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Motivation /Background

@ Many approaches to quantum gravity eg string theory, loop
quantum gravity, dynamical triangulations, functional
renormalization group, gravity as gauge theory

@ Here focus on latter. Write down a path integral.
Non-renormalizable in p. theory. But what about strong
coupling 7 Weinberg's asymptotic safety scenario:

UV fixed point at strong coupling 7 ...

@ Need lattice approach. Typically encounter sign problem.

@ But tensor network methods can do end run around this ...
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Review Cartan/Palatini formulation of GR as a gauge theory
of Lorentz group.

Review MacDowell-Mansouri extension: GR as spontaneously
broken gauge theory of (anti)de Sitter group.

First step: two dimensional gravity.
Translate to lattice. SU(2) gauge theory.
Tensor network formulation.

Results, future work
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Cartan formulation of gravity |

Can rewrite Einstein gravity in 1st order formalism using the frame
field e where

a_b
Buv = eueynab

Clearly g, invariant under local Lorentz transformations:

e (x) = Aj(x)ei(x)

To write down non-trivial dynamics need a covariant derivative eg.

Du = oue; —i—w"bb

ab

. is spin connection

where w

w=wT® with T € SO(3,1)
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Cartan formulation of gravity Il

Using (e,,w,) can write down action:
1 4. VP a_bpcd 1 a_b_c_d a b
S= 17 d*xe €abed | €6 Ry, — E—Zeue,/e,\ep +aTg, Ty,nab
P

with Ry, = [Dy, D,] field strength and T2, = Dy, e7) is called
torsion. Note: no background metric !

T=0
det(e?) # 0 with €2 a 4 x 4 matrix i.e e~! = €} exists

S = é [ v—=8&(R — %) Einstein-Hilbert!
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Gravity as (almost) pure gauge theory ...

MacDowell and Mansouri showed (1979) that Cartan gravity is
close to pure gauge theory of the (anti-) de Sitter group SO(4,1)
(S0(3.2))

For simplicity consider Euclidean theory SO(4,1) — SO(5) and
identify (w, e) as different components of SO(5) connection

1

abgab a

Ap=wiP T + 5 e T?

Scale ¢ input. SO(5) curvature decomposed under SO(4)
(Lorentz) subgroup

Fuv = (RB(w) — e, b)) T + Dy el T

gz e[u v]
Notice that the vanishing of F automatically ensures both the
Einstein equation and the vanishing torsion condition T = 0.

What SO(5) action is needed ? And how does it break to SO(4) ?



MacDowell-Mansouri action

Su = K/d4X ENVAPGABCDEquF;VBF)\CpD A=1...5

K= % — pert. renormalizable ! SO(5) hidden symmetry reduces
counterterms

Here, ¢ is an additional scalar in fundamental of SO(5)
Assume phase where SO(5) is spontaneously broken to SO(4) by
setting ¢*¢A = 1.

Relation to EH ?

Set unitary gauge ¢ and expand F:,‘,’F/\Cg... up to topological
terms like RjBRﬁgeadeewAp find EH action !

— §5A
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Two dimensions

Toy model. Much is known from old days...

SO(3) ~ SU(2) Euclidean de Sitter symmetry. Scalar ¢ in adjoint.
Breaks to SO(2) = U(1) Lorentz symmetry.

S==k / d’x " Tr (¢F,,)  with ¢.¢p = 1

with F and ¢ in adjoint of SU(2). In unitary gauge ¢ = o3. Again,
classical EOM vyield

1
12 12 _q; _ —
ij—gze[#ey]—OLeR—/\and T., =0
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Lattice formulation

As for lattice QCD we use link fields valued in SU(2) group.
Formally we write:

F = % (UP - (U”)T>

with UP(x) Wilson plaquette. This allows us to write the action as:
S= /@ZRe Tr <ia3U{Z)
X

In addition we allow for a regular Wilson term. This allows us to
take the limit 8 — oo which sends the lattice spacing to zero and
allows for a naive continuum limit

S = ZRe Tr ([ﬁl + iko3) Uﬁ)
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Character Expansion

We can rewrite this as:
S= ,uZRe Tr (I\/IUP> where M = /3% where p = /K2 + 32
X

and
cosf = é

Using a character expansion each plaquette term in the action can
be expressed:

iR TH(UPM) _ Z 2(2j + 1) bjr1(p)

Y(UPM
. (U™ M)

J

In(z) modified Bessel function.
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Tensor network

Integrate out links using Haar measure — (2 plaquettes per link in
2d, fDUUUJr =)

Z — Z fj'_Nsites pr
J

where

2 BY hj+1(n) :
fi = 2jﬁU@- (M) JT Usj Chebyshev of 2nd kind

Write as tensor network Z = Tr ( Tj(x)..) with

b fi=j=k=1=2r
Tik(x) =
Ukl( ) {0 otherwise.

where each index is associated with an adjacent plaquette
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Phase transitions associated with zeroes of Z (Fisher zeroes) in
plane of complex s
Occur when zeroes pinch an axis in thermodynamic limit.

Zeros of the partiti

ion function, N=16

s%

]

==

=
)

-1.0 -05 0.
Rel

Clearly zeroes occur on imaginary

0 05 10

[x]

Sign problem for MC

— Re[Z[k]]=0
— Im[Z[k]}=0

Zeros of the partition function, N=36

=

m[«]

==

-1.0 -05 0.0 05
Re[x]

— RelZ[k]]=0
— Im[Z[k]}=0

axis as N — oo where I, — J,.
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Critical Behavior

Can understand behavior by truncating to jmax = 1 (note:
B =4 — 0 at large N). Near imag axis:

7= <J{V(n) + 3iNJ3N(H) . )

Simple to see that

- 1 - Jl(K) 3./1
F—NInZ—In - when 7 >1
=In J3(r) when 3h <1

K J3

In complex plane ring associated to (%(:)))N =1
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Order of transition

On imaginary axis critical point corresponds to 3J1(kc)/J3(kc) =1
Perfect agreement with Fisher zeroes.

Clearly free energy is continuous at .. But its derivative is not
having a discontinuity

891 = Atdei(e)) = 5 n(s(w)/ ()

Thus transition is first order. No continuum limit

Why ?

Theory as written is topological. DT /matrix model 2d gravity
requires a additional propagating dof (Liouville mode).

M. Asaduzzaman, S. Catterall, J. Unmuth-Yockey Tensor network formulation of 2d gravity



Additional terms

Are there additional relevant operators we left out ?7
eg.
| Tr D,¢pD*¢

Allowed by SO(5). Forbidden by diffeomorphisms. But lattice
breaks coordinate invariance ... therefore we should include and
tune coupling.

Note:

While phase of ¢ irrelevant (unitary gauge) its magnitude is free.
cf S~ [ R¢+ (96)* with Liouville action ..

Would like to calculate the exponent « using TRG methods and
compare to matrix models where

7 ~ AV 3HA
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Conclusions/Future work

@ Tensor methods allow new numerical approaches to gauge
theoretic approaches to QG - avoid sign problem.

@ 4D (Euclidean) de Sitter works similarly. Unitary gauge:

S=k> €unTr (75 up, Ufp) U € Spin(5)

No exact solutions. Need new/efficient TRG 7

@ Anti de Sitter gravity as tensor network 7 2D
SU(2) — SU(1,1). Non compact group has both discrete and
continuous reps ... subtleties. How does holography work?

Can tensor network formulations of gauge theoretic approaches to
gravity improve our understanding of quantum gravity ?
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