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2D CPN-1 model is not only a toy model of QCD, 
but also effectively describes gauge theory !

 Lattice study on CPN-1 model is of physical significance

・Effective theory on vortex in U(N) + Higgs model is CPN-1

・Effective theory on long strings in YM is CPN-1

・It is also notable that CP1 describes spin chain systems
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dimensional reduction

· 1d limit : QM of a particle on sphere
(due to twisted b.c.)potential with two minima

· fractional instanton

kink 
(tunneling)

complex bion solution 
complex φ-plane

CPN-1 sigma model

S =
1

2g2

Z
|D�|2 |�|2 = 1, D� = (d+ ia)�, a = i�̄ · d�

◆Lagrangian of CPN-1 models

discretized on the lattice

CPN�1 =
SU(N)

SU(N � 1)⇥ U(1)
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・ZN-twisted b.c.

・Global symmetry : PSU(N) flavor symmetry + Time reversal

・ZN symmetry is not exact for periodic b. c. (cf. QCD)

CPN-1 sigma model on R x S1

Exact ZN-symmetric model
(irrelevant with decompactifying)

�(x1, x2 + L) = ⌦�(x1, x2)

・Fractional instantons (Q=1/N, S=SI/N)

30

! !

FIG. 9: Fractional instanton configuration on S2 in the reduced quantum mechanics is depicted. It corre-

sponds to a single line from the north to the south pole which is rotated over the half of S2 homogeneously.

The figure depicts the rotation of the line around the half sphere. The red arrows denote paths depending

on x2 with a constant x1, while the blue arrows denote the x1 dependence of such paths.

!

π1 +1/2 −1/2 +1/2 −1/2

π2 +1/2 −1/2 −1/2 +1/2
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FIG. 10: Fractional (anti-)instanton configurations in the reduced quantum mechanics is depicted on the

S2 target space of the CP 1 model. The first and second homotopy groups for instantons in the sine-Gordon

model and CP 1 model are shown. Configurations with positive values of the second homotopy class π2 are

BPS while those with negative values are anti-BPS both in the CP 1 model and reduced sine-Gordon model.

Thus, (a) and (d) are BPS while (b) and (c) are anti-BPS.
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A Fractional instantons of CPN�1 sigma model

The CPN�1 model is defined by
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Here, � is N -component complex fields with |�|2 = 1, D� = (d + ia)� is the covariant
derivative, and a is U(1) gauge field. By solving the equation of motion, we get

a = i� · d�. (A.2)
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Therefore, for a fixed topological charge, the minimal action is given by the (anti-)BPS
solution [124, 125],

D�± i ?D� = 0. (A.4)

Introducing the stereographic coordinate, � is represented by the (N � 1)-component com-
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Then, the (anti-)BPS equation becomes the (anti-)holomorphic condition,

(@x ± i@t)n = 0. (A.6)

The fractional instanton appears by introducing the twisted boundary condition on
R⇥ S1,
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where C is the clock matrix, diag(1,!, . . . ,!N�1), with ! = e2⇡i/N . Using the dimensionless
complex coordinate z = 2⇡

NL(x+ it), the fractional instanton is given by
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Distribution of 
P-loop for N=5
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considered in the present paper, the action density and the topological charge density are

reduced to be functions of x1 after the integration over x2:
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dx1Tr [P(∂z̄P∂zP− ∂zP∂z̄P)] , (10)

where we have defined the action density s(x1) and the charge density q(x1) depending only

on x1. We note that the action and charge with the factor 1/(2π) yield integers or multiples

of 1/N after x1 integration. In this paper, we omit the coupling 1/g2 for simplicity.

The CP 1 model is equivalent to the O(3) nonlinear sigma model, described by three real

scalar fields m(x) = (m1(x),m2(x),m3(x))T with a constraint m(x)2 = 1. More explicitly,

m(x) = n†(x)σ⃗n(x) =
ω†(x)σ⃗ω(x)
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=
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with the Pauli matrices σ⃗. Then, the action is
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III. FRACTIONALIZED INSTANTONS AND NEUTRAL-BION

CONFIGURATION IN ZN TWISTED BOUNDARY CONDITIONS

A. ZN twisted boundary conditions

In the present section, we propose a neutral bion ansatz for a ZN twisted boundary

condition in the CPN−1 model on R1×S1. ZN twisted boundary conditions in a compactified

direction is expressed as [9, 10]

ω(x1, x2 + L) = Ω ω(x1, x2) , Ω = diag.
[
1, e2πi/N , e4πi/N , · · ·, e2(N−1)πi/N

]
. (13)

In SU(N) gauge theories with adjoint quarks, this ZN twisted boundary condition cor-

responds to the vacuum with the gauge symmetry breaking SU(N) → U(1)N−1, where

Wilson-loop holonomy in the compactified direction is given by

⟨A2⟩ = (0, 2π/N, · · ·, 2(N − 1)π/N) , for N ≥ 3 , (14)BPS eq.

BPS sol.

＊It is shown to have resurgent structure (pert. vs non-pert. relation)

ZN flavor shift  + ZN center

Dunne, Unsal(12) TM, Nitta, Sakai(14,15) Fujimori, et.al.(16~)



Resurgent structure is expected to be in quantum theory, 
thus perturbative series could include nonpert. information !

Perturbative imaginary 
ambiguity

Non-perturbative 
effect

Tatsuhiro Misumi

I. RESURGENCE

F [z,ϕ(z), ...,ϕ(k)(z)] = 0 (1)
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In a certain class of QFT as twisted CPN-1 models
QFT can be defined based on the structure.

Resurgent structure in QM and QFT

Zinn-Justin(01), Marino(07) Marino, Schiappa, Weiss(09), Argyres,Unsal(12), Dunne, Unsal(12)

z =
1

g2



◆Question 1 : ZN (phase) transition for pbc

Main questions

- 2nd-order phase transition expected in large-N
- it should be crossover for finite N since ZN

We will check it directly in numerical study 

|<P>| ~ 0 for small β    →     |<P>| ≠ 0 for large β

- Fractional instantons yield transition between classical N-vacua
- makes ZN stable, leading to volume indep. of vacuum structure 

We will show quite suggestive results on fractional 
instantons and adiabatic continuity

◆Question 2 : Continuity and fractional instantons for ZN-tbc

|<P>| ~ 0 for small β    →    still |<P>| ~ 0 for large β

?

?
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Setup of lattice simulation

・Lattice formulation

Over heat-bath algorithm is adopted to update this θ
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と書く。ここで、zはN 成分の複素スカラー場で
zn · z̄n = 1 (2)

を満たす。(·は zをN 成分のベクトルとしてみたときの内積を表す。) λを
導入することで、モンテカルロ計算において、localに場の updateをできる
という利点がある。
サイト nにある場 zn,λn,µに対する forceは、
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すると、場 zn, z̄nに関する局所作用を

sn,z = −Nβ[ℜ[z̄n · Fz,n] + ℜ[zn · F̄z,n] (5)

ゲージ場 λn,µ, λ̄n,µに関する局所作用を
sn,λ = −Nβ[ℜ[λ̄n,µFλ,n,µ] + ℜ[λn,µF̄λ,n,µ]] (6)

とかける [3]。
ここで、real vector φを以下のように導入することで、これらの複素スカ

ラー場、U(1)ゲージ場は、以下のように一つの変数 θの更新でかけるように
なる。
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と置き、対応する Forceを Fφとすると、局所作用は
sφ = −Nβφ · Fφ = −Nβ|Fφ| cos θ, (9)

とかけ、各 φベクトルは、θを新しくすることで
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−
(
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|Fφ|

)
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(10)

= φnew
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⊥ sin θnew (11)

で updateできる。
注意点としては、あるサイト nでの zを更新したら、次に同じ siteの λµ

を更新する [5]。
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Vector field Φ is introduced:
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を更新する [5]。

2

updated just by updating θ

cf.) Berg,Luscher(81), Campostrini,et.al.(92), Alles,et.al.(00), Flynn,et.al.(15), Abe,et.al.(18)

Nx = 40-400,   Nτ = 8,12,   β= 0.1-4.0,  N = 3-20,  Nsweep = 200000,400000

・Expectation values of Polyakov loop and its susceptibility

・Thermal entropy                                   

(1)ZN transition(pbc)   (2)ZN continuity(tbc)   (3)Thermal entropy

・Parameters and quantities

s = β(Nτ)2(<Txx>-<Tττ>)



Polyakov-loop of
CPN-1 models on R x S1 

with pbc.
N=3,5,10,20       (Nx,Nt) = (200, 8)        Nsweep = 200,000



Low-β：around the origin 

→ approximate ZN symmetry

Distribution plot of P-loop

High-β ：moves to one of ZN vacua 

　　　→ ZN breaking transition

N=3 N=3

|<P>| ≠ 0 |<P>| ~ 0
Re[P]

Im[P]
Pの分布(5,000 MC STEP) PBC

beta=0.1 beta=0.9

beta=1.1 beta=2.9

Z_3対称 少しずつずれていく

Z_3非対称

2019/2/13

�10

Pの分布(5,000 MC STEP) PBC

beta=0.1 beta=0.9

beta=1.1 beta=2.9

Z_3対称 少しずつずれていく

Z_3非対称

2019/2/13

�10

Note that ZN symmetry is not exact for PBC



VEV of Polyakov loop |<P>|

• |<P>| ~ 0 at low β,  then |<P>| undergoes crossover-like transition
• Peak of Polyakov-loop susceptibility χ gets sharper with N 

Crossover transition for finite N is checked,
which would be 2nd-order phase transition for large N limit
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Volume dependence of χ-peak
�h|P |i

it supports crossover transition for finite N (2nd-order in large-N)

CP(N-1), N=10,20の結果

�<|L|>
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Polyakov loopの感受率のbeta依存性

Beta

N=10
N=20 Nt=8に固定 

Ns=200 

Ns=160 

Ns=120 

Ns=80 

Ns=40

N=20の方がピークが鋭くなり相転移が強くなっているようにみえる�45

CP(N-1), N=10,20の結果
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Polyakov loopの感受率のbeta依存性

Beta

N=10
N=20 Nt=8に固定 

Ns=200 

Ns=160 

Ns=120 

Ns=80 

Ns=40

N=20の方がピークが鋭くなり相転移が強くなっているようにみえる�45

N=10,20のピークの最大値の体積スケーリング

�<|L|>,max
<latexit sha1_base64="HM/pb68DK4Mx4G74X1nwXEsNcg0="></latexit><latexit sha1_base64="HM/pb68DK4Mx4G74X1nwXEsNcg0="></latexit><latexit sha1_base64="HM/pb68DK4Mx4G74X1nwXEsNcg0="></latexit><latexit sha1_base64="dywe8Ps45ePSMprqTupYqv0jWLQ="></latexit>

V(Ns)

N=20 

N=10

Log-log plotにして指数をみる

N=20: p~0.061 

N=10:p~0.086

1次相転移ではないことは間違いなさそう �46

• Volume dependence of the peak is not linear → not 1st-order
• χ for N=20 is larger than that for N=10 → 2nd-order in large N? 

�h|P |i,max

β

   p=1 : 1st,     0<p<1: 2nd or crossover�max = c+ aV p

Fukugita,et.al.(90)



Polyakov loop of
CPN-1 models on R x S1 

with ZN tbc.

N=3,5,10,20       (Nx,Nt) = (200, 8), (400,12)         Nsweep=200000, 400000



Low-β：around the origin → 

ZN symmetry at the action level

Distribution plot of P-loop

Intermediate-β：Transition between 

N vacua → quantum ZN symmetry

N=3, β=0.1 N=3, β=1.6

|<P>| ~ 0

Im[P]

|<P>| ~ 0

Re[P]



Low-β：around the origin → 

ZN symmetry at the action level

Distribution plot of P-loop
N=3, β=0.1 N=3, β=1.8Im[P]

|<P>| ≠ 0

High-β：One of ZN vacua selected  

             → SSB of ZN symmetry….?

Re[P]

|<P>| ~ 0



Low-β：around the origin → 

ZN symmetry at the action level

Distribution plot of P-loop

High-β：One of ZN vacua selected  

             → SSB of ZN symmetry….?

N=3, β=0.1 N=3, β=2.0

|<P>| ≠ 0

Im[P]

Re[P]

|<P>| ~ 0



Distribution plot of P-loop
N=3, β=0.1 N=3, β=2.4

|<P>| ≠ 0

Im[P]

Re[P]

Low-β：around the origin → 

ZN symmetry at the action level

High-β：One of ZN vacua selected  

             → SSB of ZN symmetry….?

|<P>| ~ 0



VEV of Polyakov loop  |<P>|
N=5N=3|<P>| |<P>|

β β

• Low β → |<P>|= 0 :  distribution around origin
• Mid β  → |<P>| highly fluctuates : distribution forms polygons
• High β → suddenly gets |<P>|≠ 0 : but more stat. can form polygon　

This peculiar P-loop could imply something special (ZN stability?).
We still need larger volume or more statistics to judge continuity.



N=5N=3
β=1.4 β=1.6

β=1.8 β=2.0

β=1.4 β=1.6

β=1.8 β=2.0

VEV of Polyakov loop  |<P>|

• Low β → |<P>|= 0 :  distribution around origin
• Mid β  → |<P>| highly fluctuates : distribution forms polygons
• High β → suddenly gets |<P>|≠ 0 : but more stat. can form polygon　

This peculiar P-loop could imply something special (ZN stability?).
We still need larger volume or more statistics to judge continuity.



VEV of Polyakov loop  |<P>|
N=10|<P>|

β

N=20|<P>|

β

• Low β → |<P>|= 0 :  distribution around origin
• Mid β  → |<P>| highly fluctuates : distribution forms polygons
• High β → suddenly gets |<P>|≠ 0 : but more stat. can form polygon　

This peculiar P-loop could imply something special (ZN stability?).
We still need larger volume or more statistics to judge continuity.



VEV of Polyakov loop  |<P>|
N=20N=10

β=1.2 β=1.4

β=1.5 β=1.7

β=1.0 β=1.3

β=1.4 β=1.6

• Low β → |<P>|= 0 :  distribution around origin
• Mid β  → |<P>| highly fluctuates : distribution forms polygons
• High β → suddenly gets |<P>|≠ 0 : but more stat. can form polygon　

This peculiar P-loop could imply something special (ZN stability?).
We still need larger volume or more statistics to judge continuity.



Polygon-shaped distributions of Polyakov loop (|<P>|~0) 
appear more often with more statistics

It may indicate ZN stability (continuity)….

Furthermore,



Distribution plot of P-loop (very high β, large volume)

N=3, β=4.0, (400×12) Hysteresis of arg[P]

|<P>| ~ small Any of ZN vacua is not selected

Independent configurations for very high β (β=4.0) with large 
volume include a quantum ZN symmetric case as below !

Re[P]

Im[P]

it seems we need larger volume or more statistics for ZN continuity….

Very high-β：quantum ZN symmetric case found with certain probability



Fractional instantons

1/3 fractional antiintanton + 
1/3 fractional instanton 
                =  bion

3 × 1/3 fractional intantons 
           =  instanton

x

arg[P]

implies fractional instantons cause transition between classical vacua at high 
β, which lead to quantum ZN symmetry and could yield adiabatic continuity

Pick up two of configurations and look into the x-dependence of arg[P]



Fractional instantons

1/3 fractional antiintanton + 
1/3 fractional instanton 
                =  bion

3 × 1/3 fractional intantons 
           =  instanton

x

implies fractional instantons cause transition between classical vacua at high 
β, which lead to quantum ZN symmetry and could yield adiabatic continuity

arg[P]

Pick up two of configurations and look into the x-dependence of arg[P]



Fractional instantons

1/3 fractional antiintanton + 
1/3 fractional instanton 
                =  bion

3 × 1/3 fractional intantons 
           =  instanton

x

implies fractional instantons cause transition between classical vacua at high 
β, which lead to quantum ZN symmetry and could yield adiabatic continuity

＊we are on the way of calculating topological charge density directly.

arg[P]

Pick up two of configurations and look into the x-dependence of arg[P]



Fractional instantons



Thermal entropy for
pbc and ZN tbc.

N=3,5,10,20       (Nx,Nt) = (200, 8)      Nsweep=200000, 400000

◆Question 3 : Thermal entropy

- Free energy of CP∞ and free energy of free scalar for 
small L also indicate

We will check thermal entropy for large β (small L) 

Monin, Shifman,Yung(15)

s = �N2
⌧ (hTxxi � hT⌧⌧ i) =

2⇡(N � 1)

3N



Thermal entropy for pbc 

Our numerical results successfully confirm the predicted thermal entropy

• Thermal entropy is in agreement with the analytical prediction.
• This is also consistent with the prediction from YM+Higgs model.

β

consistent with  
the prediction

β(Nτ)2(<Txx>-<Tττ>)

Monin, Shifman,Yung(15)

2⇡(N � 1)

3N

0 1 2 3 4
β

0

0.5

1

1.5

2

β 
N

τ2 ( <
T xx

> 
- <

T τ
τ>

 )

N=20
N=10
N= 5
N= 3

N = 3 : 1.396
N = 5 : 1.675

N = 10 : 1.885
N = 20 : 1.990



Thermal entropy for tbc

Prediction from numerical study which should be reproduced analytically 

• Thermal entropy behaves 1/N smaller than that of PBC.
• This observation should be checked analytically.

β

N=3

N=5

N=10

N=20

0.5

0.4

0.3

0.2

0.1

0

-0.1

β(Nτ)2(<Txx>-<Tττ>)

2⇡(N � 1)

3N2

N



Summary
・Lattice simulation of CPN-1 model on R x S1

・ZN crossover transition is confirmed for pbc

・Thermal entropy agrees with the prediction for pbc

・Characteristic β dependence of P-loop for tbc, 

    which inspires more study on adiabatic continuity

・A pivotal role of fractional instantons is implied for tbc


