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Introduction

e Topological terms are an important ingredient for many quantum
field theories in high energy and condensed matter physics.

e Non-perturbative approaches are needed for proper description of
topological terms.

e Suitable discretization of the topological charge is essential to cor-
rectly implement symmetries on the lattice.

e Topological terms generate a complex action problem that must be
overcome for Monte Carlo simulations. Worldsheet representation?
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Usually matter fields are coupled with compact link variables in n.n. terms
@;vau@ﬁu

Upy = efon Ay, € [—m,m
The non-compact variables A, ,, are invariant under the "shift symmetry".
App — Agp +2mksy, krpy €7
We define the non-compact field strength tensor as
(dA) ey = Asrpy — Az — Azyop + Az p

that is not invariant under the shift

(dA)z v = (dA) gy + 27 (dR) oy, (dF) 2 € 72
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Boltzmann factor invariant under shifts

Villain-Boltzmann factor:
2
_é((dA) +2mn, )
B} T, v T, (v
Ba= T Y
.'13,[_L<l/ ngw,,,,EZ

Mg € Z eats up shift contributions (dk)y, .
Due to (d(dk))z p = 0 it is sufficient to sum over configurations of the
Villain variables n; ,, that obey

(dn)r,wp =0 (1)

We will impose the closedness constraint (1) when constructing the topo-
logical charge.
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Boltzmann factor with topological charge

We now generalize the Villain-Boltzmann factor to

B[A] — Z B_SG [dA+27n]|—i0Q) [dA+27mn]
{n}

Qr[dA + 27mn] is topological charge. The family index k& € Z labels
different possible discretizations of Q.

SR | (D IR | RI(CON

{n}  THV ng€Z Tp<v<p

epicvepd((d)egp)  —>  (dn)apup = 0 on all 3-cubes.
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Definition of the topological charge

Qr[dA+2mn] = 87‘(’2 Z Z Z €pvpo (AAF27N) 3 1 (AAF2TN) 2 15— p—5 po

T p<vp<o
§=14243+4, ke
Theorem:
QrldA + 2mn] = Qi[27n] = Qi[n]
for arbitrary A, ,,, as long as (dn), ., =0
Thus we find that

Q. [’I’L Z Z Z Euvpo Nz, v Ne—ki—p—6,po

r pu<v p<o
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Hodge decomposition of n, ,,

Hodge decomposition:
N = (0€)q v + (A2, + Pz o
Since (dn). ., = 0 we can write ng ,, as
Ny = (A1) g v + Ny

The theorem implies: Qx[n] = Qx[dl + h] = Q]

Qr[n] couples only to the harmonics in the Hodge decomposition of 7 ;...
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Explicit evaluation of Q;[n]

The harmonic contributions can be chosen as:

NP No

hw,;,w Zwuuzzax,iﬁ—i—j&? p?é/% v,o 7é:u’7 V7p7é g
i=1j=1

b ) ww €Z Vx inthe p- ¢ plane L i - U through the origin
o 0 else

Therefore the topological term takes the form:
Qr[n] = Qldl + h] = Qi[h] = wiawss — Wiswag + wiawez € Z Yk

Result is independent of k!
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Partition sum

7= / DAY, TI 8((dn)eyy) - e SclF1-00ute

{n} &n<v<p

SolF) =5 3 (Fuw?

x,u<v

1
Qk‘[F] = EquUFac,;sz—%—ﬁ—&,pa €7z
82

x pu<v p<o
with:

1 ™
Fopw = (dA)zuw + 2705 1 /D[A] = H %/ dAz
T, d
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Properties of the mixed compact/non-compact discretization

e The mixed compact/non-compact discretization gives rise to
the Villain action.

We generalize the Villain action to include a topological term.

Restricting the Villain variables to be closed (dn). .., = 0 we find
Qr[F] = Qp[n] = wiawzs — wizwos + wiawaz € Z V.

One may show that Q[F] is fully self dual (see talk C. Gattringer).

The freedom to choose k can be exploited to construct self dual
U(1) LGT with a topological term.
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The simple case of d = 2

7 _ / D[A] Y [[ e Selrl-alr]
{n} =

1

2 x,u<v

€uv Fa v

SolF =5 F2  QlF

Fy12 = (dA)z 12 + 2mn,

QIFI=> n, €Z
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Application of d = 2 discretization

e Using our construction the U(1) gauge Higgs model in 2-d was
studied at # = 7. It was possible to identify the critical point where
charge conjugation symmetry becomes broken. — Talk by Daniel
Goeschl
D.Goeschl, C.Gattringer, T.Sulejmanpasic N.P.B 2019

e Index theorem Q[F] = n_ —n was explored with our discretization
and shown to hold towards continuum limit.
C.Gattringer, P.Toerek arXiv:1905.03963v1

e Plan: Explore similar questions with the 4-d formulation presented
here.
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Summary

1. We discretize U(1) LGT using a mixed compact/non-compact scheme
— Villain action.

2. Restriction of Villain variables: closedness condition (dn)g, ., = 0.
3. We generalize Villain-Boltzman factor to include Q[F.
4. Qr[F] = Qk[n] = wiowss — wiswas +wiawes €7Z VEk.

5. A modification of the gauge action allows for a completely self dual
system. (In progress)

6. Outlook: Study various 4-d physical systems with the topological
term based on our construction.
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