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Structure of composite states
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• Have seen a plethora of studies determining hadronic bound-states/ resonances from QCD

• How can we systematically determine their structure? 

• Experimentally, form-factors, charge radii, pdfs, …, give us insight

• Can we determine these in Lattice QCD for resonances/ bound states?
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Structure & nature of states 
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•  Lüscher (1986, 1991)
•  Rummukainen & Gottlieb (1995)
•  Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005)
•  Feng,  Li, &  Liu (2004)
•  Hansen & Sharpe / Briceño & Davoudi (2012) 
•  Briceño (2014) 
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Spectroscopy
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Lüscher Quantization Condition
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• Many examples of successful determination of resonances

Spectroscopy
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Transition Amplitudes
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• Lellouch & Lüscher (2000)
• Kim, Sachrajda, & Sharpe
• Christ, Kim & Yamazaki (2005)
• Hansen & Sharpe (2012)
• Briceño, Hansen Walker-Loud (2014)
• Briceño & Hansen (2015)
• … and many others
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Transition amplitude

Lellouch-Lüscher factor

Briceño, Dudek, Edwards, Shultz, Thomas, & Wilson
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Two-Hadron Form Factors
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• Extend ideas to external currents coupling to two-hadron systems

• Systematic method to study structure of resonances/ bound states
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Single hadron form factor

• Bernard, Hoja, Meißner, Rusetsky (2012)
• Briceño, Hansen (2016)
• Baroni, Briceño, Hansen, and Ortega-Gama (2018)
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Finite Volume function — G
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• New finite volume function — G (Here S-wave)

• Analytic behavior understood

• Triangle singularities

• Baroni, Briceño, Hansen, and Ortega-Gama (2018)

• Threshold cusp
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Finite Volume function — G
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<latexit sha1_base64="QXmGOokr6n5D3SrEJVBkeQJ+lRw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclYkIuhGKblxWsA9IQ5hMJ+3QyYOZGzGE+ituXCji1g9x5984bbPQ1gMXDufcy733BKkUGgj5tlZW19Y3Nitb1e2d3b19++Cwo5NMMd5miUxUL6CaSxHzNgiQvJcqTqNA8m4wvpn63QeutEjie8hT7kV0GItQMApG8u1aH/gjBCFu+QJfYZcQ4vl2nTTIDHiZOCWpoxIt3/7qDxKWRTwGJqnWrkNS8AqqQDDJJ9V+pnlK2ZgOuWtoTCOuvWJ2/ASfGGWAw0SZigHP1N8TBY20zqPAdEYURnrRm4r/eW4G4aVXiDjNgMdsvijMJIYET5PAA6E4A5kbQpkS5lbMRlRRBiavqgnBWXx5mXTOGg5pOHfn9eZ1GUcFHaFjdIocdIGa6Ba1UBsxlKNn9IrerCfrxXq3PuatK1Y5U0N/YH3+AG9Hk08=</latexit><latexit sha1_base64="QXmGOokr6n5D3SrEJVBkeQJ+lRw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclYkIuhGKblxWsA9IQ5hMJ+3QyYOZGzGE+ituXCji1g9x5984bbPQ1gMXDufcy733BKkUGgj5tlZW19Y3Nitb1e2d3b19++Cwo5NMMd5miUxUL6CaSxHzNgiQvJcqTqNA8m4wvpn63QeutEjie8hT7kV0GItQMApG8u1aH/gjBCFu+QJfYZcQ4vl2nTTIDHiZOCWpoxIt3/7qDxKWRTwGJqnWrkNS8AqqQDDJJ9V+pnlK2ZgOuWtoTCOuvWJ2/ASfGGWAw0SZigHP1N8TBY20zqPAdEYURnrRm4r/eW4G4aVXiDjNgMdsvijMJIYET5PAA6E4A5kbQpkS5lbMRlRRBiavqgnBWXx5mXTOGg5pOHfn9eZ1GUcFHaFjdIocdIGa6Ba1UBsxlKNn9IrerCfrxXq3PuatK1Y5U0N/YH3+AG9Hk08=</latexit><latexit sha1_base64="QXmGOokr6n5D3SrEJVBkeQJ+lRw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclYkIuhGKblxWsA9IQ5hMJ+3QyYOZGzGE+ituXCji1g9x5984bbPQ1gMXDufcy733BKkUGgj5tlZW19Y3Nitb1e2d3b19++Cwo5NMMd5miUxUL6CaSxHzNgiQvJcqTqNA8m4wvpn63QeutEjie8hT7kV0GItQMApG8u1aH/gjBCFu+QJfYZcQ4vl2nTTIDHiZOCWpoxIt3/7qDxKWRTwGJqnWrkNS8AqqQDDJJ9V+pnlK2ZgOuWtoTCOuvWJ2/ASfGGWAw0SZigHP1N8TBY20zqPAdEYURnrRm4r/eW4G4aVXiDjNgMdsvijMJIYET5PAA6E4A5kbQpkS5lbMRlRRBiavqgnBWXx5mXTOGg5pOHfn9eZ1GUcFHaFjdIocdIGa6Ba1UBsxlKNn9IrerCfrxXq3PuatK1Y5U0N/YH3+AG9Hk08=</latexit><latexit sha1_base64="QXmGOokr6n5D3SrEJVBkeQJ+lRw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclYkIuhGKblxWsA9IQ5hMJ+3QyYOZGzGE+ituXCji1g9x5984bbPQ1gMXDufcy733BKkUGgj5tlZW19Y3Nitb1e2d3b19++Cwo5NMMd5miUxUL6CaSxHzNgiQvJcqTqNA8m4wvpn63QeutEjie8hT7kV0GItQMApG8u1aH/gjBCFu+QJfYZcQ4vl2nTTIDHiZOCWpoxIt3/7qDxKWRTwGJqnWrkNS8AqqQDDJJ9V+pnlK2ZgOuWtoTCOuvWJ2/ASfGGWAw0SZigHP1N8TBY20zqPAdEYURnrRm4r/eW4G4aVXiDjNgMdsvijMJIYET5PAA6E4A5kbQpkS5lbMRlRRBiavqgnBWXx5mXTOGg5pOHfn9eZ1GUcFHaFjdIocdIGa6Ba1UBsxlKNn9IrerCfrxXq3PuatK1Y5U0N/YH3+AG9Hk08=</latexit>

Pf = [001]
<latexit sha1_base64="m+uKH1YHc8KCKpRN4YDpeYh+rj0=">AAACAXicbVBNS8NAEN34WetX1IvgZbUInkoigl6EohePFewHNCFstpt26WYTdidiCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/PCVHANjvNtLSwuLa+sltbK6xubW9v2zm5TJ5mirEETkah2SDQTXLIGcBCsnSpG4lCwVji4Hvute6Y0T+QdDFPmx6QnecQpASMF9j72gD1AGOF6kHuH0Qhf4o7juH5gV5yqMwGeJ25BKqhAPbC/vG5Cs5hJoIJo3XGdFPycKOBUsFHZyzRLCR2QHusYKknMtJ9PPhjhY6N0cZQoUxLwRP09kZNY62Ecms6YQF/PemPxP6+TQXTh51ymGTBJp4uiTGBI8DgO3OWKURBDQwhV3NyKaZ8oQsGEVjYhuLMvz5PmadV1qu7tWaV2VcRRQgfoCJ0gF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mrQtWMbOH/sD6/AGtEJUU</latexit><latexit sha1_base64="m+uKH1YHc8KCKpRN4YDpeYh+rj0=">AAACAXicbVBNS8NAEN34WetX1IvgZbUInkoigl6EohePFewHNCFstpt26WYTdidiCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/PCVHANjvNtLSwuLa+sltbK6xubW9v2zm5TJ5mirEETkah2SDQTXLIGcBCsnSpG4lCwVji4Hvute6Y0T+QdDFPmx6QnecQpASMF9j72gD1AGOF6kHuH0Qhf4o7juH5gV5yqMwGeJ25BKqhAPbC/vG5Cs5hJoIJo3XGdFPycKOBUsFHZyzRLCR2QHusYKknMtJ9PPhjhY6N0cZQoUxLwRP09kZNY62Ecms6YQF/PemPxP6+TQXTh51ymGTBJp4uiTGBI8DgO3OWKURBDQwhV3NyKaZ8oQsGEVjYhuLMvz5PmadV1qu7tWaV2VcRRQgfoCJ0gF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mrQtWMbOH/sD6/AGtEJUU</latexit><latexit sha1_base64="m+uKH1YHc8KCKpRN4YDpeYh+rj0=">AAACAXicbVBNS8NAEN34WetX1IvgZbUInkoigl6EohePFewHNCFstpt26WYTdidiCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/PCVHANjvNtLSwuLa+sltbK6xubW9v2zm5TJ5mirEETkah2SDQTXLIGcBCsnSpG4lCwVji4Hvute6Y0T+QdDFPmx6QnecQpASMF9j72gD1AGOF6kHuH0Qhf4o7juH5gV5yqMwGeJ25BKqhAPbC/vG5Cs5hJoIJo3XGdFPycKOBUsFHZyzRLCR2QHusYKknMtJ9PPhjhY6N0cZQoUxLwRP09kZNY62Ecms6YQF/PemPxP6+TQXTh51ymGTBJp4uiTGBI8DgO3OWKURBDQwhV3NyKaZ8oQsGEVjYhuLMvz5PmadV1qu7tWaV2VcRRQgfoCJ0gF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mrQtWMbOH/sD6/AGtEJUU</latexit><latexit sha1_base64="m+uKH1YHc8KCKpRN4YDpeYh+rj0=">AAACAXicbVBNS8NAEN34WetX1IvgZbUInkoigl6EohePFewHNCFstpt26WYTdidiCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/PCVHANjvNtLSwuLa+sltbK6xubW9v2zm5TJ5mirEETkah2SDQTXLIGcBCsnSpG4lCwVji4Hvute6Y0T+QdDFPmx6QnecQpASMF9j72gD1AGOF6kHuH0Qhf4o7juH5gV5yqMwGeJ25BKqhAPbC/vG5Cs5hJoIJo3XGdFPycKOBUsFHZyzRLCR2QHusYKknMtJ9PPhjhY6N0cZQoUxLwRP09kZNY62Ecms6YQF/PemPxP6+TQXTh51ymGTBJp4uiTGBI8DgO3OWKURBDQwhV3NyKaZ8oQsGEVjYhuLMvz5PmadV1qu7tWaV2VcRRQgfoCJ0gF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mrQtWMbOH/sD6/AGtEJUU</latexit>

Gµ 1 áááµ n (Pf , Pi ; L ) =
<latexit sha1_base64="OdnpKpUDLkxOUgYRV6NphJkI7VE="></latexit>

!V
<latexit sha1_base64="BxwOSpKQfc9DQ+mj84ZJmgfN17I="></latexit>

!
<latexit sha1_base64="6/bH3pb5F6iUSzUgcVJxehPfVcg="></latexit>

Gµ 1 áááµ n (Pf , Pi ; L ) =
!

1
L 3

"#

k

$
kµ 1 á á ákµ n

2! k ((Pf ! k)2 ! m2 + i ")(( Pi ! k)2 ! m2 + i ")

%
%
%
k 0 = ! k

<latexit sha1_base64="N6V9dRFwgmLSMuTkGxS4GNKtx0o="></latexit>

• New finite volume function — G (Here S-wave)
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• Scalar current — Compactness of constituents

2+J! 2 Matrix Elements

A. Jackura — Old Dominion University �10

• Infinite volume matrix elements

• Consider simplest cases — S-wave systems coupling to vector and scalar currents

• Vector current — Charge distribution

Vector

Scalar

Wµ
df ,L = Wµ

df + f M [(Pi + Pf )µG ! 2Gµ] M
<latexit sha1_base64="rfL/AluHUGDlZ/e75beWjfajZYo="></latexit>

Wdf ,L = Wdf + f MGM
<latexit sha1_base64="uBornJWO2y6GQ80mRThvExsQjAE="></latexit>

! 2| J | 2"! = W
<latexit sha1_base64="/ZR0G4rztQ5z4M8TmbyYNFlHfV8="></latexit>

• Remove long-range effects on external legs

Wdf =
1

1 ! K i !
F

1
1 ! i ! K

<latexit sha1_base64="FqlvCNWybqCDqQH9AwnuhNEmmXU="></latexit>

!<latexit sha1_base64="Cw94sHYED4A5COzkvsmfTVL6ZUo="></latexit> !<latexit sha1_base64="Cw94sHYED4A5COzkvsmfTVL6ZUo="></latexit>! 2| J | 2"! = W
<latexit sha1_base64="/ZR0G4rztQ5z4M8TmbyYNFlHfV8="></latexit>
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Matrix elements of bound states

A. Jackura — Old Dominion University �11

lim
si ,s f ! sB

W µ
df (Pf , Pi ) = ig

i
sf ! sB

(Pi + Pf )µ FB (Q2)
i

si ! sB
ig

<latexit sha1_base64="IeykVcipci2EXjFN+xm3LZN1R3k="></latexit>

FB(0) = Q0
<latexit sha1_base64="dIzcsfc8gnTaF4zNEZhryuJKHho="></latexit>

• Near the bound state pole

• Consistency of the electric charge

lim
si,sf!sB

<latexit sha1_base64="OLUDcpbUksM25dNXO9iSr9HQvKM="></latexit>

=<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

h2| J |2iL ⇠ Wdf,L · R
<latexit sha1_base64="v2JODoiqRb3MasQ5I9Pg+guLvao="></latexit>

• In the finite volume

• Require — Finite volume spectra of bound state

— Analytic representation for scattering amplitude

— Analytic parameterization for form-factor
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Bound States
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−60

−40

−20

−3000 −2000 −1000 0
q⋆ 2 / MeV2

q⋆ cot δ(q⋆)

−

√

−q⋆ 2

Sheet I s
<latexit sha1_base64="h0hJhZivJyhVMTdPVXNzvt4AVvE="></latexit><latexit sha1_base64="h0hJhZivJyhVMTdPVXNzvt4AVvE="></latexit><latexit sha1_base64="h0hJhZivJyhVMTdPVXNzvt4AVvE="></latexit><latexit sha1_base64="h0hJhZivJyhVMTdPVXNzvt4AVvE="></latexit>

Bound stateLeft hand cuts

Unitarity cut4m2
<latexit sha1_base64="uX8TeoZ0lqseyMvXF2rgue+dYuc="></latexit><latexit sha1_base64="uX8TeoZ0lqseyMvXF2rgue+dYuc="></latexit><latexit sha1_base64="uX8TeoZ0lqseyMvXF2rgue+dYuc="></latexit><latexit sha1_base64="uX8TeoZ0lqseyMvXF2rgue+dYuc="></latexit>

sB
<latexit sha1_base64="Td1ZAJUHxYxPRn2diow6HVsaV1A="></latexit>

q? cot �(q?)|q?=iB + B = 0
<latexit sha1_base64="L/un47UEC+NzhjZElEUZ4VHZZ/M="></latexit>

lim
s! sB

M (s) =
(ig)2

s ! sB
<latexit sha1_base64="qU6laoIHs137dh2iCcZV0kcYU6I="></latexit>

• Apply framework to an S-wave bound state

• Use deuteron in pn-scattering as toy example

lim
s! sB

<latexit sha1_base64="LW4uuIB1QR/Bg56ca1yaaJaKNjE="></latexit>

=<latexit sha1_base64="G0iLrdG7CvDyUNknIyOyDPqKcsM="></latexit>

L
<latexit sha1_base64="IYxGAerA/qCLD0aROjASUKei5aE="></latexit>



><

Finite volume spectrum
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|d| = 0

|d| = 1

M�1(sn) = �F (Pn;L)
<latexit sha1_base64="2zNLlRnwUOgbJvRs1hcVpwZGdHM="></latexit>

O(e! ! B L )
<latexit sha1_base64="FMjQtZUxxQBlbBT3xcmBH5SygpA="></latexit>

F (P; L ) =
!

1
L 3

"#

k

$
1

2! k ((P ! k)2 ! m2 + i ")

%
%
%
k 0 = ! k

<latexit sha1_base64="RuajM0cpRMSTZFRqeFKukHX4ecw="></latexit>

(Here S-wave)

• Davoudi & Savage (2011)

sn = sB + �sB
<latexit sha1_base64="tvLTuJrC6qxO8WVi7QWvF0vECvU="></latexit>

�sB = O(e�BL)
<latexit sha1_base64="e4tP0KTmIzlQYUTCC70xPYR7KJ4="></latexit>

• Bound state exponentially close to Lüscher pole

=)
<latexit sha1_base64="AIS02e9V4yRjNTFV/huDVkETQco="></latexit>
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• First investigate S-wave system coupling to a vector current

• At zero-momentum transfer, matrix element defines the charge —

Matrix elements of vector currents

A. Jackura — Old Dominion University �14

• Deeply bound state — Finite volume dependence vanishes

FB (0) = Q0
<latexit sha1_base64="Z7ENyC2Ip4V2mqYFTkJO3RfMmCo="></latexit>

• Lellouch-Lüscher factor

• Matrix element

• Temporal component at zero-momentum transfer

=)
<latexit sha1_base64="AIS02e9V4yRjNTFV/huDVkETQco="></latexit>

First check that formalism reproduces expectations

BL ! 1
<latexit sha1_base64="q+GZoRev/1biJCBwnZoHi/CUIeI="></latexit>

!2| J µ |2"L ####$
Q 2 ! 0

FB (0)
L 3

<latexit sha1_base64="QVQMOe6p/zcDqvUay+As+I84e3A="></latexit>

h2| J µ |2iL =
1

2
p

EiEfL3
(Pi + Pf )

µ FB (Q
2)

<latexit sha1_base64="kERMoEBz7/oNPELAKCB5MkVo7/0="></latexit>

! 2| J µ=0 |2"L ####$
Q 2 ! 0

Q0

L 3
<latexit sha1_base64="NMzoyubI8ey/i4zk4ji95o3h7iE="></latexit>

R ! 1 = ( M )" = !
2Eg2

(s ! sB )2
<latexit sha1_base64="w2m5vWyz3IbX3s+TaTzE86iBDTI="></latexit>
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Wµ=0
df = Q0

d

dE
M

<latexit sha1_base64="3j6zH3wKLx8xuPjrNHytDQoR9Lw="></latexit>

Matrix elements of vector currents

A. Jackura — Old Dominion University �15

• Next, consider a shallow bound state

• Require that matrix element has no non-trivial volume dependence

• Should see volume independence

• Formalism yields the matrix element

• Lellouch-Lüscher factor simplifies Same finite volume piece!

• Constrained form-factor at zero-momentum transfer

!2| J | 2"L =
1

L 3

1
(i ! K)! # (KF )!

!
F µ

K
+ Q0 K

"
2Pµ G # 2Gµ

#$

<latexit sha1_base64="BziktXu7oIJ+xUb9uL/pVbcVLCY="></latexit>

(i ! K)! ! (KF )! =
K

M 2

d
dE

M + K
!

2E G ! 2Gµ=0
"

<latexit sha1_base64="2L/IOUotdhCqBlYqaaYUtCPzYCM="></latexit>

!2| J µ=0 |2"L ####$
Q 2 ! 0

Q0

L 3
<latexit sha1_base64="NMzoyubI8ey/i4zk4ji95o3h7iE="></latexit>

( ) ! =
d

dE
<latexit sha1_base64="uWJWS98yIF83nY42litNeLy5p0s="></latexit>

F µ=0 = Q0
K2

M 2

d
dE

M
<latexit sha1_base64="9MCkVTrTjSMEQsjeDE/pH6zCWnA="></latexit>

=!
<latexit sha1_base64="AIS02e9V4yRjNTFV/huDVkETQco="></latexit>

Recover WTI!
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Scalar Currents - non-trivial volume dependence
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• Look at leading order effects

! sB = O(e! ! B L)
<latexit sha1_base64="BwBoT5kL6/IT7uQOPivqczayEUk="></latexit>

Non-trivial volume dependence!

Gµ=0 (PB ; L ) = O(e! ! B L )
<latexit sha1_base64="IKWPP7EqQQIqSczuSyHwWtnV3f8="></latexit>

• Deeply bound states —

Scalar current form factor

• Shallow bound states — look at leading order effects

• Compare vector current to scalar current

Infinite volume quantities

• Mass known to have finite volume dependence — manifestation in matrix elements

• Similar features for general tensor currents Third non-trivial check

!2| J | 2"L =
FB (0)
2EL<latexit sha1_base64="CoZC/gakdlh2esJDT8ZaJUbtpwg="></latexit>

h2| J |2iL =
FB(0)

2EL


1 + �sB (· · · ) +

g2

E
Gµ=0

�
+O(�s2B)

<latexit sha1_base64="lL2U3RzN6/OuunmlQtRHrM0V6aQ="></latexit>
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Summary and Outlook
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• Formalism to study structure of resonant/ bound state systems

• First studies to S-wave bound-states — provide consistency checks

• Volume independence of charge in electromagnetic form-factors

• Volume dependence of scalar source — probe mass distribution

• Recover infinite volume constraints via WTI

• Near future applications

• Threshold expansion — continued consistency checks against results in literature

• Numerical applications, e.g. !!" ! ! !!
<latexit sha1_base64="EniaXc/ENa8eZMRRkiyOAsGkc8g="></latexit>

• Near future Formal developments

• Extend formalism to particles with spin




