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1. Introduction – The story so far

We have been developing and implementing the framework for including radiative
(and strong isospin breaking) corrections to leptonic decays:

1 QED Corrections to Hadronic Processes in Lattice QCD,
N.Carrasco, V.Lubicz, G.Martinelli, C.T.Sachrajda, N.Tantalo, C.Tarantino and M.Testa,

Phys. Rev. D 91 (2015) no.7, 07450 [arXiv:1502.00257 [hep-lat]].

This paper develops the formalism for evaluating radiative corrections to
leptonic decays of mesons.
In particular, we discuss the treatment and cancellation of infrared
divergences.

2 Finite-Volume QED Corrections to Decay Amplitudes in Lattice QCD,
V.Lubicz, G.Martinelli, C.T.Sachrajda, F.Sanfilippo, S.Simula and N.Tantalo,

Phys. Rev. D 95 (2017) no.3, 034504 [arXiv:1611.08497 [hep-lat]].

Here we show that in QEDL the O( 1
L ) corrections to leptonic decays widths

are universal (i.e. structure independent) and we evaluate them.
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The story so far (cont.)

3 First Lattice Calculation of the QED Corrections to Leptonic Decay Rates,
D.Giusti, V.Lubicz, G.Martinelli, C.T.Sachrajda, F.Sanfilippo, S.Simula, N.Tantalo and C.Tarantino,

Phys. Rev. Lett. 120 (2018) 072001 [arXiv:1711:06537]

We present the first complete numerical results for Γ(Kµ2)/Γ(πµ2) at O(α).

4 Light-meson leptonic decay rates in lattice QCD+QED
M.Di Carlo, D.Giusti, V.Lubicz, G.Martinelli, C.T.Sachrajda, F.Sanfilippo, S.Simula and N.Tantalo,

arXiv:1904.08731,

We present details of the computation in paper 3;
We update the analysis, in particular by improving the renormalisation;

see talk by Matteo di Carlo, Tuesday 18th, 17:30, SM parameters
The paper contains a detailed discussion of how to define QCD in the
presence of QED.

5 Radiative corrections to decay amplitudes in lattice QCD,
D.Giusti, V.Lubicz, G.Martinelli, C.T.Sachrajda, F.Sanfilippo, S.Simula and N.Tantalo,

Lattice2018, arXiv:1811.06364 [hep-lat].

This Lattice 2018 talk contains a preliminary discussion of some of the topics
presented below.
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Brief review of leptonic decays of pseudoscalar mesons

The presence of infrared divergences requires us, at O(α) to consider

Γ0(P→ `ν̄`)+Γ1(P→ `ν̄`γ) ,

where the subscript 0,1 denotes the number of photons in the final state.

Our initial proposal is to restrict the energy of the final-state photon to be
sufficiently small (Eγ < ∆Eγ ' 20 MeV say) for the structure dependence to be
negligible.

It is convenient to organise the calculation in the form

Γ0 +Γ1(∆Eγ ) = lim
V→∞

(
Γ0−Γ

pt
0
)
+ lim

V→∞

(
Γ

pt
0 +Γ1(∆Eγ )

)
.

"pt" implies the meson P is treated as "point-like".
Each of the two terms on the right-hand side is infrared finite.
The second term on the r.h.s. can be calculated in perturbation theory.
Γ0, on the other-hand, must be computed in a lattice computation, e.g.

K−

ℓ−

ν̄ℓ
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Brief review of leptonic decays (cont.)

Recent progress has included the development of the techniques for the lattice
computation of the amplitude for P→ `ν̄`γ and a demonstration of its practicality.

Talk by G.Martinelli, Monday 14:20, Weak Decays and Matrix Elements

It is then natural to organise the calculation as:

Γ0 +Γ1 = lim
V→∞

(
Γ0−Γ

pt
0
)
+ lim

V→∞

(
Γ

pt
0 +Γ

pt
1
)
+ lim

V→∞

(
Γ1−Γ

pt
1
)

so that each of the three terms on the r.h.s. is infrared finite.

The non-perturbative evaluation of Γ1 has the important practical implication that
the method can be applied to the decays of heavy mesons.

For example, since mB∗ −mB ' 45 MeV, for heavy mesons there is another
small scale present, which limits the scope and precision of the perturbative
calculations for soft photons.

Given the remarkable, sub-percent, precision of the determinations of fP in lattice
QCD simulations, such QED corrections are necessary to fully exploit the results
for the extraction of CKM matrix elements.

In the remainder of this talk, I discuss the status of our project to extend the
formalism to semileptonic decays.
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Semileptonic decays

For illustration we consider K`3 decays, but the discussion is general:

K̄0

ν̄ℓ

ℓ−

π+

K̄0

ν̄ℓ

ℓ−

π+

γ

A particularly appropriate measurable quantity to compute is

d2Γ

dq2dsπ`

where q2 = (pK −pπ )
2 and sπ` = (pπ +p`)2.

Following the same procedure as for leptonic decays we write:

d2Γ

dq2dsπ`
= lim

V→∞

(
d2Γ0

dq2dsπ`
−

d2Γ
pt
0

dq2dsπ`

)
+ lim

V→∞

(
d2Γ

pt
0

dq2dsπ`
+

d2Γ1(∆E)
dq2dsπ`

)

Infrared divergences cancel separately in each of the two terms.
If the amplitude for real photons is computed non-perturbatively, then the above
formula is modified as for leptonic decays to three terms on the r.h.s..
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Exponentially growing terms in time

A general feature when evaluating long-distance contributions in Euclidean space
is the presence of unphysical terms growing exponentially with the time
separation. Consider for illustration the following contribution to the correlator:

K̄0

ν̄ℓ

ℓ−

π+

γ

tK tH tπℓ

t1

t2

Upon integrating over t1,2 there are terms in the momentum sum proportional to

e−(E
int
π`−Eext

π` )(tπ`−tH)

where Eext
π` and Eint

π` are the external and internal energies of the pion-lepton pair.

If there are states with Eint
π` < Eext

π` then there are unphysical exponentially growing
contributions in tπ`− tH .
The energy non-conserving matrix elements with initial or final states having
energy Eint can also be calculated to aid in the subtraction of the exponentially
growing terms.
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Exponentially growing terms in time (cont.)

K̄0

ν̄ℓ

ℓ−

π+

γ

tK tH tπℓ

t1

t2

K−

ℓ−

ν̄ℓ

The presence of exponentially growing terms is a generic feature in the evaluation
of long-distance contributions. They must be identified and subtracted.

The number of such terms depends on sπ` and on the chosen (twisted)
boundary conditions.
For kaon decays, in some corners of phase space, there may in principle
also be multi-hadron intermediate states corresponding to growing
exponentials, but these are expected to be small.

For example K→ ππ`ν → π`ν(γ) only contributes at high order (p6) in ChPT and
is present due to the Wess-Zumino-Witten term in the action.
More importantly, we can restrict the values of sπ` to a range below the
multi-hadron threshold.

D and B decays: the large number of such terms which need to be subtracted in
most of phase space, makes it very difficult to implement the method.
No such exponentially growing terms are present for leptonic decays.
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Finite-volume corrections - Leptonic Decays

For leptonic decays of the pseudoscalar meson P, in QEDL the finite-volume
effects take the form:

Γ
pt
0 (L) = C0(r`)+ C̃0(r`) log(mPL)+

C1(r`)
mPL

+ . . . ,

where r` = m`/mP.

The exhibited L-dependent terms are universal, i.e. independent of the structure
of the meson!

We have calculated these coefficients (using the QEDL regulator of the zero
mode).

The leading structure-dependent FV effects in Γ0−Γ
pt
0 are of O(1/L2).

The following scaling law is useful in the choice of terms to be evaluated. If the
integrand/summand→ 1

(k2)
n
2

as k→ 0 then we have the scaling law:

∫ dk0

(2π)

 1
L3 ∑

~k 6=0

−
∫ d3k

(2π)3

 1
(k2)

n
2
⇒ O

(
1

L4−n

)
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Finite-volume corrections - Semileptonic Decays

pK

pν̄

pℓ

pπ

k

For illustration consider the above diagram. The infrared divergences occur from
the terms in the integrand which ∼ 1/k4 and the O(1/L) corrections from those
which ∼ 1/k3.

The O(1/L2) corrections are structure dependent and so we cannot evaluate
them analytically.
Since the leading term as k→ 0∼ 1/k4, we need to expand the propagators
and vertices (including those from the weak Hamiltonian) to O(k) in order to
determine the ir divergence and the O(1/L) FV correction.

In studying the universality of the O(1/L) corrections, the use of the e.m. Ward
Identities is particularly useful (or equivalently the construction of a gauge
invariant effective theory).

For illustration, I now present a simple, instructive and important example.
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Finite-volume corrections - Semileptonic Decays (Cont.)

0 zpπ

We define the pion propagator ∆π (pπ ) by:

Cππ (pπ ) =
∫

d 4z e−ipπ ·z 〈0 |T
{

φπ (z)φ
†
π (0)

}
|0〉

≡
∣∣〈0 |φπ (0) |π(pπ )〉

∣∣2 ∆π (pπ )

≡
∣∣〈0 |φπ (0) |π(pπ )〉

∣∣2 Zπ (p2
π )

p2
π +m2

π

.

Zπ parametrises the structure dependence of the pion propagator.

Expanding the propagator for small values of k and ε2
π = p2

π +m2
π we obtain:

∆π (pπ + k) =
1−2zπ1 pπ · k− ε2

π zπ1 +O(k2,ε4
π ,ε

2
π k)

ε2
π +2pπ · k+ k2

,

where the structure dependent parameter zπ1 is given by:

zπ1 =
dZ−1

π (p2
π )

dp2
π

∣∣∣∣
p2

π=−m2
π

.
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Finite-volume corrections - Semileptonic Decays (Cont.)

µ

Γµ
π

pπ+k pπ

Similarly we define the amputated πγπ vertex Γ
µ
π , by amputating the propagators

and matrix elements of the interpolating operators in the correlation function:

Cµ
π (pπ ,k) = i

∫
d 4zd 4xe−ipπ ·z e−ik·x〈0|T

{
φπ (z) jµ (x)φ

†
π (0)

}
|0〉 .

We now expand Γπ for small k (and the επ ).

The key result is obtained from the Ward Identity:

kµ Γ
µ

P(pπ ,k) =
{

∆
−1
π (pπ + k)−∆

−1
π (pπ )

}
,

which relates the first-order expansion coefficients and yields

Zπ (pπ + k)Γ
µ
π (pπ ,k) = Qπ (2pπ + k)µ +O(k2,ε2

π ) .

⇒ no O(1/L) correction from pion propagator and πγπ vertex.

Chris Sachrajda Lattice 2019, June 19 2019 12



Finite-volume corrections - Semileptonic Decays (Cont.)

pK

pν̄

pℓ

pπ

k

We have seen that, as a result of the
Ward Identity, we do not need the
derivatives of the pion form-factors to
obtain the O(1/L) corrections.

However, we also need to expand the
weak-vertex which, in QCD without
QED, is a linear combination of two
form-factors f±(q2).

Off-shell, the Kπ`ν̄ weak vertex is a linear combination of two functions
F±(p2

π ,p
2
K ,2pK ·pπ ) (which reduce on-shell to the form-factors f±(q2)).

The WI relates the Kπ`ν̄ and Kπ`ν̄γ vertices and does lead to a partial, but not
complete, cancelation of O( 1

L ) terms.

The O( 1
L ) corrections are found to depend on df±(q2)

dq2 , as well as on f±(q2).
Such derivative terms are generic (a consequence of the Low theorem);
absent only in particularly simple cases, such as leptonic decays.

These corrections are "universal" in the sense that the coefficients are physical
and can be computed in lattice simulations.

There are no corrections of the form df±

dm2
π

or df±

dm2
K

, which would not be
physical.
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Finite-volume corrections - Semileptonic Decays (Cont.)

pK

pν̄

pℓ

pπ

k

K−

ℓ−

ν̄ℓ

For leptonic decays the corrections are proportional to fK (computed in QCD
simulations) and there is no scope for terms analogous to df±(q2)

dq2 .

Again there are no O( 1
L ) terms proportional to dfK

dm2
K

.

For semileptonic decays, we have calculated the integrands/summands
necessary to evaluate the coefficients of the O( 1

L ) corrections analytically using
the Poisson summation formula, but have not yet evaluated the corrections
themselves.
In the ignorance of the analytic coefficients, the subtraction of the O( 1

L ) effects
can be performed by fitting data obtained at different volumes.

Such a procedure for our numerical study of leptonic decays (where the
O( 1

L ) corrections are known and can be subtracted) results in the doubling of
the uncertainty in the theoretical prediction extrapolated to the physical point
in the infinite volume limit; disappointing, but not a major problem.
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Perturbative calculation

The starting point for our study is the relation:

d2Γ

dq2dsπ`
= lim

V→∞

(
d2Γ0

dq2dsπ`
−

d2Γ
pt
0

dq2dsπ`

)
+ lim

V→∞

(
d2Γ

pt
0

dq2dsπ`
+

d2Γ1(∆E)
dq2dsπ`

)

and the second term on the r.h.s. needs to be calculated in perturbation theory.

This has not been fully done (yet?).

The second term has been calculated in the soft-photon approximation in which
all terms proportional to kn (n≥ 1) are dropped in the numerator.

De Boer, Kitahari, Nišandžić, arXiv:1803.05881

This work was motivated by the R(D) and R(D∗) anomalies in semileptonic
B-decays and the suggestion that radiative corrections not present in photos
may be the explanation. Appears to be not true.

The soft-photon approximation is sufficient to make both terms on the r.h.s.
infrared finite, but not to eliminate the O( 1

L ) corrections in the first term.

Chris Sachrajda Lattice 2019, June 19 2019 15



Perturbative calculation (cont.)

d2Γ

dq2dsπ`
= lim

V→∞

(
d2Γ0

dq2dsπ`
−

d2Γ
pt
0

dq2dsπ`

)
+ lim

V→∞

(
d2Γ

pt
0

dq2dsπ`
+

d2Γ1(∆E)
dq2dsπ`

)

The calculation of the second term on the r.h.s. has also been performed at
lowest non-trivial order in ChPT. Cirigliano, Giannotti, Neufeld, arXiv:0807.4507
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Summary and Conclusions

We are developing the framework for the computation of radiative corrections to
semileptonic K`3 decays.

This builds on our theoretical framework, and its successful implementation,
in computations of radiative corrections to leptonic decays.
(We have also successfully computed the P→ `ν̄γ amplitude⇒ makes
possible to study the leptonic decays of heavy mesons.)

Important points to note:
1 An appropriate observable to study is d2Γ

dq2dsπ`
.

2 The presence in general of unphysical exponentially growing terms in
tπ`− tH which need to be subtracted.

3 The universality of the O( 1
L ) corrections, which do however depend on the

form-factors f±(q2) and on their derivatives w.r.t. q2.
Generic feature, absent only for simple processes such as leptonic decays.

Things still to do include:
1 To evaluate the coefficients on the O( 1

L ) corrections.
Otherwise these corrections can be fitted numerically.
If the O( 1

L ) corrections are not to be evaluated analytically, then the soft-photon
approximation may be the most convenient one for the term which is added and
subtracted.

2 To test and implement the method numerically.

Chris Sachrajda Lattice 2019, June 19 2019 17


