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!Nfin Weak Hamiltonian :

Hw = 2 wi (1) Oi (p)
= 5 Wi'() O (1)

We can use either 3f or 41 for WMEs
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!WM Es w/ 4-flavor operators c

Main issue In lattice calculation is

Window problem: Aqcp « U < a-1

— resolved by step scaling, etc...

, wi'(n): precise at HEs
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@ WMEs w/ 3-flavor operators c

<f|Hw|i> = Z wi'(u) <f]Oi (w)]i>
pQCD LQCD

Wi

wi'(n): precise at HEs
T
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o WMEs w/ 3-flavor operators

<f|Hw|i> = Z wi'(u) <f]Oi (w)]i>
pQCD LQCD

wi (1): large uncertainty

12% uncertainty for K = 1t
—PRL 115,212001(2015)

v

wi'(n): precise at HEs
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@ WMEs w/ 3-flavor operators c

<f|Hw|i> = Zi wi'(n) <f|O; (p)]i>

M [QCD

(u) from pQCD
¥ T
¥ NP matchmg Wi (u) = Wi (u)

‘ - = _ - .

f'. - TITT

5 B ‘_ _
S TSI : R 2 . _", o ~

w?(u): precise at HEs
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Wi (H)* Wi (H)? .

Of coarse sea charm effects = w;'(u) = wi'(p)

- Maybe small difference — neglect in this project

| O. canscontam charm

EX)
W
u,C ad
current-current _
Oi = (Sd)v-a (TU)v-a QCD penguin
O7 = (5d)y-a (CC)v-a Oi = (Sd)v-a 2q (@9)v=a
4f,

s w/ charm turn to a combination of O;’s in U < M

= vv?fnecessary if MEs calculated with O;'
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@ K= 1t by RBC/UKQCD (2015) C

2+1 DWF / Iwasaki + DSDR gauge action
a-1 =1.38 GeV

= too coarse to introduce charm

= 3-flavor operators for MEs
& perturbative 4/3-flavor matching

= 12% systematic uncertainty

» NP matching (obtained from finer lattices) is desired
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Outline

Introduction

NP matching strategy
- Two-point functions in position space
- Gauge invariant

Technique for reducing discretization errors

- Average over spheres
- Enables an appropriate a = 0 limit

Result of exploratory calculation
- 163 x 32

— Statistical error significant
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o NP 4f-3f matchingin position Sp.

Hw = = wi'(p) O (u) = =i wi'(p) OF (u)

This means:
5 <O(x) Of (u;y)t> wif(p) = % <O(X) Oy (u;y)t> wil(p)
for any operator O(x)
at LDs: 1/|x-y| « mc

Relation b/w wi"' & w;i*' can be obtained by choosing
appropriate number of O(x)’s
= We choose

O(x) = O (1:;x)
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o NP 4f-3f matchingin position Sp.

"Hw = Zi wi'(p) O (M) = Zi wi'(p) OF'(p)

< <O} (U;x) Hw(y)t>
5 Gy (ux-y) W) = 25 Gl x-y) wif(u)

nf-n’f

Gj " (H;x-y) = <Oinf(|J;X) O] (u;y)t>

Wi (u) zjk <G3f‘3f<u X~ y))u cfkf ‘”(u X~ y)w (u) |

v Gauge invariant & free from contact terms
= can prevent mixing with irrelevant operators
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Matching matrix & 3f operators

Mik = Zj (G

3f-3f

Inverse matrix (G

ONLY IF 0:"s are independent with each other
- Ex: AS = 1 weak operators not the case!

(M;X- y))u

3f 4f
jk

3f 3f

Type Qi
current-current Q1 = (Sada)r(Ugus)r
Q2 = (Sadp)L(Ugta)L
QCD penguin Q3 = (Sada)r Y f(qﬁqﬁ),;
Q4 = (Sadp)r Y0 (@p0a)L
= (Sada)r -y (@p45)R
= (Sadg)r Y-, (@s90)
EW penguin Q7 = 3(Sada)L Y_0 €q(@s4p) R
Qs = 5(3ads)1L 22 €q(Tpda)R
Qo = 3(Sada)r Y, €q( dp98)L
Q10 = 3(Sads)r Y, €q(@sda)L
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(U;X-Y)

(U;X- y))u exists

Fierz symmetry

— 3 re

— 7/ 1INC

Columbia University Masaaki Tomii

ations among Q;’s

ependent operators
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@ Matching matrix O
If we choose We now redefine Q;’s as

— Oi3f = (Q1, Qy, ..., Qn3) independent operators

- 0" = (Q1, Qz, ..., Qn3, P1, P2, ..., Pno)
- Pi’s contain charm / Q;’s don’t

Then NC (=4 for K = 1111)
o ]_ oY
M=\ Lnsxns |0
A

Represents how Pi’s turn to Qi's below
charm threshold
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o Contractions

4 /3-flavor matching should be independent of myg & mS
= Calculate w/ SU(3) valence quarks + 1 heavier quark

S

X—

© contractions © contractions

0 5050

18 contractions 32 contractions 18 contractions
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« Subtraction of power divergence

Loop diagram can contain power divergence ‘
- from power divergence of operators

- Eliminate by redefining
O, =0; —C_5(1 —v5)d — C15(1 +5)d
with a condition

(5(1 +75)d(z) - Oj(y)) |, ,_, =0

12 contractions 12 contractions 3 contractions
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» Representative result

100

102 <Qu(x) Qu0)t> | *167x32
* eal=1.78 GeV

10-4 va val sea
e MY = M= ms

-6 : .
10 e Plotted in lattice

units
e Unrenormalized

108
10710
10712
10714

Different lattice points distinguished ( (1,1,1,1) # (0,0,0,2) )
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g Howtoa—0?

Our final goal: continuum limit of M;; ‘

- to apply it to our K = 1111 result on 1.38 GeV lattice

a-dependence of M;; may depend on x

- Necessity to take a & 0 at mutual x (in physical units) for
different a

- Practically no or few such mutual x

» We propose an idea to take continuum limit in a more
appropriate way
- Averaging correlators over sphere to get O(4)-symmetric
ones at any physical distance |Xx]

- Example for Z,, [MT & N. Christ, PRD99,014515]
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Averageover spheres

Evaluate the value of a

guantity at each 4d point
from values at lattice points,

with a guideline

f(z) =n(f*; ) a

> detalls in following slides

Take the average over the
sphere for each distance |x]

R 1 _
i) =5 42T

17/ 23
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!Evaluation of f(x)(1-dim) O
Linear interpolation

fn+1

Jx)

éx—ané a(n+l) - x
> i |
an X a(n+1)

]LT(ZE) _ (CL(TL—|— 1) _x)fn + (33 Il an)fn—l-l _ f(x) —|—O(CZ2)

- Accurate up to O(a?)
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Evaluation of f(x) (2-dim)

Bilinear interpolation

a(n +/2\) B a(n +/1\+§)

a(nr,+1) - x,

x1-any A a(ny+1) - x3

: (a(nz +1) — z2) f(A ) (z2 — an2) f(B)
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!Evaluation of f(x)@4-dim) O
Quadrilinear interpolation

1
-4
F@)=a" Y AyiDy A3 kA4S i ki
i Gk =0

Api = la(n, +1—1) —

- Accurate up to O(az2)
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Spherical Ave. for 2ptfunc

109 - -
| Raw data —e— .
102} Spherical Ave

10|
106}
108}
oy
1012}
10141
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Results for Mij

3f-4f

Mic = 5 (G (X)) Gk (X)

. 9000
n3xn3§ L

3f-3f

‘ ...... ‘
- Valid and should be independent of x at LDs [x]| » 1/mc
0.010 - : - - - e~ 0.3 —o e 163 x 32
Me=0677 1  ea-l=1.78 GeV

0.005F

| e 88 confs in 3,500
0.000 ¢ 1. ﬁﬁééééééééééwww : MDltIme |

I o mid = m¥'= me
0.005¢ Ml | e Unrenormalized
0010553 04 05 06 07 08 09

1/1x| [GeV]
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o Resu Its for M;;

Mik = 2

3f-4f

(X)) Gk (x)

3f-3f

(G

. 9000
| IR
n3xn3§ L

- Valid and should be independent of x at LDs [x]| » 1/mc

0.010

0.005}

0.000

0.005}

L7 iﬁﬁ

ol Te

oll| ¥¥$5555éééééééééééééa

.amc;O.S;GH ° 163 X 32
am, =0.6 —x— - o -1 = ]_78 GeV

e 88 confs in 3,500
MD time

val val sea

e Muyd = Ms = Mg

e Unrenormalized

100 |

0.01Q

0
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1/1x| [GeV]

LATTICE2019, June 16-22, 2019, Wuhan Colun

around 1/|x| = 0.4 GeV...
- Large statistical error
- No clear plateau




o Summary

NP 4f/3f matching desired for K = 1111 calculation

Position-space procedure
- Gauge invariant

- Free from mixing w/ irrelevant operators

Exploratory calculation on 163 lattice
- Large statistical error

To do
- Seek ways to reduce statistical error (Lanczos A2A, ...)

- Main calculation on finer lattices (2.35 GeV, 3.15 GeV,...)
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bed . abed |, _3f f
Paivs Napys (O (M):p1,p2) Wi3(|J)

bed . abed |, 4f
Pagys Aapys (O?(H);pl,pz) W?f(IJ)
1 ?

G-fixed amputated Green’s function

flavor, color and spin projector

Condition valid in |p12] « mc

Statistical error
- |P1,2] = 1.2 GeV — 10%
- |p1,2] = 0.6 GeV — 50%
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» Why mom procedure so bad?

Gauge fixing .

- Large Gribov noise

« Gauge condition does not have a unique solution on the
gauge orbit
« Gauge-dependent quantities have some ambiguity

- Mixing with gauge-noninvariant operators

Off-shell condition
- Mixing with operators that vanish by EoM

w All significant at small p1>
w Position-space procedure is free from all of these
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AS=1 4-quark operators

3-flavor 4-flavor
Type Qi Type P
current-current Q1 = (Sada)r(Wsug) L, current-current P = (5ada)(Tgug)r,
QQ = (Sadg)r(Uaua) L PP = (Sada)L(Cscs)L
QCD penguin = (Sada) 1, 23 (@s98)L Py = (50dg) 1 (Ugua) L
Q4 = (Sadg)z 2 (T540)L Py = (Sadp)r(csca)L
= (Sada) L ng(qBQB)R QCD penguin Py = (Sodo)1 24 (@505)1
Q6 = (5ads)s 22f<q5qa>R P4 - <Sad6> 2y (@540
EW penguin | Q7 = 2(Sada)r Z eq(@398)R = (Sada)r Z (qﬁqﬁ)R
Qs = 2(5ads)L Z eq(739a)R = (Sadp)L Z (q5qa)R
Qg = %(Sa o)L 23]‘" €q(§5%)L EW penguin Pr = %(Sa )L 24 eq(?ﬁ%)R
Q10 = %(Sadﬁ>L ng eq(%qa)L Py = Z(Sadﬁ) Z 6q(Q5Qa)R
Py = 3(Sada)r Y, €q(@305)L
7/ independent operators Pio = 5 (Sadp)r 2oy €q(340)1

9 Independent operators
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@ Color trivialization by Fierz trf. C

Def: (5d)1(qq9)r/r = 57 (1 —v5)d - qvu(1 £5)q

Left-Left operators
(gadﬁ)L(QBQa)L — (§QQQ)L((jﬁdﬁ)L

Left-Right operators
(gadﬁ)L(QBC]a)R — _2§a(1 + ’75)Qa ) QB(l — ’75)d5
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, Potential O(at) error (1-dim)

Defs: .

- f.: lattice value at site n
- f(x): “continuum limit” : f, = f(an) + 0O(a2)

Estimation f(x) should satisfy
- f(x) = f(x) + O(a2)

Potential O(al) error in f(x)
- f, = f(an) + O(a?)
= f(x) + f'(x)-(an-x) + O(a2)
O(al)
- f(x) is calculated using f.’s = O(al) can appear

- Balanced combination needed
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@ Quark mass renormalization

Position-space renormalization of scalar current
Zs*" (,1/a) M (1/ax) = NS (W)
MS
s~ (4;X)
\ |at(1/a X)

+ [1s: two-point function of scalar currents
+ Zs = Zp if chirally symmetric lattice action (DWF in this work)

MS/Iat( 1/a)

We analyze

Mot (1 25.0) = m

pare phys g \/ 3 (I8 (1/a; ) + I3 (1/a; 2))

q
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Lattice calculation
EFnsembles O

- 2+1 Domain-wall fermions
- 3 lattice spacings: 1.7-3.1 GeV
— Pion masses: 300—420 MeV

For each ensemble, we analyze

NS bare,phys(a)\/%(ﬂgt(l/a; z) + 11184 (1/a; )

my - (1; T50) = m

q q ——
ITg'S (s )
/ Supposed to be a constant Zn,
[RBC/UKQCD (2016)] if in renormalization window
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ﬁ'1?‘(3 GeV;x)

8.0 ] ] ] ] ] ]
Finest —— ©
Coarsest —e—
e ©
6.0 °
® o o
r— e © ks |
> s © ¢ © o ©® o o ©
:&egeee ee eee o® M
20F
0.0

0 02 04 06 08 1 12 14
1/|x|[GeV]

Different lattice points distinguished ( (1,1,1,1) vs
(0,0,0,2) )

Large discretization errors
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« Resultfor spherical average

Sphere average of .

mM—S(M i CL) — mbare,phys(a) %(H?t(l/a7x—)—|— H}a;t(l/a,; ZC))
q el q Hg/IS(ij)

4.5

FLAG average
through RI/SMOM B2
al=3.15GeV, am] ;= 0.0047 —o—

Able to calculate at 0™ =238 GeV, amiy = 0.0040 —8—

40F a’' =238 GeV, am! ;= 0.0080 —E— 1

" a! =178 GeV, amj;=0.0050 —&—
any dIStance _ a'1=1.78GeV,amZZ=O.OIOO ——
> —) O
%35' a ,’!Qiiii.'.l..'g

piit
Plateau seen better £ g;%ﬂ?{{}}}}}}i”
f or ﬁ ner | att | ces 3.0 PR R R R R R

03 04 05 06 07 08 09
1/|x|[GeV]
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