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Introduction: Physical point simulations

Advantage:  No chiral extrapolation needed,  i.e. one systematic error eliminated 

Problems:

Numerically demanding

Signal-to-noise problem

Significant impact in correlation functions of multi-particle-states  
involving light pions  !  Excited state contamination in physical observables 

ChPT can be used to estimate this multi-particle-state contamination:

Nucleon mass

Nucleon axial, scalar, tensor charge

Moments of pdfs 

Nucleon axial form factors 

OB, Lattice 2017

B. Tiburzi 2009; OB and M. Golterman 2013



Example: Induced pseudoscalar form factor GP(Q2)

Q2[(GeV)2]

exp. (muon capture)  
exp. (π electroprod.)  
pion pole dominance model  
PACS data
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Plateau estimate data below exp. results and pion pole dominance model

Data in  
PRD 98 (2018) 074510

Plot from  
OB, Lattice 2018

~

a ! 0.085 fm

t ! 1.3 fm

M⇡ ⇡ 146MeV

M⇡L ⇡ 6

Gren
P (Q2)

∼



Example: Induced pseudoscalar form factor GP(Q2)

Plateau estimate data below exp. results and pion pole dominance model

LO ChPT predicts underestimation due to Nπ contamination  
Can be removed analytically ⇒ better agreement with exp. / ppd model

exp. (muon capture)  
exp. (π electroprod.)  
pion pole dominance model  
PACS data 
PACS data, Nπ removed
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Q2[(GeV)2]

~

Data in  
PRD 98 (2018) 074510

Plot from  
OB, Lattice 2018

a ! 0.085 fm

t ! 1.3 fm

M⇡ ⇡ 146MeV

M⇡L ⇡ 6

Gren
P (Q2)

∼



Outline

In the following: Impact of the Nπ contamination in the

3-point function involving the temporal component A0 

pseudoscalar form factor GP(Q2)

generalized Goldberger-Treiman relation (PCACFF)

Details: OB, PRD 99 (2019) 054506  
OB, arXiv:1906.03652 [hep-lat]



The nucleon form factors

axial ff induced  
pseudo scalar ff

Momentum transfer Qµ = ( iE !p ! ! iE !p, !q) !q = !p! ! !p !p! = 0
euclidean space time chosen here

Matrix elements of local isovector axial vector current and pseudoscalar density
isospin symmetry assumed

!N (p!, s!)|Aa
µ (0)|N (p, s)" = øu(p!, s!)

!
! µ ! 5GA (Q2) # i ! 5

Qµ

2M N

÷GP (Q2)
"

" a

2
u(p, s)

hN (p0, s0)|Pa(0)|N (p, s)i = GP(Q2)ū(p0, s0)�5
�a

2
u(p, s)

pseudo scalar ff



Lattice determination

Compute 3-pt function, e.g.

Ratio with 2-pt function

Consider limit   t, t’, t-t’ "  ∞:   

Extract the form factors from the asymptotic values

C3,A3
µ
(!q, t, t0) =

X

!x,!y

ei!q!y ! "# hN# (!x, t)A3
µ(!y, t0)N " (0, 0)i

Rµ (!q, t, t!) =
C3,A 3

µ
(!q, t, t!)

C2(0, t)

!
C2(!q, t ! t !)
C2(0, t ! t !)

C2(!0, t)
C2(!q, t)

C2(!0, t !)
C2(!q, t!)

Current / Density at t’  
Nucleon interpolating fields at t, 0 
Projector Γ

Rµ (!q, t, t!) !" ! µ (!q)

! µ (!q) , µ = 0 , 1, 2, 3, P

, k = 1 , 2, 3! k (!q) =
i

!
2EN, !q(M N + EN, !q)

"

(M N + EN, !q)GA (Q2)"3k !
÷GP (Q2)
2M N

q3qk

#

! 0(!q) =
q3!

2EN, !q(M N + EN, !q)

$
GA (Q2) +

M N ! EN, !q

2M N

÷GP (Q2)
%

! P (!q) =
q3!

2EN, !q(M N + EN, !q)
GP (Q2)



Lattice determination

In practice: finite time separations t and t’

The effective form factors contain excited-state contributions and depend on t, t’

Dominant excited state for physical pion mass and large time separations:

2-particle Nπ states 

Rµ (!q, t, t!) ! Ge!
X (Q2, t, t !) , X = A, P, ÷P

Ge!
X (Q2, t, t !) = GX (Q2)

!
1 + ! X (Q2, t, t !)

"

! N !
X (Q2, t, t !) can be computed in ChPT

!   0     for    t,t’ !  ∞ 



ChPT including nucleons

SU(2) ChPT at LO  
isospin symmetry, euclidean space time 

Low energy constants at this order:  gA,  f,  MN,  Mπ   
experimentally well-known

Also known: chiral expressions for 
axial vector current and pseudoscalar density

nucleon interpolating fields (local and smeared)

Gasser, Sainio, Švarc 1988

gA axial charge f pion decay constant 

contains the three pions and the nucleon doublet ! =
!

p
n

"

L (1)
int ,1! =

igA

2f
! ! µ ! 5" a! #µ $a  nucleon-pion  

vertex
!

Gasser, Sainio, Švarc 1988, Fettes et al 2000

Nagata et al 2008;  Wein, Bruns, Hemmert, Schäfer 2011;  OB 2015    



Νπ contribution to the form factors

To do: Compute 2-pt and 3-pt functions and the ratio Rμ in ChPT

Example: Feynman diagrams for the 3-pt function 

Obtain Nπ contamination to   
the ratio Rμ , the effective form factors, and the plateau / mid-point estimates

a)

b) c) d)

e) f) g)

h) i) j)

k) l) m)

FIG. 1: Feynman diagrams for the three-point function. Squares represent the nucleon operator

at times t and 0. The diamond stands for the axial vector current at time t!. Circles represent a

vertex insertion at an intermediate space time point, and an integration over this point is implicitly

assumed. The solid and dashed lines represent nucleon and pion propagators, respectively.

Pluggin everything together we obtain

C3,a = igA 2|÷! |2e" Mt (31)

Obviuosly this is equal toigA times the LO result for the 2-pt function. Thus, taking the
ratio RLO = C3,LO /C 2,LO we Þnally Þnd

RLO = igA . (32)

B. Nucleon-pion-state contributions

1. Generalities

The nucleon-pion contribution to the 3-pt function stems from the diagrams in Þgure 1.
These diagrams are obtained if two NLO parts of either the interpolating Þelds (Þg. d) or
the axial vector current (Þgs. b and c) is used. In addition there are diagrams involving one
or two vertex insertions.

7

Loop diagrams:

Tree diagrams:

practically the same



3-pt function with A0

statistically too noisy

affected by large excited state contamination

Often quoted:  
3pt-function and ratio involving the temporal component A0 are

⇒  A0 data usually excluded from the determination of the form factors

2nd statement is confirmed by the ChPT results for the Nπ contamination !



Numerical data for 3-pt function with A0

RA 0 (!q, t, t!) shows a nearly linear dependence on t! (for fixed       )  !q, t

note:  no plateau estimate

M ! ! 150 MeVM ! ! 200 MeV

Excited States

Excited States

! Excited state contaminations on nucleon correlation functions
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Figure 6: Correlation function ratios (cf. Eq. (15)) for the axialvector (left, middle) and pseudoscalar currents (right) with three di ! erent
source sink separations t ! a = 9 (blue), 12 (green), 15 (red) for ensemble VIII with m! ! 150 MeV. In both cases we compare results from the
standard current (open symbols) and our modiÞed current (Þlled symbols). The shown results correspond to an average over all relevant
combinations of polarizations and momenta with "#p" = 2! ! L and #p! = #0 (i.e., Q2 = 0.073 GeV2). For A 0 the problem is clearly visible. The
signal for A !

0 has a signiÞcantly smaller statistical error and only shows mild excited state contributions (middle, zoomed), which are resolvable
with the multiexponential ansatz given in Eqs. (13) and (14). In contrast, the extent of the excited state contaminations to the data for the
pseudoscalar current P is not so obvious. However, subtracting the same excited states causing the problem in the axialvector channel (by
using P ! ), one Þnds that the true ground state plateau lies much higher. The yellow bands indicate the ground state contributions extracted
from the Þts for O " { A !

0 , P, P ! } .

Figure 7: Violation of PCAC FF . The plot shows the ratio deÞned in
Eq. (25). The Þlled (open) points are obtained with (without) the
excited state subtraction described in Sect. 3.2. The color coding
follows Fig. 1.

ground state matrix elements exists (in this case Eq. (22)).
However, the analogous constraint for the vector current,
qµ !N !p!

! ! "Vµ "N !p
! #= 0, is fulÞlled almost exactly by the data

such that the method does not lead to an improvement.

4. Results

4.1. Restoration of PCAC on the form factor level

We deÞne the ratio (cf. also Ref. [46])

r PCAC =
mqGP (Q2) + Q 2

4m N
÷GP (Q2)

mN GA (Q2)
, (25)

where deviations from r PCAC = 1 quantify the violation
of the PCACFF relation (12). Fig. 7 demonstrates that
using the method described in Sect. 3.2 all ensembles, in
particular the ones with small pion mass that previously
exhibited the largest deviations, now fulÞll the PCACFF

Figure 8: Violation of the pion pole dominance ansatz (26) for the
induced pseudoscalar form factor. The Þlled and open data points are
obtained with and without the excited state subtraction described
in Sect. 3.2, respectively, and agree within errors. The color coding
follows Fig. 1.

relation reasonably well. Even for largeQ2 ! 1 GeV2 we
see a signiÞcant improvement, although small deviations
of " 5% remain. This residual violation can be attributed
to O(a2) discretization e! ects of Eq. (19).

In absence of better information, the induced pseu-
doscalar form factor is often estimated by

÷GP
?
!

4m2
N GA

m2
" + Q2

! r PPD =
(m2

" + Q2) ÷GP (Q2)
4m2

N GA (Q2)
?= 1,

(26)

usually called the pion pole dominance (PPD) assumption.
Fig. 8 demonstrates that this approximation does not de-
scribe the data, especially not at smallQ2. This is true for
both, the original and the improved data (which rea" rms
the Þndings of Refs. [32, 46, 49]). Hence, the observed dis-
agreement with the PPD ansatz is certainly not caused by
the same excited state e! ects that have been responsible
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Bali et. al.,  
arXiv:1810.05569

T. Schulz  
talk at Lattice 2018 

Numerical examples:



Nπ contamination

C3,µ =0 (!q, t, t!) = CN
3,µ =0 (!q, t, t!) + CN !

3,µ =0 (!q, t, t!)

ChPT results/observations:

Perform the non-relativistic expansion  
and find

Dominant contribution from the tree diagrams 
with a low-energetic pion  

Relative sign between the two contributions                            
#  Nπ  contribution reproduces the observed linear behaviour !

EN, !q = M N +
!q2

2M N
+ . . .

CN
3,µ =0 = O(

1
M N

) CN !
3,µ =0 = O(1)

#  Nπ contamination is “O(MN)-enhanced” compared to single N contribution



Nπ contamination
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t ! 1.06 fm

M ! ! 150 MeV

|!q| =
2"
L

M ! L ! 3.47

Bali et. al.,  
arXiv:1810.05569

 from

ChPT ( no fit ! )

‣ ChPT reproduces the almost linear time dependence
‣  Very good agreement for all times !  

Expected: Reproduce the slope in the middle of the plot (if at all…)

ChPT works much better than expected.  Why ???

RA 0

(t ! t ! / 2)[fm]



        overestimates by ≈ 5% (no visible Q2 dependence)

        underestimates by ≈10% - 40% depending on momentum transfer

        underestimates for Q2 ≾ 0.06 GeV2   ( up to ≈ -20% )  
       overestimates  for Q2 ≽ 0.06 GeV2    ( up to  ≈ +50% )

Q2
n / GeV2

Gplat
A

Nπ contamination in GP(Q2)  
for t = 2 fm,  t’ = 1 fm (midpoint estimate)
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! N !
X (Q2, t, t !) = Ge!

X (Q2, t, t !)
GX (Q2)

! 1

P
A
÷P

M ! L = 6 (e.g. PACS coll.)
lowest discrete momenta 
for 

OB 2018

Gplat
P

∼



Data underestimate ppd model result for small Q2 
        overestimate ppd model result for larger Q2

Q2[(GeV)2]

Nπ contamination in GP(Q2)  
for t = 1.3 fm

PACS plateau estimate data  
for normalized form factor

PACS data 
pion pole dominance model

Gnorm
P (Q2, Q2

ref , t) !
Gplat

P (Q2, t)

Gplat
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ref , t)

independent of ZP
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Data underestimate ppd model result for small Q2 
        overestimate ppd model result for larger Q2

Remove the LO ChPT Nπ contamination from data  !  much better agreement  
surprising since t = 1.3 fm

PACS plateau estimate data  
for normalized form factor

Q2[(GeV)2]
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Nπ contamination in GP(Q2)  
for t = 1.3 fm

PACS data 
pion pole dominance model

PACS data, Nπ removed
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Generalized Goldberger-Treiman relation

PCAC implies a relation between the three form factors (also called PCACFF relation):

2M N GA (Q2) !
Q2

2M N

÷GP (Q2) = 2 mqGP (Q2)

In general it is violated badly by lattice estimates,
e.g. the ratio 

is typically < 1 and Q2 -dependent  

r est
PCAC (Q2, t) =

Q2

4M 2
N

÷Gest
P (Q2, t)

Gest
A (Q2, t)

+
2mq

2M N

Gest
P (Q2, t)

Gest
A (Q2, t)

FIG. 15. (Left) The data for the five ratiosRi , defined in Eqs.(30)Ð(34). The four rows show data from the four ensemblesa12m310,

a09m130, a06m220, anda06m135. Test of the PCAC relation, Eq.(27), is R!I "
1 # R2 $ 1; of the pion pole-dominance ansatz, Eq.(11),

is R!I "
3 $ 1; and of the relation given in Eq.(29) is R!I "

4 $ 1. (Right) Results for the four ratios defined in Eqs.(35)Ð(37)using theO%a&
improved axial current.

AXIAL-VECTOR FORM FACTORS OF THE NUCLEON FROMÉ PHYSICAL REVIEW D 96, 114503 (2017)

114503-21

Q2/[GeV]2

Bali et. al. 2018  
Gupta et. al. 2017

Plot from 
Gupta et. al., PRD 96 114503 (2017)



Generalized Goldberger-Treiman relation

PCAC implies a relation between the three form factors (also called PCACFF relation):
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FIG. 15. (Left) The data for the five ratiosRi , defined in Eqs.(30)Ð(34). The four rows show data from the four ensemblesa12m310,
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is R!I "
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Gupta et. al. 2017

Plot from 
Gupta et. al., PRD 96 114503 (2017)



Impact Nπ-state contamination on rPCAC

◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦

�
�

� � � � � � � � �

���� ���� ���� ���� ���� ����

���

���

���

���

���

t = 2 fm

t = !

ChPT result

◆
◆

◆
◆ ◆ ◆

◆ ◆ ◆

���� ���� ���� ���� ���� ����

���

���

���

���

���

PACS data and ChPT,  t = 1.3 fm

PACS data

Nπ ChPT

ChPT result for Nπ contamination predicts 

Good agreement with PACS data even for small source-sink separation t = 1.3fm

Dominant source for                            : Large Nπ contamination in GP(Q2, t)

r plat
PCAC (Q2, t) < 1

r plat
PCAC (Q2, t) < 1 ~

Q2/[GeV]2 Q2/[GeV]2



Summary

LO ChT predicts significant Nπ contamination in

3-point function involving the temporal component A0 

pseudoscalar form factor GP(Q2)

generalized Goldberger-Treiman relation (PCACFF)

Preliminary conclusions: 

Deviations   lattice results  "   exp. / phen. data  
probably due to Nπ excited states 
needs to be corroborated with more data

(Much) larger source-sink separations needed to extract form factors reliably

Outlook:  Analogous calculation for vector current form factors



Backup slides



Q2
n / GeV2

Nπ contamination in GP(Q2)  
for t = 2 fm,  t’ = 1 fm (midpoint estimate)
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Impact Nπ-state contamination on r3

ChPT result for Nπ contamination predicts 

Good agreement with PACS data even for small source-sink separation t = 1.3fm

Dominant source for                        : Large Nπ contamination in GP(Q2, t)~

ChPT result

t = 2 fm

t = !
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Impact Nπ-state contamination on r4

Poor agreement with PACS data

ChPT result

t = 2 fm

t = !

PACS data and ChPT,  t = 1.3 fm

PACS data

Nπ ChPT
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Impact Nπ-state contamination on PCACFF
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Nπ contamination in the correlation functions

3-pt function:

2-pt function: analogously

Ratios: Rµ (!q, t, t!) = ! µ (!q)

!

1 + Zµ (!q, t, t!) +
1
2

Y(!q, t, t!)

"

C3,µ (!q, t, t!) = CN
3,µ (!q, t, t!) + CN !

3,µ (!q, t, t!)

= CN
3,µ (!q, t, t!)

!
1 + Zµ (!q, t, t!)

"

computable in ChPT

from 2-pt functions



Nπ contamination in the correlation functions

Zµ (!q, t, t!) = aµ (!q)e" ! E (0 ,!q)( t " t ! ) + ÷aµ (!q)e" ! E ( !q," !q) t !

+
!

!p

bµ (!q,!p)e" ! E (0 ,!p)( t " t ! ) + ÷bµ (!q,!p)e" ! E (q,!p) t !

+
!

!p

cµ (!q,!p)e" ! E (0 ,!p)( t " t ! ) e" ! E ( !q,!p) t !

tree diagrams

loop diagrams

! E (0, !q) = E! ,"q + EN,q ! M N

! E(0, !p) = E! ,"p + EN,p ! M N

! E(!q,! !q) = E! ,"q + M ! EN,q

Energy gaps:

Non-trivial results of the ChPT calcultion:  The coefficients in Zμ



Nπ contamination in the correlation functions

Example: Coefficients ak from the tree-level diagrams

ak (!q) = a!
k (!q) +

E! ,q

M N
acorr

k (!q) + O
!

1
M 2

N

"

a!
k=1 ,2(!q) = !

1
2

a!
k=3 (!q) =

1
2

q2
3

E 2
! ,q ! q2

3
NR Limit:

acorr
k=1 ,2(!q) = !

1
4

!
M 2

!

E 2
! ,"q

!
1

gA

"

acorr
k=3 (!q) =

1
4

!
M 2

!

E 2
! ,"q

!
1

gA

"
q2

3

E 2
! ,q ! q2

3

Correction:

Relevant result for approximate ! N !
÷P



ChPT:  Single nucleon contribution

a) b) c)

FIG. 1: Feynman diagrams for the leading single nucleon contribution in the 2-pt function (sub-

diagram a) and the 3-pt function (subdiagrams b) and c). Squares represent the nucleon operator

at times t and 0 and the diamond stands for the axial vector current at insertion time t!. The

circle represents a vertex insertion at an intermediate space time point. The solid (dashed) lines

represent a nucleon (pion) propagator.

In addition we always choose the third isospin component of the axial vector current,a = 3,
so the nucleon 3-pt function we consider is given by3

C3,A 3
µ
(!q, t, t!) =

!
d3x

!
d3y ei !q!y ! "# !N# (!x, t )A3

µ(!y, t!)N " (0, 0)" . (7)

With the 2-pt and 3-pt functions we deÞne the ratio

Rµ(!q, t, t!) =
C3,A 3

µ
(!q, t, t!)

C2(0, t)

"
C2(!q, t # t!)
C2(0, t # t!)

C2(!0, t)
C2(!q, t)

C2(!0, t!)
C2(!q, t!)

(8)

This ratio is deÞned in such a way that, in the asymptotic limitt, t ! $ % , it converges to
constant asymptotic valuesR0

µ(!q) that are related to the form factors according to

R0(!q, t, t!) $ R0
0(!q) =

q3#
2E!q(MN + EN, !q)

$
GA (Q2) +

MN # EN, !q

2MN
GP(Q2)

%
, (9)

Rk(!q, t, t!) $ R0
k(!q) =

i
#

2E!q(MN + EN, !q)

$
(MN + EN, !q)GA (Q2)"3k #

GP(Q2)
2MN

q3qk

%
.(10)

Here EN, !q denotes the nucleon energy with momentum!q.

III. THE RATIOS IN CHPT - SINGLE NUCLEON CONTRIBUTION

A. Basic deÞnitions

B. The single nucleon contribution

With the Feynman rules of the previous subsection we are in the position to compute
the 2-pt and 3-pt correlation functions and the ratios in ChPT. The dominant contribution
stem from the simple diagrams in Þg. 1. These diagrams provide the leading single-nucleon

3 I follow my old notation for the deÞnition of sink-time ( t) and operator insertion time (t!), which di ! ers

from the one in Ref. [1].

3

2-pt function 3-pt function

$ GA (Q2) = gA GP (Q2) = 4 M 2
N

gA

Q2 + M 2
!



Nπ contamination in A0 correlator

t ! 1.06 fm

M ! ! 150 MeV

|!q| =
2"
L

M ! L ! 3.47

Bali et. al.,  
arXiv:1810.05569
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        overestimates by ≈ 5% (no visible Q2 dependence)  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Small FV effect for MπL ≧ 3 

M ! L = 4

M ! L = 3

M ! L = 5

M ! L = 6

Gplat
A

Gplat
P

(e.g. PACS coll.)
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