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(quick) g-2 background

A quick summary

I. INTRODUCTION

Fermilab experiment E989 is measuring the anomalous magnetic moment of the muon

(aµ = (g � 2)/2) with the goal of reducing the error on the BNL E821 [1] result by a factor

of four. An upcoming experiment at J-PARC, E34, aims to do the same with a completely

di↵erent technique. Lattice calculations of the hadronic contributions to the muon g�2, like

the one reported here, are crucial to obtain and cross-check the Standard Model value to the

same accuracy in order to discover new physics or lay to rest the longstanding discrepancy

between theory and experiment.

In this paper we focus on the leading hadronic vacuum polarization (HVP) contribution

to the muon anomaly. The aim is to test the e�cacy of modern noise-reduction techniques

to reduce the statistical errors of Monte Carlo methods used in lattice QCD in the context

of the HVP and to provide accurate finite volume corrections to these results using chiral

perturbation theory at two-loop order.

The total HVP contribution to aµ comes from both connected- and disconnected- quark

line diagrams shown in Fig. 1, for each flavor of quark in Nature. The u, d quark-connected

contributions are by far the largest, and we only compute them in this work. Comparison

to other recent precise calculations [2–7] will provide important validation for the lattice

method.

FIG. 1: The quark connected (left) and disconnected (right) diagrams contributing to the hadronic

vacuum polarization contribution to the muon anomaly.

The plan of this paper is the following. In Sec. II we review the theoretical framework for

the calculation, including important details of the lattice calculation and the calculation in

chiral perturbation theory in Euclidean space of the leading and next-to-leading finite volume

corrections to the HVP contribution to the muon g� 2. Section III presents our results and
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where C(t) is the Euclidean time correlation function, averaged over spatial directions, and

Eq. (1) becomes
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T is the temporal size of the lattice, and a
HVP
µ is obtained in the limit T ! 1. We have

anticipated the use of the lattice with a discrete version of Eq. (10). The weight w(t)

is sometimes modified by replacing the continuum Euclidean momentum-squared with its

lattice version [3]:
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Note the double subtraction [9–11] in the cosine term in Eq. (7): t
2
/2 cancels ⇧(0)

“configuration-by-configuration” while the leading finite size correction is killed by the “-1”.

The latter arises since ⇧µ⌫(q2) does not vanish as q2 ! 0 when the time extent of the lattice

is finite [9], but instead leads to a thermal electric susceptibility. In fact such terms are not

constrained by the Ward–Takahashi Identity which in infinite volume leads to Eq. (5) and

are allowed by the lattice symmetries [9, 11].

A. Finite volume chiral perturbation theory

In this section, we consider the calculation of finite-volume e↵ects in a
HVP
µ to two loops,

or next-to-next-to-leading order (NNLO) in chiral perturbation theory (ChPT), with the

aim of correcting our lattice result for aHVP
µ for finite-volume e↵ects. With our pion masses

near the physical value, it is safe to assume that even at NNLO the most significant finite-

volume correction will come from pion loops, and we can thus restrict our calculation to

isospin-symmetric two-flavor ChPT.

There are two possible strategies for doing this. One is to first carry out a continuum

extrapolation, and using results from continuum ChPT to correct for finite-volume e↵ects.

The other is to correct the results at each lattice spacing, to obtain infinite-volume results

at fixed lattice spacing. As we are using staggered fermions, the second strategy requires

the use of staggered ChPT (SChPT) [12, 13]. If all our ensembles were at the same pion

mass and volume, the two methods should yield equivalent results. However, both the pion

masses and volumes of the three ensembles are slightly di↵erent (cf. Table I). In this case,
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comparison to other calculations. In Sec. IV we give a summary of this work and discuss

implications for future work and the important upcoming comparison with experiment. The

Appendix reports details of the NNLO chiral perturbation theory calculation.

II. THEORETICAL FRAMEWORK

Using lattice QCD and continuum, infinite-volume (perturbative) QED, one can calculate

the hadronic vacuum polarization (HVP) contribution to the muon anomalous magnetic

moment [8],
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mµ is the muon mass, and ⇧̂(q2) is the subtracted HVP, ⇧̂(q2) = ⇧(q2) � ⇧(0), computed

directly on a Euclidean space-time lattice from the Fourier transform of the vector current

two-point function,
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j
µ(x) is the electromagnetic current, and Qi is the quark electric charge in units of the

electron charge e (the sum is over active flavors). The form in the second equation is

dictated by Lorentz and gauge symmetries.

In the following it is convenient to use the time-momentum representation [9] which

results from interchanging the order of the Fourier transform and momentum integrals in

Eqs. (4) and (1), respectively.
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The first three terms on the right hand side of Eq. (34) correspond to AMA [21, 22] while

the last two supplement this with the full-volume LMA [3, 23–26]. The expensive “exact”

(to numerical precision) calculation is done relatively seldom while the inexpensive “approx”

calculation is done often to reduce the statistical error. The di↵erence of the first term with

the 2nd and 4th terms corrects the bias induced by the 3rd and 5th approximate terms.

Note that in this work the first two sums in Eq. (34) are taken over a uniform grid of point-

source propagators on a time slice (see Tab. I) which is much smaller in number than the

total number of lattice sites summed over for the final sum in Eq. (34). The approximate

propagators are computed with a relaxed conjugate gradient stopping residual, 10�5, while

the exact is set to 10�8. Both are deflated, that is a number of exact low-modes of the Dirac

operator are used to compute each (see Tab. I).

III. RESULTS

We use the 2+1+1 flavor, physical mass ensembles generated by the MILC collaboration

at three lattice spacings shown in Tab. I. They have roughly the same physical extent,

L ⇠ 5.5� 5.8 fm.

AMA measurements

m⇡ (MeV) a (fm) size L (fm) m⇡L LM srcs (approx-exact-LMA)

133 0.12121(64) 483 ⇥ 64 5.82 3.91 3000 43 ⇥ 4 26-26-26

130 0.08787(46) 643 ⇥ 96 5.62 3.66 3000 43 ⇥ 4 36-36-40

134 0.05684(30) 963 ⇥ 192 5.46 3.73 2000 33 ⇥ 8 21-21-22

TABLE I: Gauge field ensemble parameters [27]. “LM” is the number of low-modes of the precon-

ditioned Dirac operator. “AMA srcs” is the number of approximate point source propagators on

each configuration which are spread uniformly over several time slices. The number of exact point

source propagators per configuration is eight for each ensemble. The number of configurations used

for approximate, exact, and LMA measurements in this study are given in the last column.

In Fig. 2 the summand in Eq. (10) for each ensemble is shown along with the full volume

LMA and AMA contributions. In the figure “total” refers to the sum of five terms in

Eq. (34). As observed in Ref. [3] there is a huge reduction in statistical error from the

11

Simulation Details

Blum et al, PRD88, 094503; PRL 121, 022003, etc. 

Noise reduction techniques developed by 
RBC/UKQCD including all-mode and full volume
low-mode averaging

2+1+1-flavor HISQ ensembles
generated by the MILC Collaboration
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Calculate C(t) in FV ChPT to correct result for g-2 at 
each lattice spacing, then take continuum limit. 

The full two-loop ChPT calculation can be done in 
finite volume for C(t), and specifically we do the 
following:

Finite volume ChPT

– Correct FV results using NLO SChPT, including 
   taste-breaking effects,
– Extrapolate to the continuum
– Apply NNLO continuum ChPT FV correction, 
   without taste-breaking effects (irrelevant here) 
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Finite volume ChPT

We calculate C(t) in ChPT and in what follows
evaluate:
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µ = lim
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is indeed well defined.6 in what follows.

The pion contribution to the EM current, to the order we need, is given by7
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Working in Euclidean space, a relatively straightforward calculation in the time-momentum

representation yields the result for C(t) to NNLO as
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and the sums over ~p and ~k are over the momenta 2⇡~n/L, ni integer, in a box with periodic

boundary conditions. In Eq. (14) we gave the result in d = 3+ ✏ spatial dimensions in order

to regulate the UV divergence present in d = 3. After defining a renormalized `
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6 by
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the limit d ! 3 can be taken, yielding a finite result for C(t). The factor 10/9 is needed

to isolate the light-quark connected part [11, 18, 19]. The pion mass m⇡ appearing in

Eq. (14) is the renormalized (physical) pion mass. This renormalization absorbs the low-

energy constants `3,4 which appear in the explicit calculation. We note that the terms in

the double sum on the second line of Eq. (14) with ~p
2 = ~k

2 lead to a term proportional to

t e
�2Ept, leading to the expected energy shift for two pions in an I = 1, ` = 1 state in a finite

volume [20].

6 In general we define �f(L) = limL!1 f(L)� f(L)
7 There are contributions from other order-p4 low-energy constants, but they do not appear in the result

for C(t) after mass renormalization.

6

The pion contribution to the 
electromagnetic current (including only terms
we need) is:
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boundary conditions. In Eq. (14) we gave the result in d = 3+ ✏ spatial dimensions in order

to regulate the UV divergence present in d = 3. After defining a renormalized `
r
6 by

`6 = `
r
6(µ)�

1

3

1

16⇡2

✓
1

✏
� log µ� 1

2
(log (4⇡)� � + 1)

◆
, (17)

the limit d ! 3 can be taken, yielding a finite result for C(t). The factor 10/9 is needed

to isolate the light-quark connected part [11, 18, 19]. The pion mass m⇡ appearing in

Eq. (14) is the renormalized (physical) pion mass. This renormalization absorbs the low-

energy constants `3,4 which appear in the explicit calculation. We note that the terms in

the double sum on the second line of Eq. (14) with ~p
2 = ~k

2 lead to a term proportional to

t e
�2Ept, leading to the expected energy shift for two pions in an I = 1, ` = 1 state in a finite

volume [20].

6 In general we define �f(L) = limL!1 f(L)� f(L)
7 There are contributions from other order-p4 low-energy constants, but they do not appear in the result

for C(t) after mass renormalization.

6

Finite volume ChPT

NLO part
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At NLO we have

Finite volume ChPT - NLO

In order to extract the finite-volume corrections, we use the Poisson resummation formula

X

~n

�
(d)

✓
~p� 2⇡~n

L

◆
=
X

~n

L
d

(2⇡)d
�
(d)

✓
L~p

2⇡
� ~n

◆
=

L
d

(2⇡)d

X

~n

e
i~n·~pL

. (18)

Let us work out the extraction of �a
HVP
µ to NLO in ChPT, relegating the treatment of the

NNLO contribution to the appendix. The NLO part of C(t) is obtained by dropping all

terms of order 1/F 2 in Eq. (14). Employing Eq. (18), the NLO part CNLO(t) can be written

as

C
NLO(t) = �10

9

1

6⇡2

1X

n2=0

Z00(0, n
2)

1

nL

Z 1

0

dp
p
3

E2
p

e
�2Ept sin (npL) , (19)

where n
2 is summed over all non-negative integers and [20]

Z00(0,~n
2) = �

X

~m,~m2=~n2

1 . (20)

The n
2 = 0 term, with sin (npL)/(nL) ! p and Z00(0, 0) = �1, yields C

NLO(t) in the

infinite-volume limit. Inserting Eq. (19) into Eq. (10) with T = 1 and replacing the sum

over t by an integral, we find that

�a
HVP,NLO
µ =

10

9

↵
2

6⇡2

1X

n2=1

Z00(0, n2)

nL

Z 1

0

dp
p
3

E2
p

sin (npL)F (p2) , (21)

with

F (p2) =

Z 1

0

dq
2
f(q2)

q
2

E3
p(4E

2
p + q2)

(22)

= �
8E2

p �m
2
µ

2E3
pm

2
µ

+
8(2E2

p �m
2
µ)

Epm
4
µ

log

✓
2Ep

mµ

◆

+

�
8E4

p � 8E2
pm

2
µ +m

4
µ

�

E2
pm

4
µ

p
E2

p �m2
µ

log

 
�2Ep

p
E2

p �m2
µ + 2E2

p �m
2
µ

m2
µ

!
.

Using the parameter values of Table I, we then obtain

�a
HVP,NLO
µ =

8
>>><

>>>:

20.59⇥ 10�10
, L/a = 96

21.60⇥ 10�10
, L/a = 64

18.08⇥ 10�10
, L/a = 48

. (23)

Adding the NNLO contributions computed in the appendix and given in Eq. (52), we find

for the total finite-volume correction

�a
HVP
µ =

8
>>><

>>>:

(29.7± 4.0)⇥ 10�10
, L/a = 96

(30.6± 3.8)⇥ 10�10
, L/a = 64

(25.5± 3.0)⇥ 10�10
, L/a = 48

. (24)

7

F (p2) = � 8E2
p�m2

µ

2E3
pm

2
µ

+
8(2E2

p�m2
µ)

Epm4
µ

log
⇣

2Ep

mµ

⌘
+

(8E4
p�8E2

pm
2
µ+m4

µ)
E2

pm
4
µ

p
E2

p�m2
µ

log

✓
�2Ep

p
E2

p�m2
µ+2E2

p�m2
µ

m2
µ

◆

Z00(0, n
2) = �

X

~m,~m2=~n2

1
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as
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X
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1 . (20)

The n
2 = 0 term, with sin (npL)/(nL) ! p and Z00(0, 0) = �1, yields C

NLO(t) in the

infinite-volume limit. Inserting Eq. (19) into Eq. (10) with T = 1 and replacing the sum

over t by an integral, we find that
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HVP,NLO
µ =

10

9

↵
2

6⇡2

1X

n2=1

Z00(0, n2)

nL

Z 1

0

dp
p
3

E2
p

sin (npL)F (p2) , (21)

with

F (p2) =

Z 1

0

dq
2
f(q2)

q
2

E3
p(4E

2
p + q2)

(22)

= �
8E2

p �m
2
µ

2E3
pm

2
µ

+
8(2E2

p �m
2
µ)

Epm
4
µ

log

✓
2Ep

mµ

◆

+

�
8E4

p � 8E2
pm

2
µ +m

4
µ

�

E2
pm

4
µ
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E2

p �m2
µ

log

 
�2Ep

p
E2

p �m2
µ + 2E2

p �m
2
µ

m2
µ

!
.

Using the parameter values of Table I, we then obtain

�a
HVP,NLO
µ =

8
>>><

>>>:

20.59⇥ 10�10
, L/a = 96

21.60⇥ 10�10
, L/a = 64

18.08⇥ 10�10
, L/a = 48

. (23)

Adding the NNLO contributions computed in the appendix and given in Eq. (52), we find

for the total finite-volume correction

�a
HVP
µ =

8
>>><

>>>:

(29.7± 4.0)⇥ 10�10
, L/a = 96

(30.6± 3.8)⇥ 10�10
, L/a = 64

(25.5± 3.0)⇥ 10�10
, L/a = 48

. (24)

7

The errors are estimated as follows. The NNLO contribution is of order 0.4–0.45 times

the NLO contribution. We then assume that the next order in ChPT, which we did not

compute, is again of order 0.4–0.45 times the NNLO contribution, and we use this estimate

as our error.

The fact that the three values in Eq. (24) are di↵erent is due to the mistuning of the

pion masses and volumes of the three ensembles. If we were to apply the correction to the

continuum extrapolated value of aHVP
µ , we would thus have to use some average, and the

spread of 5.1⇥10�10 between the three values would represent a systematic error associated

with the mistuning. If we were to apply only the NNLO correction in the continuum limit,

that spread would be reduced to 1.7 ⇥ 10�10 (cf. Eq. (52)). Hence, as explained above,

what we will do is to first use NLO SChPT to correct the value of aHVP
µ at each lattice

spacing, then extrapolate, and finally apply the NNLO correction computed in Eq. (52) in

the Appendix.

Using the taste-split pion spectrum for each ensemble,8 we find for the staggered NLO

corrections for each ensemble the values

�a
HVP
µ =

8
>>><

>>>:

15.6⇥ 10�10
, L/a = 96

6.9⇥ 10�10
, L/a = 64

2.1⇥ 10�10
, L/a = 48

. (25)

Finally, the n
2 = 0 term in Eq. (19) gives us access to the e↵ect of taste breaking in the

pion masses in infinite volume, to NLO in ChPT. We use this to compute the corresponding

corrections for each of our ensembles, finding these to be equal to

�tastea
HVP
µ =

8
>>><

>>>:

9.5⇥ 10�10
, L/a = 96

34.2⇥ 10�10
, L/a = 64

51.6⇥ 10�10
, L/a = 48

. (26)

These corrections are to be added to the lattice result to correct for taste breaking in the pion

spectrum in infinite volume, to NLO in ChPT. Of course, since taste breaking is a lattice-

spacing e↵ect, whether one adds these corrections or not should not matter in the continuum

limit. The di↵erence one finds between values extrapolated to the continuum limit with or

without this correction thus gives an estimate of the systematic error associated with taking

the continuum limit.

8 We thank Doug Toussaint for providing the pion spectra, and for discussions of the taste splittings.

8

Averaging over pion tastes:

�tastea
HVP

µ =

8
<

:

9.5⇥ 10�10 , L/a = 96
34.2⇥ 10�10 , L/a = 64
51.6⇥ 10�10 , L/a = 48

The effect of taste breaking in infinite
volume can also be determined:

a = 0.06 fm
a = 0.12 fm

a = 0.09 fm
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The full NNLO FV corrections to the correlator
can be (using the Poisson summation formula):

Finite volume ChPT - NNLO

The final term in Eq. (40) can be brought into a simpler form by carrying out the angular

integrals, leading to a contribution to �a
HVP
µ of the form

�a
HVP,NNLO, 4
µ =

10

9

↵
2

24dF 2

✓
2⇡d/2

�(d/2)(2⇡)d

◆2 1X

n2=1

1X

m2=1

Z00(0, n2)Z00(0,m2)

nmL2
(49)

⇥
Z 1

�1
p
d�3

dp

Z 1

�1
k
d�3

dk e
inpL+imkL p

3
k
3

EpEk

F (p2)/Ep � F (k2)/Ek

k2 � p2
.

Interchanging p and k in the integral with F (k2)/Ek in the numerator, we obtain

�a
HVP,NNLO, 4
µ =

10

9

↵
2

12dF 2

✓
2⇡d/2

�(d/2)(2⇡)d

◆2 1X

n2=1

1X

m2=1

Z00(0, n2)Z00(0,m2)

nmL2

⇥
Z 1

�1
p
✏
dp e

inpLp
3
F (p2)

E2
p

Z 1

�1
k
✏
dk e

imkL k
3

Ek

1

k2 � p2
(50)

=
10

9

↵
2

36⇡2

1X

n2=1

Z00(0, n2)

nL

Z 1

�1
dp sin (npL)

p
3
F (p2)

E2
p

B(p2) ,

where B(p2) was defined in Eq. (47), and we took the limit d ! 3 in the last step. We find

that, for the parameter values of Table I,

�a
HVP,NNLO, 4
µ =

8
>>><

>>>:

0.02⇥ 10�10
, L/a = 96

0.02⇥ 10�10
, L/a = 64

0.01⇥ 10�10
, L/a = 48

. (51)

The total NNLO contribution thus adds up to

�a
HVP,NNLO
µ =

8
>>><

>>>:

9.13⇥ 10�10
, L/a = 96

9.01⇥ 10�10
, L/a = 64

7.40⇥ 10�10
, L/a = 48

. (52)
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finite-volume corrections. These finite-volume corrections can be rearranged as

�C(t) = �10

9

 
1

3

Z
d
3
p

(2⇡)3

X

~n 6=0

e
i~n·~pL ~p

2

E2
p

e
�2Ept

"
1� m

2
⇡

36⇡2F 2
+

5~p2

36⇡2F 2
+

~p
2 +m

2
⇡

12⇡2F 2
`6 (40)

� ~p
2

6⇡2F 2

s
~p2

~p2 +m2
⇡

log

 s
~p2

m2
⇡

+

s
~p2

m2
⇡

+ 1

!#

� 1

3F 2

Z
d
d
p

(2⇡)d

X

~n 6=0

e
i~n·~pL ~p

2

E2
p

e
�2Ept

"Z
d
d
k

(2⇡)d

X

~m 6=0

e
i~m·~kL

Ek

#

� 1

3F 2

Z
d
d
p

(2⇡)d
~p
2

E2
p

e
�2Ept

"Z
d
d
k

(2⇡)d

X

~n 6=0

e
i~n·~kL

Ek

 
1� 1

d

~k
2

~k2 � ~p2

!#

+
1

6dF 2

Z
d
d
p

(2⇡)d

Z
d
d
k

(2⇡)d

X

~n 6=0,~m 6=0

e
i~n·~pL+i~m·~kL ~p

2~k
2

E2
pE

2
k

Eke
�2Ept � Epe

�2Ekt

~k2 � ~p2

!
,

in which the renormalization-group invariant `6 is defined by

`
r
6(µ) = � 1

96⇡2

✓
`6 + log

m
2
⇡

µ2

◆
, (41)

and where the limit d ! 3 has already been taken in the first term. The first term in Eq. (40)

collects the terms containing the factors e�2Ept on the third and fifth lines of Eq. (39), the

second term (third line) collects the fourth line and the remaining part of the fifth line (with

the interchange ~p $ ~k), while the last two lines are copied from the sixth and seventh lines

of Eq. (39).

The first term (first two lines) of Eq. (40) can be dealt with in the same way as the NLO

contribution; all one needs to do is to insert the expression between square brackets inside

the integral over p in Eq. (21). Numerically, using

F = F⇡ = 92.21 MeV , (42)

`6 = 16(1) (Ref. [34]) ,

we find that this shifts the values we found in Eq. (23) by

�a
HVP,NNLO, 1
µ =

8
>>><

>>>:

8.89⇥ 10�10
, L/a = 96

8.77⇥ 10�10
, L/a = 64

7.22⇥ 10�10
, L/a = 48

. (43)

For the third and fourth lines in Eq. (40), we need the integral

1

F 2

Z
d
d
k

(2⇡)d

X

~n 6=0

e
i~n·~kL

Ek
=

1

F 2

⇡
d/2

(2⇡)d�(d/2)

X

~n 6=0

1

inL

Z 1

�1
(k2)✏/2dk

kp
k2 +m2

⇡

e
inkL

, (44)

24

and we get:
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Results - Summand
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Results
a (fm) lattice value FV corr. FV + taste corr. FV+taste+m⇡ corr.

0.12121(64) 562.1(8.4) 564.2(8.4) 615.8(8.4) 613.6(8.4)

0.08787(46) 594.8(10.4) 601.7(10.4) 635.9(10.4) 630.2(10.4)

0.05684(30) 623.1(27.5) 638.7(27.5) 648.2(27.5) 647.1(27.5)

0 648.3(20.0) 657.9(20.0) 651.1(20.1)

TABLE III: HVP contributions to the muon anomaly, in units of 10�10, including corrections

computed in chiral perturbation theory. The second column repeats the second column of Table II,

the third column includes the finite-volume corrections of Eq. (25), while the fourth column also

includes the infinite-volume taste corrections of Eq. (26). The fifth column adjusts the values

shown in the fourth column to a common pion mass of 135 MeV using NLO ChPT, as described in

the text. Continuum extrapolated values of each column are shown in the last row. The weighting

function w has been used throughout.

yields

(659± 20± 5± 5± 4)⇥ 10�10 = 659(22)⇥ 10�10
. (35)

The first, dominant, error is statistical, while the rest are systematic error estimates (in

order of size): continuum extrapolation, scale setting,9 and higher orders in ChPT. The

second equation gives the error by adding the individual ones in quadrature.

The FNAL/MILC/HPQCD collaborations recently produced an update of their compu-

tation of the HVP contribution [5], using the same physical mass HISQ ensembles as those

employed here (plus two additional ones with a ⇡ 0.15 fm), so it is particularly interest-

ing to compare our results with that work. Those authors use di↵erent methods, including

moments of local-local current correlation functions and Padé approximants [28, 29]. They

do not use LMA, instead relying on brute-force computations on 1000’s of configurations to

control statistical errors. Because our computations are so di↵erent, consistency is a signif-

icant test of these lattice computations. The values of (uncorrected) light quark connected

contribution are given in Tab. III of Ref. [5] for the three ensembles used in this work.

They find 580(9), 605(9), and 608(15) in units of 10�10 compared to the values in the second

column of Tab. II, 562(8), 595(10), and 623(28). All of the errors just quoted are statistical

9 For the values of a given in Tab. I, we simply adopt the scale setting error given in Tab. IV of [5].
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TABLE III: HVP contributions to the muon anomaly, in units of 10�10, including corrections

computed in chiral perturbation theory. The second column repeats the second column of Table II,

the third column includes the finite-volume corrections of Eq. (25), while the fourth column also

includes the infinite-volume taste corrections of Eq. (26). The fifth column adjusts the values

shown in the fourth column to a common pion mass of 135 MeV using NLO ChPT, as described in

the text. Continuum extrapolated values of each column are shown in the last row. The weighting

function w has been used throughout.

yields

(659± 20± 5± 5± 4)⇥ 10�10 = 659(22)⇥ 10�10
. (35)

The first, dominant, error is statistical, while the rest are systematic error estimates (in

order of size): continuum extrapolation, scale setting,9 and higher orders in ChPT. The

second equation gives the error by adding the individual ones in quadrature.

The FNAL/MILC/HPQCD collaborations recently produced an update of their compu-

tation of the HVP contribution [5], using the same physical mass HISQ ensembles as those

employed here (plus two additional ones with a ⇡ 0.15 fm), so it is particularly interest-

ing to compare our results with that work. Those authors use di↵erent methods, including

moments of local-local current correlation functions and Padé approximants [28, 29]. They

do not use LMA, instead relying on brute-force computations on 1000’s of configurations to

control statistical errors. Because our computations are so di↵erent, consistency is a signif-

icant test of these lattice computations. The values of (uncorrected) light quark connected

contribution are given in Tab. III of Ref. [5] for the three ensembles used in this work.

They find 580(9), 605(9), and 608(15) in units of 10�10 compared to the values in the second

column of Tab. II, 562(8), 595(10), and 623(28). All of the errors just quoted are statistical

9 For the values of a given in Tab. I, we simply adopt the scale setting error given in Tab. IV of [5].
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FIG. 5: Contributions to the muon anomaly from the connected light quark vacuum po-

larization from recent publications [2] (BMW), [3] (RBC/UKQCD), [4] (ETM), [5] (Fermi-

lab/HPQCD/MILC), [6] (Shintani and Kuramashi), [7] (Mainz).

of Ref. [3]:

a
W
µ = 2

T/2X

t=0

C(t)w(t)(⇥(t, t0,�)�⇥(t, t1,�)) (36)

⇥(t, t0,�) =
1

2
(1 + tanh((t� t

0)/�)) (37)

where t1� t0 is the size of the window and � is a suitably chosen width that smears out the

window at either edge. We choose windows to avoid both lattice artifacts at short distance

and large statistical errors at long distance. Results for several windows and both weighting

functions are tabulated in Tab. IV.

In Fig. 6 several continuum limits are shown for the window with t0 = 0.4, t1 = 1, and

� = 0.15 fm. For this window the statistical errors for each ensemble are very small, so it

allows a precise regime to explore and understand discretization e↵ects. Here we also ignore

mass re-tunings and finite volume e↵ects because they have a negligible e↵ect, with the

two-pion state dominating only at long distance (an explicit check reveals this assertion to

be true). However, we do investigate taste-breaking e↵ects since these are significant. The
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Conclusions

FV ChPT can account for the bulk of the finite volume 
errors, which are small (NLO effect is 3%, NNLO is 
1.5%) – the remaining systematic error is less than 1%

Most needed: Reduce statistical errors (by far the 
largest error)

Our results are consistent with others (good check!)

a (fm) lattice value FV corr. FV + taste corr. FV+taste+m⇡ corr.

0.12121(64) 562.1(8.4) 564.2(8.4) 615.8(8.4) 613.6(8.4)

0.08787(46) 594.8(10.4) 601.7(10.4) 635.9(10.4) 630.2(10.4)

0.05684(30) 623.1(27.5) 638.7(27.5) 648.2(27.5) 647.1(27.5)

0 648.3(20.0) 657.9(20.0) 651.1(20.1)

TABLE III: HVP contributions to the muon anomaly, in units of 10�10, including corrections

computed in chiral perturbation theory. The second column repeats the second column of Table II,

the third column includes the finite-volume corrections of Eq. (25), while the fourth column also

includes the infinite-volume taste corrections of Eq. (26). The fifth column adjusts the values

shown in the fourth column to a common pion mass of 135 MeV using NLO ChPT, as described in

the text. Continuum extrapolated values of each column are shown in the last row. The weighting

function w has been used throughout.

yields

(659± 20± 5± 5± 4)⇥ 10�10 = 659(22)⇥ 10�10
. (35)

The first, dominant, error is statistical, while the rest are systematic error estimates (in

order of size): continuum extrapolation, scale setting,9 and higher orders in ChPT. The

second equation gives the error by adding the individual ones in quadrature.

The FNAL/MILC/HPQCD collaborations recently produced an update of their compu-

tation of the HVP contribution [5], using the same physical mass HISQ ensembles as those

employed here (plus two additional ones with a ⇡ 0.15 fm), so it is particularly interest-

ing to compare our results with that work. Those authors use di↵erent methods, including

moments of local-local current correlation functions and Padé approximants [28, 29]. They

do not use LMA, instead relying on brute-force computations on 1000’s of configurations to

control statistical errors. Because our computations are so di↵erent, consistency is a signif-

icant test of these lattice computations. The values of (uncorrected) light quark connected

contribution are given in Tab. III of Ref. [5] for the three ensembles used in this work.

They find 580(9), 605(9), and 608(15) in units of 10�10 compared to the values in the second

column of Tab. II, 562(8), 595(10), and 623(28). All of the errors just quoted are statistical

9 For the values of a given in Tab. I, we simply adopt the scale setting error given in Tab. IV of [5].
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