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Baryon structure via variational analysis

Step 1: Construct correlation matrix
Start with basis of operators and construct a matrix of correlation
functions Gij(p; Γ; t)

Step 2: Perform variational analysis
Perform a variational analysis to construct optimised operators

Step 3: Compute three point correlation function
Use these optimised operators to construct relevant three point correlation
functions

Step 4: Extract form factors
Take ratios of three point to two point functions and extract e.g. GE (Q2)
and GM(Q2)
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Lattice results

PACS-CS (2 + 1)-flavour full-QCD ensembles

323 × 64 lattices
Renormalisation-group improved Iwasaki gauge action
Non-perturbatively O(a)-improved Wilson quarks
a = 0.0933(13)–0.1023(15) fm by Sommer parameter
mπ = 156–702 MeV
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Step 1: Construct correlation matrix

Start with some basis of operators {χi}

We use local three-quark spin-1/2 nucleon operators

χ1 = εabc [ua>(Cγ5) db] uc

χ2 = εabc [ua>(C) db] γ5 uc

Apply 16, 35, 100 and 200 sweeps of gauge invariant Gaussian
smearing

Correlation Matrix

Gij(p; t) ≡
∑

x
eip·x 〈Ω|χi(x)χj(0)|Ω〉
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Parity-Expanded Variational Analysis (PEVA)

Conventionally use parity projection to deal with single parity sector
at a time

This fails at finite momentum
Expand basis to simultaneously isolate finite momentum energy
eigenstates, regardless of parity
Define PEVA projector

Γp =
1
4(I+ γ4)(I− iγ5γk p̂k)

χi
p ≡ Γpχ

i couples to positive parity states at zero momentum
χi ′

p ≡ Γpγ5χ
i couples to negative parity states at zero momentum
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Step 2: Perform variational analysis

Seek operators {φα
p} that couple strongly to a single energy eigenstate

φα
p =

∑
i

vα
i (p) χi

p +
∑

i ′
vα

i ′ (p) χi ′
p

φα
p =

∑
i

uα
i (p) χi

p +
∑

i ′
uα

i ′ (p) χi ′
p

Coefficients can be found by solving generalised eigenvalue problem

vα(p) G(p; t0) = exp(−Eα(p)∆t) vα(p) G(p; t0 +∆t)
G(p; t0) uα(p) = exp(−Eα(p)∆t) G(p; t0 +∆t) uα(p)
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Eigenvector components
Ground state
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Eigenvector components
First negative parity excitation

0.0 0.5 1.0

p2 /GeV2

−1.0

−0.5

0.0

0.5

1.0

uN
∗ 1

i
(p
)

0.0 0.5 1.0

p2 /GeV2

−1.0

−0.5

0.0

0.5

1.0

uN
∗ 1

i′
(p
)

16 sweeps
35 sweeps

100 sweeps
200 sweeps

χ+
1 = Γp χ1

χ+
2 = Γp χ2

χ−
1 = Γp γ5 χ1

χ−
2 = Γp γ5 χ2

Finn M. Stokes (JSC) Nucleon excitations from PEVA Lattice 2019 10 / 37



More information

“Parity-expanded variational analysis for nonzero momentum”
F. M. Stokes, W. Kamleh, D. B. Leinweber, M. S. Mahbub,
B. J. Menadue, B. J. Owen
Phys. Rev. D 92 (2015) 11, 114506
doi:10.1103/PhysRevD.92.114506
arXiv:1302.4152 (hep-lat).
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Step 3: Compute three point correlation function

0

Matrix element

〈B ; p′ ; s ′| jµ|B ; p ; s〉 ∝

uB

(
γµF1(Q2)− σµνqν

2mB
F2(Q2)

)
uB

Sachs form factors

GE (Q2) = F1(Q2)− Q2

2mB
F2(Q2)

GM(Q2) = F1(Q2) + F2(Q2)
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Ground state
Fits to GE (Q2 = 0.166(4)) (mπ = 156 MeV)
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Ground state
Momentum-dependence of GE (Q2) (mπ = 156 MeV)
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Ground state
Fits to GM(Q2 = 0.166(4)) (mπ = 156 MeV)
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Ground state
Ratios of conventional GM(Q2) plateaus to PEVA (mπ = 156 MeV)
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Ground state
Magnetic moment estimate (mπ = 156 MeV)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Q2 /GeV2

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

2.0

2.5

µ
E

ff
/
µ

N

up dp

Finn M. Stokes (JSC) Nucleon excitations from PEVA Lattice 2019 19 / 37



Ground state
Pion-mass dependence of magnetic moment
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More information

“Opposite-Parity Contaminations in Lattice Nucleon Form Factors”
F. M. Stokes, W. Kamleh, D. B. Leinweber
Phys. Rev. D 99 (2019) 7, 074506
doi:10.1103/PhysRevD.99.074506
arXiv:1809.11002 (hep-lat).

Finn M. Stokes (JSC) Nucleon excitations from PEVA Lattice 2019 21 / 37



First negative-parity excitation
Fits to GE (Q2 = 0.142(4)) (mπ = 702 MeV)
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First negative-parity excitation
Pion-mass dependence of charge radius
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Second negative-parity excitation
Pion-mass dependence of charge radius
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First negative-parity excitation
Fits to GM(Q2 = 0.142(4)) (mπ = 411 MeV)
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First negative-parity excitation
Pion-mass dependence of magnetic moment
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Second negative-parity excitation
Pion-mass dependence of magnetic moment
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Comparison to constituent quark model
mπ = 702 MeV
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Comparison to constituent quark model
mπ = 702 MeV

W.-T. Chiang, S. N. Yang, M. Vanderhaeghen and D. Drechsel,
Nucl. Phys. A 723 (2003), doi:10.1016/S0375-9474(03)01160-6.
J. Liu, J. He and Y. B. Dong, Phys. Rev. D 71 (2005),
doi:10.1103/PhysRevD.71.094004.
N. Sharma, A. Martinez Torres, K. P. Khemchandani and H. Dahiya,
Eur. Phys. J. A 49 (2013), doi:10.1140/epja/i2013-13011-2.
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Step 3: Compute three point correlation function

Matrix element

〈β− ; p′ ; s ′| jµ|α+ ; p ; s〉 ∝

uβ

((
δµν − qµqν

q2

)
γνγ5F ∗

1 (Q2)− σµνqν
mβ − mα

γ5F ∗
2 (Q2)

)
uα

Helicity amplitudes

A1/2(Q2) = 2b−
(
F ∗

1 (Q2) + F ∗
2 (Q2)

)
S1/2(Q2) = −

√
2b−

(mβ − mα) |~q|
Q2

(
F ∗

1 (Q2)− Q2

mβ − mα
F ∗

2 (Q2)

)
b− =

√
Q2 + (mβ + mα)2

8mα(m2
β − m2

α)
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Transition to first negative parity excitation
Transverse helicity amplitude at mπ = 702 MeV
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Transition to first negative parity excitation
Transverse helicity amplitude ratio at mπ = 702 MeV
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S. Capstick, B. D. Keister, Phys. Rev. D 51 (1995), doi:10.1103/PhysRevD.51.3598.
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Transition to first negative parity excitation
Longitudinal helicity amplitude at mπ = 702 MeV
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Transition to second negative parity excitation
Transverse helicity amplitude at mπ = 702 MeV
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Transition to second negative parity excitation
Transverse helicity amplitude ratio at mπ = 702 MeV
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Transition to second negative parity excitation
Longitudinal helicity amplitude at mπ = 702 MeV
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First positive-parity excitation
Pion-mass dependence of magnetic moment
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Conclusion

The PEVA technique is critical to correctly extracting

I Form factors of nucleon excitations
I Precision matrix elements of ground state nucleon (∼ 10% effect)

Two low-lying localised 1
2
− nucleon excitations on the lattice

I At heavier pion masses, have magnetic moments consistent with quark
model expectations for the N∗(1535) and N∗(1650)

I At lighter pion masses, meson-baryon scattering states seem to play a
more significant role

The PEVA technique can be extended to nucleon transitions

I Proton to neutron ratio shows good agreement with relativistic quark
model

I Important step towards comparison with experiment

Inclusion of multi-particle scattering operators is important
Finite volume effects need to be addressed
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First positive-parity excitation
Pion-mass dependence of charge radius
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Eigenvector components
Second negative parity excitation
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Eigenvector components
First positive parity excitation
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Effective energy
First negative parity excitation - p2 ' 0.166 GeV2
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Effective energy
Nucleon spectrum
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First negative-parity excitation
Momentum-dependence of GE (Q2) (mπ = 702 MeV)
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Second negative-parity excitation
Fits to GE (Q2 = 0.142(4)) (mπ = 702 MeV)
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Second negative-parity excitation
Fits to GM(Q2 = 0.142(4)) (mπ = 702 MeV)
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Parity projection

Gij(p; t) =
∑
B±

e−EB± (p) t λB±
i λB±

j
−i γ · p ± mB±

2EB±(p)

Introduce Γ± = (γ4 ± I)/2 and define Gij(Γ±;p; t) ≡ Tr
(
Γ± Gij(p; t)

)

Gij(Γ+;p; t) =
∑
B+

e−EB+(p) t λB+

i λB+

j
EB+(p) + mB+

2EB+(p)

+
∑
B−

e−EB−(p) t λB−
i λB−

j
EB−(p)− mB−

2EB−(p)

Gij(Γ−;p; t) =
∑
B+

e−EB+(p) t λB+

i λB+

j
EB+(p)− mB+

2EB+(p)

+
∑
B−

e−EB−(p) t λB−
i λB−

j
EB−(p) + mB−

2EB−(p)
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Zero momentum

At zero momentum, EB(0) = mB, so

EB(0) + mB
2EB(0)

= 1

EB(0)− mB
2EB(0)

= 0

So projected correlators only contain terms for states of a single parity

Gij(Γ+; 0; t) =
∑
B+

e−mB+ t λB+

i λB+

j

Gij(Γ−; 0; t) =
∑
B−

e−mB− t λB−
i λB−

j

Can analyse states of each parity independently
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