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Introduction

A lot of interesting decays with non-QCD final states
I photonic decays: π0 → γγ, ηc → γγ, χc0 → γγ, J/Ψ→ γγγ

I leptonic decays: π0 → e+e−, KL→ µ+µ− [N. Christ and Y. Zhao’s talks
on Tuesday]

I radiative leptonic decays: π0 → γe+e−, B → γµ+µ− [S. Meinel’s talk on
Tuesday]

Conventional method
I Study momenta dependence of the form factor, e.g. Fπγγ(m2

π, p
2
1, p

2
2)

Can the calculation be simpler?

We propose to calculate the on-shell amplitude in coordinate space

A =

∫
d 4x ω(x)︸︷︷︸

Non-QCD

H(x)︸︷︷︸
Hadronic

Methodology

Take π0 → γγ as an example
I Step 1 - Calculate hadronic matrix element in coordinate space

Hµν(x) = 〈0|T [Jµ(x)Jν(0)]|π0(q)〉
I Step 2 - Choose on-shell momentum

Fµν(q, p, p′) =

∫
d 4x e−ipxHµν(x)

with

p = (imπ/2, ~p), p′ = (imπ/2,−~p), q = (imπ,~0), |~p| = mπ/2.

We have
Fµν(q, p, p′) = εµναβpαqβFπγγ(m2

π, 0, 0)

I Step 3 - Obtain a Lorentz scalar amplitude

I = εµναβpαqβ

∫
d 4x e−ipxHµν(x)

= εµναβqβ

∫
d 4x e−ipx

(
−i ∂
∂xα

)
Hµν(x)

= mπ

∫
d 4x e−ipx εµνα0

∂Hµν(x)

∂xα

= mπ

∫
dt emπt/2

∫
d 3~x e−i~p·~x εµνα0

∂Hµν(x)

∂xα

I Step 4 - Average over the spatial direction for ~p

I = 2

∫
dt emπt/2

∫
d 3~x

sin(mπ|~x |/2)

|~x |
εµνα0

∂Hµν(x)

∂xα

=

∫
dt emπt/2

∫
d 3~x
−mπ|~x | cos(mπ|~x |/2) + 2 sin(mπ|~x |/2)

|~x |3
εµνα0xαHµν(x)

I Step 5 - Master formula

Fπ0γγ(m2
π, 0, 0) =

I
[εµναβpαqβ] [εµνρσpρqσ]

=
2

m4
π

I

Key quantity required from lattice QCD is H(x) = εµνα0xαHµν(x)

Remark: Finite-volume effects are exponentially suppressed in H(x)

Results for π0→ γγ

Perform the integral in the region of
√
t2 + ~x2 < X
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(Ensemble mπ = 139 MeV uses Iwasaki action while the others use Iwasaki + DSDR action.)

Results for π0→ γe+e−

Branching ratio given by Kroll-Wada formula

Γπ→γe+e−

Γπ→γγ
=
α

3π

∫ 1

r

dρ

ρ
(1− ρ)3

(
1− r

ρ

)1
2
(

2 +
r

ρ

)
F 2
π0γγ(m2

π, s, 0)

F 2
π0γγ(m2

π, 0, 0)

where r = 4m2
e/m

2
π, ρ = s/m2

π.

F 2
π0γγ(m2

π, s, 0)

F 2
π0γγ(m2

π, 0, 0)
= 1 + 2

(
F (ρ, 0)

F (0, 0)
− 1

)
+

(
F (ρ, 0)

F (0, 0)
− 1

)2

Correspondingly, the branching ratio can be written as
Γπ→γe+e−

Γπ→γγ
= R (0) + R (1) + R (2)

where R (0) = 0.01185 is irrelevant for QCD correction.

R (1) =

∫
d 4x ω(1)(t, |~x |)εµνα0xαHµν(x)
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Results for form factor slope

Taylor expansion of form factor F (ρ, 0) at small ρ is

F (ρ, 0)

F (0, 0)
= 1 + aπγγρ + · · ·

aπγγ =

∫
d 4x ω(a)(t, |~x |)εµνα0xαHµν(x)
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Summary
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