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Three-dimensional partonic hadron 
structures

• Longitudinal Parton Distribution Functions 
(PDFs): 

• Generalized Parton Distributions (GPDs): 

•      : transverse position of the parton. 

• Transverse momentum dependent (TMD) PDFs 

•      : transverse momentum of the parton. 

• Wigner distributions or generalized transverse 
momentum dependent distributions 
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The longitudinal and transverse 
PDFs provide complete 3D 
structural information of the proton.

Indeed, measurements at the EIC and
lattice calculations will have a high degree
of complementarity. For some quantities,
notably the x moments of unpolarized and
polarized quark distributions, a precise de-
termination will be possible both in experi-
ment and on the lattice. Using this to vali-
date the methods used in lattice calculations,
one will gain confidence in computing quan-
tities whose experimental determination is
very hard, such as generalized form factors.
Furthermore, one can gain insight into the
underlying dynamics by computing the same
quantities with values of the quark masses
that are not realized in nature, so as to reveal
the importance of these masses for specific
properties of the nucleon. On the other hand,
there are many aspects of hadron structure
beyond the reach of lattice computations, in
particular, the distribution and polarization
of quarks and gluons at small x, for which
collider measurements are our only source of
information.
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Figure 2.1: Schematic view of a parton with
longitudinal momentum fraction x and trans-
verse position bT in the proton.

Both impact parameter distributions
f(x, bT ) and transverse-momentum distri-
butions f(x,kT ) describe proton structure
in three dimensions, or more accurately in
2+ 1 dimensions (two transverse dimensions
in either configuration or momentum space,
along with one longitudinal dimension in mo-

mentum space). Note that in a fast-moving
proton, the transverse variables play very dif-
ferent roles than the longitudinal momen-
tum.

It is important to realize that f(x, bT )
and f(x,kT ) are not related to each other by
a Fourier transform (nevertheless it is com-
mon to denote both functions by the same
symbol f). Instead, f(x, bT ) and f(x,kT )
give complementary information about par-
tons, and both types of quantities can be
thought of as descendants of Wigner distri-
butions W (x, bT ,kT ) [8], which are used ex-
tensively in other branches of physics [9].
Although there is no known way to mea-
sure Wigner distributions for quarks and
gluons, they provide a unifying theoretical
framework for the di↵erent aspects of hadron
structure we have discussed. Figure 2.2
shows the connection between these di↵erent
aspects and the experimental possibilities to
explore them.

All parton distributions depend on a
scale which specifies the resolution at which
partons are resolved, and which in a given
scattering process is provided by a large mo-
mentum transfer. For many processes in
e+p collisions, the relevant hard scale is Q

2

(see the Sidebar on page 19). The evolution
equations that describe the scale dependence
of parton distributions provide an essential
tool, both for the validation of the theory
and for the extraction of parton distributions
from cross section data. They also allow one
to convert the distributions seen at high res-
olution to lower resolution scales, where con-
tact can be made with non-perturbative de-
scriptions of the proton.

An essential property of any particle is its
spin, and parton distributions can depend on
the polarization of both the parton and the
parent proton. The spin structure is particu-
larly rich for TMDs and GPDs because they
single out a direction in the transverse plane,
thus opening the way for studying correla-
tions between spin and kT or bT . Informa-
tion about transverse degrees of freedom is
essential to access orbital angular momen-
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A Plan for EicC Xurong Chen

Figure 3: Conceptual layout of EicC-I and EicC-II, based on HIAF.

provide great opportunities to great discoveries in the area of nucleon structure. Fig. 4 shows EicC-
I (3.5 ⇥20 GeV) simulation of TMD Colins function asymmetry uncertainty which is pretty small
in both valence and sea quark region.

Besides the physics listed above, EicC-I also has the potential to make important contributions
to other areas, such as the structure functions of pion and kaon, EMC-SRC effects, etc.
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Figure 4: Simulation of TMD Colins asymmetry uncertainty in 4D(x, z, PT and Q2) for one year runing of
EicC-I with energy 3.5 ⇥20 GeV.

2.1.2 Systematic Studies of Baryon States with Heavy Flavor

Study of the nucleon and its resonance is an important subject of hadron physics. Tens of

3

EIC, A. Accardi et al., Eur.Phys.J. A52 (2016) no.9, 268.

EicC, X.-R. Chen, arXiv:1809.00448
LHeC, LHeC Study Group, J. Phys. G39 (2012)

The measurement of partonic hadron 
structures will enter next level of 

precision and comprehensiveness 
with the future generation of 

colliders.
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Figure 7.5: LHeC ERL layout including dimensions.

ERL configuration

The ERL configuration is depicted in Fig. 7.5. The shape, arc radius and number of passes
have been optimised with respect to construction cost and with respect to synchrotron-
radiation e↵ects [712].

The ERL is of racetrack shape. A 500-MeV electron bunch coming from the injector is
accelerated in each of the two 10-GeV SC linacs during three revolutions, after which it has
obtained an energy of 60 GeV. The 60-GeV beam is focused and collided with the proton
beam. It is then bent by 180� in the highest-energy arc beam line before it is sent back
through the first linac, at a decelerating RF phase. After three revolutions with deceleration,
re-converting the energy stored in the beam to RF energy, the beam energy is back at its
original value of 500 MeV, and the beam is now disposed in a low-power 3.2-MW beam
dump. A second, smaller (tune-up) dump could be installed behind the first linac.

Strictly speaking, with an injection energy into the first linac of 0.5 GeV, the energy
gain in the two accelerating linacs need not be 10 GeV each, but about 9.92 GeV, in order
to reach 60 GeV after three passages through each linac. Considering a rough value of 10
GeV means that we overestimate the electrical power required by about 1%.

Each arc contains three separate beam lines at energies of 10, 30 and 50 GeV on one
side, and 20, 40 and 60 GeV on the other. Except for the highest energy level of 60 GeV,
at which there is only one beam, in each of the other arc beam lines there always co-exist a
decelerating and an accelerating beam. The e↵ective arc radius of curvature is 1 km, with
a dipole bending radius of 764 m [713].

The two straight sections accommodate the 1-km long SC accelerating linacs. In addition
to the 1km linac section, there is an additional space of 290 m in each straight section of the
racetrack. In one straight of the racetrack 260 m of this additional length is allocated for the
electron final focus (plus matching and splitting), the residual 30 m on the other side of the
same straight allows for combining the beam and matching the optics into the arc. In the
second straight section of the racetrack the additional length of the straight sections houses
the additional linacs for compensating the 1.88 GeV energy loss in the return arcs [714].
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Lattice QCD calculation of partonic 
hadron structures?
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PDF: 

• Minkowski space, real time; 
• Defined on the light-cone which depends on 

the real time.

Lattice QCD: 

• Euclidean space, imaginary time; 
• Sign problem in simulating real-time dynamics.

Light-cone PDFs not directly 
accessible from the lattice!

b± =
t ± z

2

b+ b−

q(x, μ) = ∫
db−

2π
e−ib−(xP+)⟨P | ψ̄(b−)

γ+

2
W[b−,0]ψ(0) |P⟩

t = iτ, eiS → e−S, ⟨O⟩ = ∫ DψDψ̄DA O(x)e−S
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Large-momentum effective theory
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q̃(x, Pz, μ)

• Ji, PRL110 (2013); 
• Ji, SCPMA57 (2014).

PDF              : 
Cannot be calculated 
on the lattice

Quasi-PDF                   : 
Directly calculable on the 
lattice

q(x, μ)
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Large-momentum effective theory

�6

q̃(x, Pz, μ)

• Ji, PRL110 (2013); 
• Ji, SCPMA57 (2014).

PDF              : 
Cannot be calculated 
on the lattice

Quasi-PDF                   : 
Directly calculable on the 
lattice

q(x, μ)

Related by Lorentz boost
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Large-momentum effective theory

�6

q̃(x, Pz, μ)

• Ji, PRL110 (2013); 
• Ji, SCPMA57 (2014).

PDF              : 
Cannot be calculated 
on the lattice

Quasi-PDF                   : 
Directly calculable on the 
lattice

q(x, μ)

Calculating the quasi-PDF at 
hadron momentum Pz is 
equivalent to boosting it.

Related by Lorentz boost
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Large-momentum effective theory
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lim
Pz→∞

q̃(x, Pz, μ) = q(x, μ)?
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Large-momentum effective theory

�7

lim
Pz→∞

q̃(x, Pz, μ) = q(x, μ)?

Instead of taking Pz→∞ limit, one can 
perform an expansion for large but finite Pz:

•              and         have the same infrared physics (nonperturbative), 
but different ultraviolet (UV) physics (perturbative); 

• Therefore, the matching coefficient C is perturbative, which 
controls the logarithmic dependences on Pz.

q̃(x, Pz) q(x)

q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

• Ji, PRL110 (2013); 
• X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014); 
• Y.-Q. Ma and J. Qiu, PRD98 (2018), PRL 120 (2018); 
• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 (2018).

Pz

Pz

∞

∞
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Systematic procedure of calculating 
the PDFs
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q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

1. Simulation of the quasi 
PDF in lattice QCD	
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Systematic procedure of calculating 
the PDFs
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q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

2. Renormalization of the 
lattice quasi PDF, and then 
taking the continuum limit	

Nonperturbative renormalization in the regularization 
invariant momentum subtraction (RI/MOM) scheme: 
• I. Stewart and Y.Z., PRD97 (2018); 
• J.-W. Chen, Y.Z. et al., LP3 Collaboration, PRD97 (2018). 
• Constantinou and Panagopoulos, PRD96 (2017); 
• C. Alexandrou et al., ETM Collaboration, NPB923 (2017).

Proof of renormalizability: 
• X. Ji, J.-H. Zhang, and Y.Z., PRL120 (2018);  
• J. Green et al., PRL121 (2018);  
• T. Ishikawa, Y.-Q. Ma, J. Qiu, S. Yoshida, PRD96 (2017).

ψ̄0(z)
Γ
2

W0[z,0]ψ0(0)

= eδm|z| Zj1Zj2ZψZQ [ψ̄(z)
Γ
2

W[z,0]ψ(0)]
R
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Systematic procedure of calculating 
the PDFs
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q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

• O Nachtmann, NPB63 (1973);  
• J.W. Chen et al. (LP3), NPB911 (2016).

3. Subtraction of power 
corrections	

Renormalon contribution to the power correction: 
Braun, Vladimirov, and Zhang, PRD99 (2019).

q(x) ⋅
Λ2

QCD

x2(1 − x)P2
z
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Systematic procedure of calculating 
the PDFs
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q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

4. Matching to the PDF.	

• Matching for the quasi-PDF: 
• X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014); 
• I. Stewart and Y.Z., PRD97 (2018); 
• Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1807.06566; 
• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 

(2018); 
• Y.-S. Liu, Y.Z. et al., arXiv:1810.10879; 
• Y.Z., Int.J.Mod.Phys. A33 (2019); 
• C. Alexandrou et al. (ETMC), arXiv: 1902.00587.
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Systematic procedure of calculating 
the PDFs

�11

q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

4. Matching to the PDF.	

• Matching for the quasi-PDF: 
• X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014); 
• I. Stewart and Y.Z., PRD97 (2018); 
• Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1807.06566; 
• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 

(2018); 
• Y.-S. Liu, Y.Z. et al., arXiv:1810.10879; 
• Y.Z., Int.J.Mod.Phys. A33 (2019); 
• C. Alexandrou et al. (ETMC), arXiv: 1902.00587.

5. Extract q(y)
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Systematic procedure of calculating 
the PDFs

�11

q̃(x, Pz, μ) = ∫
dy
|y |

C ( x
y

,
μ

yPz )q(y, μ)+O ( M2

P2
z

,
Λ2

QCD

x2P2
z )

4. Matching to the PDF.	

• Matching for the quasi-PDF: 
• X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014); 
• I. Stewart and Y.Z., PRD97 (2018); 
• Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1807.06566; 
• T. Izubuchi, X. Ji, L. Jin, I. Stewart, and Y.Z., PRD98 

(2018); 
• Y.-S. Liu, Y.Z. et al., arXiv:1810.10879; 
• Y.Z., Int.J.Mod.Phys. A33 (2019); 
• C. Alexandrou et al. (ETMC), arXiv: 1902.00587.

5. Extract q(y)

For recent progress on the lattice calculation of quark 
PDFs, see N. Karthik’s plenary talk.
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Other proposals in recent years

• Restoration of rotational symmetry to calculate higher moments 

• Current-current correlation with a fictitious heavy quark 

• Operator product expansion of the Compton amplitude 

• Hadronic tensor from lattice QCD 

• Smeared Quasi-PDF with Gradient flow 

• Pseudo-PDF (alternative to quasi-PDF) 

• Lattice cross section 

• Factorization of Euclidean correlations in coordinate space
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Z. Davoudi and M. Savage, PRD86 (2012)

D. Lin and W. Detmold, PR73 (2006)

A. J. Chambers et al. (QCDSF), PRL 118 (2017)

K.F. Liu (et al.), PRL72 (1994), PRD59 (1999), PRD62 (2000), PRD96 (2017)

C. Monahan and K. Orginos, JHEP 1703 (2017)

A. Radyushkin, PRD96 (2017); K. Orginos et al., PRD96 (2017).

Y.-Q. Ma and J. Qiu, PRD98 (2018), PRL 120 (2018)

V. M. Braun and D. Mueller, EPJ C55 (2008);G. S. Bali, V. M. Braun, A. Schaefer, et al., PRD98 (2018)
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Gluon quasi-PDFs

• Gluon light-cone PDF: 

• Gluon quasi-PDF: 

• Proof of renormalizability:

�13

g̃(x, Pz, μ) = ∫
dz

2πxPz
eixPzz 1

Nn1,n2

⟨P | Õg(z) |P⟩,

g(x, μ) = ∫
db−

2πxP+
e−i(xP+)b−⟨P |F+α(b−)W[b−,0]F+

α(0) |P⟩

Nn1,n2
=

|n1 ⋅ P | |n2 ⋅ P |
P2

z

n1, n2 ∈ { ̂z, ̂v},

Õg
0(z) = eδm|z|Zj1Zj2ZAZQ[Õg(z)]R

+eδm|z|Zmix[gμν
⊥ Aμ(z)W[z,0]Aν(0)]R

δ(z)δn1 ̂zδn2 ̂z

No mixing with quarks under renormalization!
• Zhang, Ji, Schaefer et al., PRL122 (2019); 
• Li, Ma, and Qiu, PRL122 (2019). 
Aslo see Jianhui Zhang’s talk in parallel session.

Õg(z) = g⊥,μνFn1μ(z)W[z,0]Fn2ν(0) ̂zμ = (0,0,0,1), ̂vμ = (1,0,0,0)
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Gluon and singlet quark PDFs 
from LaMET

• Factorization formula: 

• Nonperturbative renormalization in the RI/MOM scheme: 

• Matching in the RI/MOM scheme:

�14

q̃i(x, Pz, μ) = ∫
1

−1

dy
|y | [∑

j

Cqiqj(
x
y

,
μ

yPz
)qj(y, μ) + Cqg( x

y
,

μ
yPz

)g(y, μ)] + 𝒪( M2

P2
z

,
Λ2

QCD

x2P2
z )

g̃(x, Pz, μ) = ∫
1

−1

dy
|y | [∑

j

Cgq( x
y

,
μ

yPz
)qj(y, μ) + Cgg( x

y
,

μ
yPz

)g(y, μ)] + 𝒪( M2

P2
z

,
Λ2

QCD

x2P2
z )

Z−1(z, pz
R, μ2

R)
⟨Fn1μ

0 (z)W0[z,0]Fn2ν
0 (0) Aρ

a(p)Aσ
a(−p)⟩ g⊥,ρσ(N2

c − 1)2

4⟨Aρ(p)aAσ(−p)a⟩g⊥,ρσ pμ=pμ
R, μ2

R=p2
R

= ⟨Fn1μ(z) Fn2ν(0) Aρ
a(p)Aσ

a(−p)⟩tree g⊥,ρσ

• Wang et al., EPJC78 (2018), JHEP1805 (2018); 
• Zhang et al., arXiv: 1904.00978.

• Zhang et al., arXiv: 1904.00978.

• Yang, Glatzmaier, Liu and Y.Z., arXiv:1612.02855; 
• Shanahan and Detmold, PRD99 (2019).

•           can be defined from gauge links; 
• There is also finite mixings with quark quasi-PDF.

Aμ(p)

First lattice attempt: Fan et al., PRL121 (2018).
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Outline

• Large-momentum effective theory 

• Physical picture and theoretical framework 

• From the quark PDFs to the gluon PDFs 

• Transverse hadron structures from lattice QCD 

• Generalized parton distributions 

• Transverse momentum dependent distributions 
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GPD
• Light-cone GPD: 

• Measurable in hard exclusive processes such as deeply 
virtual Compton scattering: 

�16

FΓ(x, ξ, t, μ) = ∫
db−

4π
e−ixP̄+b−⟨P′�, S′�| ψ̄( b−

2 )ΓU(
b−

2
, −

b−

2
)ψ(−

b−

2
) |P, S⟩

P̄ =
P + P′�

2
ξ =

P+ − P′ �+

P+ + P′�+
, t = (P′�− P)2 ≡ Δ2

1 DVCS at twist-two

The leading order contribution to the DVCS amplitude comes from the hand-bag diagram in

Fig. 1

k �
�
2 k +

�
2

q q0 = q ��

P P 0
= P +�

Figure 1: Leading order QCD diagram for DVCS.

The handbag diagram corresponds to the Compton amplitude:

T µ⌫
= i

Z
d4k

(2⇡)4
Tr

("
�⌫

i

/k �
1

2
/�+ /q + i✏

�µ + �µ
i

/k +
1

2
/�� /q + i✏

�⌫
#
M(k)

)
, (1)

where

M(k) =

Z
d4z eikzhP 0

| ̄(�
z

2
) (

z

2
)|P i . (2)

This can be derived by calculating the S-matrix element to the lowest order in perturbation

theory,

outh�P
0
|�⇤P iin =in h�P 0

|

Z
d4x  ̄(x)(�ie /A) (x)

Z
d4y  ̄(y)(�ie /A) (y)|�⇤P iin . (3)

The kinematics:

P̄ =
P + P 0

2
, � = P 0

� P = q � q0 , Q2
= �q2 , (4)

where q and P̄ are chosen to be collinear and along the z direction.

If one introduces two light-like vectors pµ = ⇤(1, 0, 0, 1) and nµ
= (1, 0, 0,�1)/(2⇤), with ⇤

arbitrary, we can expand the vectors as

P̄ µ
= pµ +

M̄2

2
nµ , , qµ = �⇠pµ +

Q2

2⇠
nµ , (5)

1

∼ ∫ dx C(x, ξ)F(x, ξ, t)

Color charge density in 
impact parameter space: F(x, ξ = 0, b T) = ∫

d2ΔT

(2π)2
eiΔT⋅ b T F(x, ξ = 0, t)

• M. Burkardt, PRD62 (2000), ĲMPA18 (2003).

l + p → l′� + γ + p′�
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Quasi-GPD
• Definition: 

• Renormalization: 
• Same operator as the quasi-PDF, can be renormalized by the same factors! 

• Factorization formula:

�17

F̃Γ̃(x, ξ̃, t, μ) = ∫
dz
4π

e−ixP̄zz⟨P′�, S′�| ψ̄( z
2 )Γ̃U(

z
2

, −
z
2

)ψ(−
z
2

) |P, S⟩

ξ̃ =
Pz − P′�z

Pz + P′�z
= ξ + O( M2

P2
z

)

F̃γ̃z(x, ξ, t, μ) = ∫
1

−1

dy
|ξ |

C ( x
ξ

,
y
ξ

,
μ
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)
• Perturbative Matching in the RI/MOM Scheme: Y.-S. Liu, Y.Z. et al., arXiv:1902.00307. 
• Mass correction and O(t/Pz2) corrections: Y.-S. Liu, Y.Z. et al., in progress.

• First lattice calculation of pion GPD, Chen, Lin and Zhang, arXiv: 1904.12376. 
• Preliminary results for quasi-GPDs (ETMC), M. Constantinou’s talk at QCD Evolution 2019.

• Y.-S. Liu, Y.Z. et al., arXiv:1902.00307. 
Aslo see Yu-Sheng Liu’s talk in parallel session.
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TMDPDF
• TMD processes:
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Midterm Review, Part Part II: Theory - I. Stewart �4

Parton Distributions

provide key information about 
the structure of hadrons

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

h
h1

h2e-

e- e-e+

fq/P (x) fq/P (x, kT )
longitudinal longitudinal & Transverse

TMD:

� � Dh1/q(x, kT )Dh2/q(x, kT )� � fq/P (x, kT )Dh/q(x, kT ) � � fq/P (x, kT )fq/P (x, kT )

qT � Q
Fragmentation

Dh/q(x, kT )

µ+

µ�

Q, qT

Picture credit, Iain Stewart
Many different schemes for TMD factorization in literature: 
• Collins, Soper and Sterman, NPB250 (1985); Collins, 2011; 
• Becher and Neubert, EPJC71 (2011); 
• Echevarria, Idilbi and Scimemi, JHEP07 (2012), PLB726 (2013); 
• Chiu, Jain, Neil and Rothstein, JHEP05 (2012), PRL108 (2012); 
• Li, Neil and Zhu, arXiv: 1604.00392.
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TMDPDF
• Collinear factorization (e.g., for Drell-Yan): 

• TMDPDF factorization: 

• The definition of TMDPDF involves a collinear beam function 
(or un-subtracted TMD) and soft function: 
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l

p p

l

+

-

Soft

Beam

dσ
dQdY

= ∑
a,b

σab(Q, μ, Y ) fa(x1, μ) fb(x2, μ)

dσ
dQdYd2qT

= ∑
i,j

Hij(Q, μ)∫d2bT ei b T⋅ q T f TMD
i (xa, b T, μ, ζa) f TMD

j (xb, b T, μ, ζb)

qT: Net transverse momentum of the color-singlet final state, and qT<<Q;

ζ: Collins-Soper Scale. ζaζb = Q4

f TMD
i (x, ⃗b T, μ, ζ) = lim

ϵ→0,τ→0
ZUV(ϵ, μ, xP+)Bi(x, ⃗b T, ϵ, τ, xP+)ΔSi(bT, ϵ, τ)

UV divergence regulator

Rapidity divergence regulator
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Evolution of TMDPDF

• Evolution of TMDPDF: 
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f TMD
i (x, ⃗b T, μ, ζ) = f TMD

i (x, ⃗b T, μ0, ζ0) exp[∫
μ

μ0

dμ′�
μ′�

γi
μ(μ′�, ζ0)] exp[ 1

2
γi

ζ(μ, bT)ln
ζ
ζ0 ]

Anomalous dimension for µ evolution, perturbatively calculable;

• µ ~ Q, ζ ~ Q2 >>ΛQCD2; 
• µ0, ζ0: initial or reference scales, measured in experiments or determined 

from lattice (~2 GeV).

γi
μ(μ′�, ζ0)

γi
ζ(μ, bT) Collins-Soper kernel, becomes nonperturbative when bT~1/ΛQCD.

Both Initial-scale TMDPDF and the Collins-Soper kernel must be modeled 
in global fits of TMDPDF from experimental data.

• Bachetta et al., JHEP 1706 (2017); 
• Scimemi and Vladimirov, EPJC78 (2018); 
• Bertone, Scimemi and Vladimirov, JHEP 1906 (2019).
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Towards a lattice calculation of the 
TMDPDF
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Bq(x, b T, ϵ, τ) = ∫
db+

2π
e−i(xP+)b−⟨P | q̄(bμ)W(bμ)

γ+

2
WT(−∞n̄; b T, 0 T)W†(0)q(0)

τ
|P⟩

B̃q(x, ⃗b T, a, L, Pz) = ∫
dbz

2π
eibz(xPz)B̃q(bz, ⃗b T, a, L, Pz)

= ∫
dbz

2π
eibz(xPz)⟨P | q̄(bμ)W ̂z(bμ; L−bz)

Γ
2

WT(L ̂z; ⃗b T, ⃗0 T)W†
̂z (0)q(0) |P⟩

Lorentz boost and L → ∞b⊥

t
z

q

q

b+

b⊥

t
z

q

q

bz

L

Bq B̃q

tz
tz

• Beam function: 

• Quasi-beam function on lattice:

• Ji, Sun, Xiong and Yuan, PRD91 (2015); 
• Ji, Jin, Yuan, Zhang and Y.Z., PRD99 (2019); 
• M. Ebert, I. Stewart, Y.Z., PRD99 (2019); 
• M. Ebert, I. Stewart, Y.Z., arXiv:1901.03685.
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Towards a lattice calculation of the 
TMDPDF

• Soft function: 

• Quasi-soft function on lattice (naive definition):
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Sq(bT, ϵ, τ) =
1
Nc

⟨0 |Tr [S†
n( ⃗b T)Sn̄( ⃗b T)ST(−∞n̄; ⃗b T, ⃗0 T)S†

n̄( ⃗0 T)Sn( ⃗0 T)S†
T(−∞n; ⃗b T, ⃗0 T)]

τ
|0⟩

S̃q(bT, a, L) =
1
Nc

⟨0 |Tr [S†
̂z ( ⃗b T; L)S− ̂z( ⃗b T; L)ST(L ̂z; ⃗b T, ⃗0 T)S†

− ̂z(
⃗0 T; L)Sn( ⃗0 T; L)S†

T(−L ̂z; ⃗b T, ⃗0 T)] |0⟩

b⊥

t
z

b⊥

t
z

L

Cannot be related by 
Lorentz boost

tz
tz
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Quasi-TMDPDF and its relation to 
TMDPDF

• Quasi-TMDPDF (in the MSbar scheme): 

• Relation to TMDPDF: 
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f̃ TMD
q (x, b T, μ, Pz) = lim

L→∞ ∫
dbz

2π
eibz(xPz)Z̃′�(bz, μ, μ̃)Z̃UV(bz, μ, a)

B̃q(bz, b T, a, L, Pz)

S̃q(bT, a, L)

bz ∼
1
Pz

≪ bT ≪ LHierarchy of scales:

For bT ≪ Λ−1
QCD

× f TMD
ns (x, ⃗b T, μ, ζ)+𝒪 ( bT

L
,

1
bTPz

,
1

PzL )
f̃ TMD

ns (x, ⃗b T, μ, Pz) = CTMD
ns (μ, xPz) gS

q(bT, μ) exp[ 1
2

γq
ζ (μ, bT)ln

(2xPz)2

ζ ]

gSnaive
q (bT, μ) = 1 +

αsCF

2π
ln

b2
T μ2

4e−2γE
+ O(α2

s )

• M. Ebert, I. Stewart, Y.Z., arXiv:1901.03685.

• Ji, Jin, Yuan, Zhang and Y.Z., PRD99 (2019); 
• M. Ebert, I. Stewart, Y.Z., arXiv:1901.03685.

b⊥

t
z

q

q

bz

L
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Perturbatively matchable quasi-
TMDPDF

• A bent quasi-soft function? 

• An ultimate solution relies on having
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gSbent
q (bT, μ) = 1 + O(α2

s )b⊥

x

-z

L

y

L

• Ji, Sun, Xiong and Yuan, PRD91 (2015); 
• M. Ebert, I. Stewart, Y.Z., arXiv:1901.03685.

However, this should be checked to all orders of 
perturbation theory.

gS
q(bT, μ) = 1
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Collins-Soper kernel from lattice

�25

Ebert, Stewart and Y.Z., PRD99 (2019).γq
ζ (μ, bT) =

1
ln(Pz

1 /Pz
2)

ln
CTMD

ns (μ, xPz
2) f̃ TMD

ns (x, ⃗b T, μ, Pz
1)

CTMD
ns (μ, xPz

1) f̃ TMD
ns (x, ⃗b T, μ, Pz

2)

=
1

ln(Pz
1 /Pz

2)
ln

CTMD
ns (μ, xPz

2) ∫ dbz eibzxPz
1Z̃′�(bz, μ, μ̃)Z̃UV(bz, μ̃, a)B̃ns(bz, ⃗b T, a, L, Pz

1)

CTMD
ns (μ, xPz

2) ∫ dbz eibzxPz
2Z̃′�(bz, μ, μ̃)Z̃UV(bz, μ̃, a)B̃ns(bz, ⃗b T, a, L, Pz

2)

• gS as well as the quasi-soft function are canceled in the ratio; 

• Does not depend on the external state hadron, could be calculated with pion for 
simplicity; 

• Independent of the choice of x and Pz, which provides a window to control 
systematic uncertainties; 

• One can also calculate ratios of TMDPDFs with different spin structures. 

The idea of forming ratios has been used in the calculation of x-moments of 
TMDPDFs: 
Hagler, Musch, Engelhardt, Yoon, et al., EPL88 (2009), PRD83 (2011), PRD85 (2012), 
PRD93 (2016), arXiv:1601.05717, PRD96 (2017)
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A first look at the Collin-Soper kernel
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γζ(bT, μ = 2 GeV)

bT (fm)

dashed line:

Different colored points correspond to the Collins Soper kernel 
calculated at x = 0.4, 0.45, 0.5, 0.55, 0.6.

γq
μ [αs(μ)] = −

αs(μ)CF

π
ln

b2
T μ2

4e−2γE
+ O(α2

s )

Caveat: quenched approximation, 
Ncfg=7, valence mπ~1.2 GeV.

Work in progress with Phiala Shanahan and Michael Wagman



Yong Zhao, Lattice 2019

Summary and outlook

• The complete renormalization and matching for the quark and gluon 
PDFs have been derived; 

• The nonperturbative renormalization and matching for the GPDs have 
been derived; 

• The Collins-Soper kernel can be calculated with ratios of quasi-beam 
functions. A first look shows encouraging results with present-day 
resources. 

• Future work will include (much) larger statistics, different lattice spacings, 
and more systematic treatment than the naive Fourier transform; 

• The ultimate solution to calculating TMDPDF on the lattice relies on the 
soft sector, which will be pursued vigorously in the future.
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