As expected, the effect is very small
(modification of MS only

in unphysical regions)
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MMS – modification only of the “non-physical” regions ξ < 0, ξ > 1.
“ratio” – modification also of the “physical” region 0 < ξ < 1.

C. Alexandrou et al., Phys. Rev. D99 (2019) 114504
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Matching can also be performed directly from the RI scheme to MS
I.W. Stewart, Y. Zhao, Phys. Rev. D97 (2018) 054512

C. Alexandrou et al., Phys. Rev. D99 (2019) 114504
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Nucleon momentum 10π
48

C. Alexandrou et al., Phys. Rev. D99 (2019) 114504

unpolarized helicity

transversity

Needs the use of advanced
reconstruction techniques

J. Karpie et al., JHEP 1904 (2019) 057
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Nucleon momenta 6π
48 , 8π

48 , 10π
48

C. Alexandrou et al., Phys. Rev. D99 (2019) 114504

unpolarized helicity

transversity

Results seem to indicate convergence
in nucleon boost

Expected HTE:
O(Λ2

QCD/P
2
3 ) ≈ 5% at P3 = 1.4 GeV
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Investigation of several of these systematics in:
C. Alexandrou et al. [ETM Collaboration], “Systematic uncertainties in parton
distribution functions from lattice QCD simulations at the physical point”,

Phys. Rev. D99 (2019) 114504.
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• a=0.081 fm
• mπL ≈ 270 MeV.
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Thank you for your attention!
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