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Nf in Weak Hamiltonian

�3

HW = Σi wi (μ) Oi (μ) 

     = Σi wi (μ) Oi (μ) 
     = …

4f 4f

3f 3f

We can use either 3f or 4f for WMEs
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WMEs w/ 4-flavor operators

�4

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>4f 4f

LQCDpQCD

wi (μ): precise at HEs4f

μΛQCD

wi
Main issue in lattice calculation is 
  Window problem:  ΛQCD ≪ μ ≪ a-1 

    → resolved by step scaling, etc…
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WMEs w/ 3-flavor operators

�5

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

wi (μ): precise at HEs4f

μ

wi
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WMEs w/ 3-flavor operators

�5

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

wi (μ): large uncertainty 
12% uncertainty for K → ππ 

- PRL 115,212001(2015)

3f

wi (μ): precise at HEs4f

μmc

wi
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WMEs w/ 3-flavor operators

�5

<f|HW|i> = Σi wi (μ) <f|Oi (μ)|i>3f 3f

LQCDpQCD

wi (μ): large uncertainty 
12% uncertainty for K → ππ 

- PRL 115,212001(2015)

3f

wi (μ): precise at HEs4f

μmc

wi

wi (μ) from pQCD 

+ 

NP matching: wi (μ) → wi (μ)

4f

4f 3f
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wi  (μ)≠ wi  (μ)?
Of coarse sea charm effects ⇒ wi (μ) ≠ wi (μ) 
- Maybe small difference → neglect in this project 

If Oi  can contain charm… 

- Oi ’s w/ charm turn to a combination of Oi ’s in μ ≪ mc 

- wi necessary if MEs calculated with Oi

�6

3f

3f

4f

4f

4f

u,c,t u,c,t
g

W

q q

s ds

du,c

u,c

W

QCD penguin
Oi = (sd)V-A Σq (qq)V±A- -

Ex)

current-current
Oi = (sd)V-A (uu)V-A- -u

Oi = (sd)V-A (cc)V-A- -c

3f 3f

4f 3f
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K → ππ by RBC/UKQCD (2015)

2+1 DWF / Iwasaki + DSDR gauge action 

a-1 = 1.38 GeV 

    ⇒ too coarse to introduce charm 

    ⇒ 3-flavor operators for MEs 
        & perturbative 4/3-flavor matching 

    ⇒ 12% systematic uncertainty 

‣ NP matching (obtained from finer lattices) is desired

�7
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Outline

Introduction 

NP matching strategy 
- Two-point functions in position space 
- Gauge invariant 

Technique for reducing discretization errors 
- Average over spheres 
- Enables an appropriate a → 0 limit 

Result of exploratory calculation 

- 163 x 32  

- Statistical error significant

�8
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NP 4f-3f matching in position Sp.

�9

HW = Σi wi (μ) Oi (μ) = Σi wi (μ) Oi (μ)

Σi <O(x) Oi (μ;y)†> wi (μ) = Σi <O(x) Oi (μ;y)†> wi (μ) 

for any operator O(x) 
at LDs: 1/|x-y| ≪ mc

4f 4f 3f 3f

This means:
4f 4f 3f 3f

Relation b/w wi  & wi  can be obtained by choosing 

appropriate number of O(x)’s 
  ⇒ We choose 
      O(x) = Oi (μ;x)

4f 3f

3f
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NP 4f-3f matching in position Sp.

�10

HW = Σi wi (μ) Oi (μ) = Σi wi (μ) Oi (μ)

<Oj (μ;x) HW(y)†>

4f 4f 3f 3f

3f

Σj Gij   (μ;x-y) wj (μ) = Σj Gij   (μ;x-y) wj (μ)3f-3f 3f3f-4f 4f

Gij     (μ;x-y) = <Oi (μ;x) Oj  (μ;y)†>nf-n’f nf n’f

wi (μ) = Σjk (G       (μ;x-y))ij Gjk    (μ;x-y) wk (μ)3f 4f3f-4f3f-3f -1

Gauge invariant & free from contact terms 

  ⇒ can prevent mixing with irrelevant operators
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Matching matrix & 3f operators
Mik = Σj (G       (μ;x-y))ij Gjk    (μ;x-y) 

Inverse matrix (G       (μ;x-y))ij  exists                        
ONLY IF Oi ’s are independent with each other 
- Ex: ΔS = 1 weak operators not the case!

�11

3f-3f 3f-4f-1

3f

3f-3f -1
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1 Definitions and irreducible representations

1.1 Three-flavor theory

Table 1: Standard basis of ∆S = 1 four-quark operators in three-flavor theory.
Type Qi (L,R)-I

current-current Q1 = (sαdα)L(uβuβ)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

Q2 = (sαdβ)L(uβuα)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

QCD penguin Q3 = (sαdα)L
∑3f

q (qβqβ)L (8, 1)-1/2

Q4 = (sαdβ)L
∑3f

q (qβqα)L (8, 1)-1/2

Q5 = (sαdα)L
∑3f

q (qβqβ)R (8, 1)-1/2

Q6 = (sαdβ)L
∑3f

q (qβqα)R (8, 1)-1/2

EW penguin Q7 =
3
2(sαdα)L

∑3f
q eq(qβqβ)R (8, 8)-1/2 ; (8, 8)-3/2

Q8 =
3
2(sαdβ)L

∑3f
q eq(qβqα)R (8, 8)-1/2 ; (8, 8)-3/2

Q9 =
3
2(sαdα)L

∑3f
q eq(qβqβ)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

Q10 =
3
2(sαdβ)L

∑3f
q eq(qβqα)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

The ∆S = 1 four-quark operators in three-flavor theory are summarized in Table 1.

Here, α and β are color indices and the R/L subscripts denote right- and left-handed

currents,

(qq′)R/L = qγµ(1± γ5)q
′. (1)

2

Fierz symmetry                
→ 3 relations among Qi’s 
→ 7 independent operators
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Matching matrix
If we choose 
- Oi  = (Q1, Q2, …, Qn3) 
- Oi  = (Q1, Q2, …, Qn3, P1, P2, …, Pnc) 
- Pi’s contain charm / Qi’s don’t 

Then

�12

3f

4f

Mij =(1n3×n3        )…

…

…
… ……

… …

}nc (= 4 for K → ππ)

Represents how Pi’s turn to Qi’s below 

charm threshold

We now redefine Qi’s as 
independent operators
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Contractions

�13

�� ����

Figure 1: Fully connected diagrams in which each quark propagator connects the source
and sink points. The left panel corresponds to F4-type and the right one corresponds to
F2,2-type.

2.2 Fully connected diagrams

The fully connected diagrams can be classified to the following two kinds:

F2,2(x, y;Γ1,Γ2;Γ3,Γ4)
q1q2q3q4 = Tr

[
Γ1S

q1
F (x, y)Γ2S

q2
F (y, x)

]
· Tr

[
Γ3S

q3
F (x, y)Γ4S

q4
F (y, x)

]
,

(61)

F4(x, y;Γ1,Γ2,Γ3;Γ4)
q1q2q3q4 = Tr

[
Γ1S

q1
F (x, y)Γ2S

q2
F (y, x)Γ3S

q3
F (x, y)Γ4S

q4
F (y, x)

]
, (62)

which are sketched in Figure 1.

For calculation of GF
4-3(x − y) and GF

3-3(x − y) at the SU(3) isospin limit, we need 6

contractions of the type F4:

F4(x, y;Γ
−
µ ,Γ

−
ν ,Γ

−
µ ,Γ

−
ν )

llll,

F4(x, y;Γ
−
µ ,Γ

−
ν ,Γ

−
µ ,Γ

+
ν )

llll,

F4(x, y;Γ
−
µ ,Γ

−
ν ,Γ

+
µ ,Γ

+
ν )

llll,

F4(x, y;Γ
−
µ , 1− γ5,Γ

−
µ , 1 + γ5)

llll,

F4(x, y;Γ
−
µ , 1 + γ5,Γ

+
µ , 1− γ5)

llll,

F4(x, y; 1− γ5, 1− γ5, 1 + γ5, 1 + γ5)
llll,

and 6 contractions of the type F2,2:

F2,2(x, y;Γ
−
µ ,Γ

−
ν ;Γ

−
µ ,Γ

−
ν )

llll,

F2,2(x, y;Γ
−
µ ,Γ

−
ν ;Γ

−
µ ,Γ

+
ν )

llll,

1It may be enough to use only n′
f = 3. See Section 4

15
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Figure 2: Loop-contained diagrams in which there are quark loops at source and sink
points. Top/Left panel corresponds to F̃4-type, Bottom/Left panel corresponds to F̃ x

3,1-

type, Top/Right panel corresponds to F̃ y
3,1-type and Bottom/Right panel corresponds to

F̃2,1,1-type.

For calculation of GF
4-3(x− y) and GF

3-3(x− y), the F̃4-type requires 18 contractions for

3 + 1-flavor or 10 contractions in the SU(4) limit:

F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

−
ν )

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

−
ν )

llcl,

F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

+
ν )

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

−
ν ,Γ

+
ν )

clll,

F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

+
ν ,Γ

−
ν )

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ ,Γ

+
ν ,Γ

−
ν )

clll,

F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

llcl, F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

clll,

F̃4(x, y;Γ
−
µ ,Γ

+
µ ,Γ

−
ν ,Γ

+
ν )

llll,

F̃4(x, y;Γ
−
µ ,Γ

+
µ ,Γ

+
ν ,Γ

−
ν )

llll,

F̃4(x, y;Γ
−
µ ,Γ

+
µ , 1− γ5, 1 + γ5)

llll, F̃4(x, y;Γ
−
µ ,Γ

+
µ , 1− γ5, 1 + γ5)

clll,

F̃4(x, y;Γ
+
µ ,Γ

−
µ ,Γ

+
ν ,Γ

−
ν )

llll,

F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llll, F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llcl,

F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)
llll, F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)

llcl.
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Figure 2: Loop-contained diagrams in which there are quark loops at source and sink
points. Top/Left panel corresponds to F̃4-type, Bottom/Left panel corresponds to F̃ x

3,1-

type, Top/Right panel corresponds to F̃ y
3,1-type and Bottom/Right panel corresponds to

F̃2,1,1-type.

For calculation of GF
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−
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−
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+
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−
ν )

clll,

F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

llll, F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)

llcl, F̃4(x, y;Γ
−
µ ,Γ

−
µ , 1 + γ5, 1− γ5)
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F̃4(x, y;Γ
−
µ ,Γ

+
µ ,Γ

−
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+
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llll,

F̃4(x, y;Γ
−
µ ,Γ

+
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+
ν ,Γ

−
ν )

llll,

F̃4(x, y;Γ
−
µ ,Γ

+
µ , 1− γ5, 1 + γ5)

llll, F̃4(x, y;Γ
−
µ ,Γ

+
µ , 1− γ5, 1 + γ5)

clll,

F̃4(x, y;Γ
+
µ ,Γ

−
µ ,Γ

+
ν ,Γ

−
ν )

llll,

F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llll, F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llcl,

F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)
llll, F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)

llcl.
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+
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−
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−
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−
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llll, F̃4(x, y;Γ
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−
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−
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−
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+
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+
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−
µ ,Γ

+
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+
ν ,Γ

−
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llll,
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+
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llll, F̃4(x, y;Γ
−
µ ,Γ

+
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+
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−
µ ,Γ

+
ν ,Γ

−
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F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llll, F̃4(x, y; 1− γ5, 1 + γ5,Γ
+
ν ,Γ

−
ν )

llcl,

F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)
llll, F̃4(x, y; 1− γ5, 1 + γ5, 1− γ5, 1 + γ5)

llcl.
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6 contractions 6 contractions

18 contractions 32 contractions 18 contractions

4/3-flavor matching should be independent of mud & ms 

     ⇒ Calculate w/ SU(3) valence quarks + 1 heavier quark



  LATTICE2019,  June 16-22, 2019,  Wuhan        Columbia University   Masaaki Tomii               / 23

Subtraction of power divergence
Loop diagram can contain power divergence 
- from power divergence of operators 

- Eliminate by redefining 

     with a condition

�14

Oi ~ ̶m̶qa2

O0
i = Oi � C�s̄(1� �5)d� C+s̄(1 + �5)d

<latexit sha1_base64="oV8fQcl80yEOZ9gFYcuIvTnxIHw="></latexit>

⌦
s̄(1± �5)d(x) ·O0

i

(y)†
↵ ��

x�y=x0
= 0

<latexit sha1_base64="hSbxRqK2IHhZXjJ+ZKIqJ3FRYiw="></latexit>
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Figure 3: Diagrams of correlators of a four-quark and bilinear operators. Top/Left panel

corresponds to F̃ [x]
3 -type, Middle/Left panel corresponds to F̃ [y]

3 -type, Top/Right panel

corresponds to F̃ x
2,1-type, Middle/Right panel corresponds to F̃ y

2,1-type and Bottom pane
corresponds to F2-type.
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12 contractions 12 contractions 3 contractions
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Representative result

�15

Different lattice points distinguished ( (1,1,1,1) ≠ (0,0,0,2) )

�����
�����
�����
����
����
����
����
���

� � � � � � � � �

<Q1(x) Q1(0)†> • 163 x 32 

• a-1 = 1.78 GeV 

• mud = ms  = ms 

• Plotted in lattice 
units 

• Unrenormalized

val val sea

|x|/a
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How to a → 0?
Our final goal: continuum limit of Mij 

- to apply it to our K → ππ result on 1.38 GeV lattice 

a-dependence of Mij may depend on x 
- Necessity to take a → 0 at mutual x (in physical units) for 
different a 

- Practically no or few such mutual x 

‣ We propose an idea to take continuum limit in a more 
appropriate way 
- Averaging correlators over sphere to get O(4)-symmetric 
ones at any physical distance |x| 

- Example for Zm  [MT & N. Christ, PRD99,014515]

�16
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Average over spheres
Evaluate the value of a 
quantity at each 4d point 
from values at lattice points, 
with a guideline 

Take the average over the 
sphere for each distance |x|
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※ details in following slides
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Evaluation of  f(x) (1-dim)
Linear interpolation

�18
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(a(n+ 1)� x)fn + (x� an)fn+1

a
= f(x) +O(a2)
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Accurate up to O(a2)
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Evaluation of  f(x) (2-dim)
Bilinear interpolation

�19
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f̄(x) =
(a(n2 + 1)� x2)f̄(A) + (x2 � an2)f̄(B)

a

= a�2( a(n1 + 1)� x1 x1 � an1 )

✓
fn fn+2̂
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a(n2 + 1)� x2
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Evaluation of  f(x) (4-dim)
Quadrilinear interpolation
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f̄(x) = a

�4
1X
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- Accurate up to O(a2)
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Spherical Ave. for 2pt func
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Results for Mij

�22

• 163 x 32 

• a-1 = 1.78 GeV 

• 88 confs in 3,500 

MD time 
• mud = ms  = ms 

• Unrenormalized

val val sea

Mik = Σj (G       (x))ij Gjk    (x) 

- Valid and should be independent of x at LDs |x| ≫ 1/mc

3f-3f 3f-4f-1

(1n3×n3        )…

…
…

… ……

… …
=

������

������

�����

�����
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��� � ���
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1/|x| [GeV]
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around 1/|x| = 0.4 GeV… 

- Large statistical error 
- No clear plateau
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Summary

NP 4f/3f matching desired for K → ππ calculation 

Position-space procedure 
- Gauge invariant  
- Free from mixing w/ irrelevant operators 

Exploratory calculation on 163 lattice 
- Large statistical error 

To do 
- Seek ways to reduce statistical error (Lanczos A2A, …) 
- Main calculation on finer lattices (2.35 GeV, 3.15 GeV,…)

�23
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Condition 

Condition valid in |p1,2| ≪ mc  

Statistical error 
- |p1,2| = 1.2 GeV → 10% 

- |p1,2| = 0.6 GeV → 50% 

Previous effort in mom Sp.

�24

Oi

p1 p1

p2 p2

Oi

p1 p1

p2 p2

Pαβγδ  Λαβγδ (Oi (μ);p1,p2) wi (μ)
abcd abcd 3f 3f

Pαβγδ  Λαβγδ (Oi (μ);p1,p2) wi (μ)
abcd abcd 4f 4f

=

G-fixed amputated Green’s function
flavor, color and spin projector
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Why mom procedure so bad?
Gauge fixing 

- Large Gribov noise 
• Gauge condition does not have a unique solution on the 
gauge orbit 

• Gauge-dependent quantities have some ambiguity 

- Mixing with gauge-noninvariant operators 

Off-shell condition 

- Mixing with operators that vanish by EoM

�25

All significant at small p1,2 

Position-space procedure is free from all of these 
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ΔS = 1 4-quark operators
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1 Definitions and irreducible representations

1.1 Three-flavor theory

Table 1: Standard basis of ∆S = 1 four-quark operators in three-flavor theory.
Type Qi (L,R)-I

current-current Q1 = (sαdα)L(uβuβ)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

Q2 = (sαdβ)L(uβuα)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

QCD penguin Q3 = (sαdα)L
∑3f

q (qβqβ)L (8, 1)-1/2

Q4 = (sαdβ)L
∑3f

q (qβqα)L (8, 1)-1/2

Q5 = (sαdα)L
∑3f

q (qβqβ)R (8, 1)-1/2

Q6 = (sαdβ)L
∑3f

q (qβqα)R (8, 1)-1/2

EW penguin Q7 =
3
2(sαdα)L

∑3f
q eq(qβqβ)R (8, 8)-1/2 ; (8, 8)-3/2

Q8 =
3
2(sαdβ)L

∑3f
q eq(qβqα)R (8, 8)-1/2 ; (8, 8)-3/2

Q9 =
3
2(sαdα)L

∑3f
q eq(qβqβ)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

Q10 =
3
2(sαdβ)L

∑3f
q eq(qβqα)L (8, 1)-1/2 ; (27, 1)-1/2 ; (27, 1)-3/2

The ∆S = 1 four-quark operators in three-flavor theory are summarized in Table 1.

Here, α and β are color indices and the R/L subscripts denote right- and left-handed

currents,

(qq′)R/L = qγµ(1± γ5)q
′. (1)

2

Table 2: Standard basis of ∆S = 1 four-quark operators in four-flavor theory.

Type Pi

current-current P1 = (sαdα)L(uβuβ)L

P c
1 = (sαdα)L(cβcβ)L

P2 = (sαdβ)L(uβuα)L

P c
2 = (sαdβ)L(cβcα)L

QCD penguin P3 = (sαdα)L
∑4f

q (qβqβ)L

P4 = (sαdβ)L
∑4f

q (qβqα)L

P5 = (sαdα)L
∑4f

q (qβqβ)R

P6 = (sαdβ)L
∑4f

q (qβqα)R

EW penguin P7 =
3
2(sαdα)L

∑4f
q eq(qβqβ)R

P8 =
3
2(sαdβ)L

∑4f
q eq(qβqα)R

P9 =
3
2(sαdα)L

∑4f
q eq(qβqβ)L

P10 =
3
2(sαdβ)L

∑4f
q eq(qβqα)L

1.2 Four-flavor theory

The ∆S = 1 four-quark operators in the four-flavor theory are summarized in Table 2.

Identities among four-flavor operators derived from the Fiertz symmetry are

P4 = −P1 − P c
1 + P2 + P c

2 + P3,

P9 =
3

2
(P1 + P c

1 )−
1

2
P3,

P10 =
1

2
(P1 + P c

1 − P3) + P2 + P c
2 . (28)

We construct an independent basis. Since four-quark operators with the required quan-

tum numbers must be composed of s̄, d, q̄ and q (q = u, d, s, c), possible left-left operators

are combinations of

(s̄d)(ūu), (s̄u)(ūd)

(s̄d)(d̄d),

(s̄d)(s̄s),

(s̄d)(c̄c), (s̄c)(c̄d),

where we omit the subscript L for simplicity.

8

3-flavor 4-flavor

7 independent operators
9 independent operators
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Color trivialization by Fierz trf.

Def: 

Left-Left operators 

Left-Right operators
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(s̄d)L(q̄q)R/L = s̄�µ(1� �5)d · q̄�µ(1± �5)q
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(s̄↵d�)L(q̄�q↵)L = (s̄↵q↵)L(q̄�d�)L
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(s̄↵d�)L(q̄�q↵)R = �2s̄↵(1 + �5)q↵ · q̄�(1� �5)d�
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Potential O(a1) error (1-dim)
Defs: 
- fn: lattice value at site n 

- f(x): “continuum limit” : fn = f(an) + O(a2) 

Estimation f(x) should satisfy 
- f(x) = f(x) + O(a2) 

Potential O(a1) error in f(x) 
- fn = f(an) + O(a2) 

         = f(x) + f’(x)･(an-x) + O(a2) 

- f(x) is calculated using fn’s ⇒ O(a1) can appear 
- Balanced combination needed

�28

-
-

-

O(a1)-
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Quark mass renormalization
Zm = ZS 

Position-space renormalization of scalar current 

✦ ΠS: two-point function of scalar currents 
✦ ZS = ZP if chirally symmetric lattice action (DWF in this work) 

We analyze

�29

-1

ZS       (μ,1/a)   ΠS  (1/a;x) = ΠS  (μ;x)MSMS/lat lat2

ZS       (μ,1/a) =MS/lat
latΠS  (1/a;x)
ΠS  (μ;x)MS

emMS
q (µ;x; a) = m

bare,phys
q (a)

s
1
2 (⇧

lat
S (1/a;x) +⇧lat

P (1/a;x))

⇧MS
S (µ;x)
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Lattice calculation
Ensembles 
- 2+1 Domain-wall fermions 
- 3 lattice spacings: 1.7−3.1 GeV 

- Pion masses: 300−420 MeV 

For each ensemble, we analyze

�30

[RBC/UKQCD (2016)]

Supposed to be a constant Zm 

if in renormalization window

emMS
q (µ;x; a) = m

bare,phys
q (a)

s
1
2 (⇧

lat
S (1/a;x) +⇧lat

P (1/a;x))

⇧MS
S (µ;x)
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mq   (3 GeV;x) 

Different lattice points distinguished ( (1,1,1,1) vs 
(0,0,0,2) ) 

Large discretization errors
�31
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Result for spherical average
Sphere average of 

Able to calculate at 
any distance 

Plateau seen better 
for finer lattices
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