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Introduction
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Complex ¢* theory (relativistic bose gas) at finite density

s [ x{joudf + (m* - ) 08 + 1 (9020~ 32"0) + A l8]"}.

¢: complex scalar field; ¢ = (¢1, ¢2)
- m, A\, . mass, coupling constant, chemical potential

Typical model suffering from the severe sign problem

Many previous studies, e.g. [Endres 2007; Aarts 2009;
Gattringer and Kloiber 2013]
= Good practice table

We analyze this model using TRG, a sign problem free
method.
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Tensor renormalization group (TRG) fievin and nave 2007

Tensor network representation of Z
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Coarse-graining of the tensor network
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Contraction of the “effective tensor” TX)
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77
Deterministic data compression
Completely free of the sign problem

LK

Systematic error is controlled by one
parameter (the size of T)).



TN rep. for the model
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Partition function of the 2D complex ¢* model

z= / Dy Dpre,
s=Y [(4+ m?) éal® + X|al*

2
- Z (e0v2gt by + e_“5”2¢2+0¢n)]
v=1
- ¢: complex scalar field; ¢ = (¢p1, P2)

- m, A\, u: mass, coupling constant, chemical potential
- n, U: lattice coordinate, unit vector along v-direction

How to construct a tensor network representation of Z:
Expanding the Boltzmann factor
Integrating out the original d.o.f. (the scalar field ¢)
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TN rep. of scalar theory

B Since S takes nearest-neighbor form,

= H H fy (¢n, ¢n+D) )

A
o (91.92) =exp { — % (4+m%) (161]” +1¢al”) = 7 (1611 + 192]*)

+ Mg gy + e Hhg g3}

m If f can be decomposed using discrete d.o.f,

¢n ¢n+u Z U¢n,0, ibnip




TN rep. for the model
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TN rep. of scalar theory

B Since S takes nearest-neighbor form,

= H H fy (¢n, ¢n+D) )

1 A
o (01.02) = oxp { = 2 (44 n?) (191 +[62) = 5 (Ionl* + Igal*)
+ Mg gy + e Hhg g3}
m If f can be decomposed using discrete d.o.f,
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TN rep. for the model
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Gaussian quadrature rule

. K
/ dge g (@) ~ 3 wag ()
o0 a=1

g(¢): (well-behaved) arbitrary function

K: degree of the Hermite polynomial
- Xq: a-th zero point of the Hermite polynomial
- Wq: a-th weight of the GH quadrature



TN rep. for the model
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Spectral decomposition of local Boltzmann weight

Replace the integral of ¢ using the GH quadrature
(Interpolate f using the roots of the Hermite polynomial)

/d(bn 1d¢/72H f d)n 0,1 (bn u2) (¢nl ¢n2))
f (((bnl (an) (¢n+u1 ¢n+u2))

K
2 4,2
Z Wory Wor, eXa1+Xa2 H fu ((d’n—f/,lv ¢n—0,2) ; (qu ) Xag))

o=l v=1. fu ((on1 ) Xaz): (¢n+f/,1: ¢n+9,2)) '

- K: degree of the Hermite polynomial
- Xg:. a-th root of the Hermite polynomial
- Wq: a-th weight of the GH quadrature
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Spectral decomposition of local Boltzmann weight

Replace the integral of ¢ using the GH quadrature
(Interpolate f using the roots of the Hermite polynomial)

/d(bn 1d¢n2H f d)n 0,1 (bn u2) (¢nl ¢/72))
f (((bnl (an) (¢n+u1 ¢n+u2))
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K2
f’/ (¢1' ¢2) - f ((Xal’XOQ) ! (Xﬁl'xﬁ2)) = Z U(Xalxa2)m0mvn‘:(X51 ,Xﬁ2)
m=1

m f becomes a matrix and can be numerically decomposed
by singular values!



TN rep. for the model
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TN rep.

Z= [DoiDge S~ S TyaTmmo-
: ikl

m Z is written as [ of field ¢ — > of tensor indices /,/, k, ... !

m TN rep. of (¢) and correlators can be similarly constructed.
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Coarse-graining of the tensor network

Eckart—Young theorem [Eckart and voung 1036) States that
the SVD is the best low rank approximation of a matrix.

D2
Tijk = My = Z U(jk)mamvrjv(//)

m=1
Deuyt

~ Z U(jk)momvil(”) < the best approx!
m=1

-1<i,,k1<D
- Dyt < D?
-0120p2-20p2 >0
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Coarse-graining of the tensor network

Eckart—Young theorem [eckart and voung 1936) States that
the SVD is the best low rank approximation of a matrix.
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Coarse-graining of the tensor network
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Coarse-graining of the tensor network

Eckart—Young theorem [eckart and voung 1936) States that
the SVD is the best low rank approximation of a matrix.
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Coarse-graining of the tensor network

Eckart—Young theorem [eckart and voung 1936) States that
the SVD is the best low rank approximation of a matrix.
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Coarse-graining of the tensor network

Eckart—Young theorem [eckart and voung 1936) States that
the SVD is the best low rank approximation of a matrix.
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Coarse-graining of the tensor network
°

Coarse-graining of the tensor network

Eckart—Young theorem [eckart and voung 1936) States that
the SVD is the best low rank approximation of a matrix.

m # of lattice sites is reduced by 1/2 through a single cycle.
m TN is uniform. = One needs to just repeat local procedures.
m Total cost o In(Vol.).
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Silver Blaze phenomenon
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m left) particle number density,
right) expectation value of squared absolute value of field

B m? =001, A=1, K2=14096, D = 64.
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Expectation value of phase
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B Zpq = [ Dp1DpoeReE).
B m?=001, =1 K2=14096, D =64, V = 1024 x 32.

m In the large u region, the ratio deviate from 1, and the sign
problem is severe.



Numerical result
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Sign problem free method vs. sign problem free
formulation

Using
m the polar coordinate expression: ¢n1 = r, cosb,, ¢no = rnsinb,,

m the character expansion: €% =3 _/;(x)e'’* for xeR, z€ C,

Z can be expressed in a sign problem free version:

H i (H /oodfn> Hzﬂ'rnHe_%(4+m2)(rn2+rn2+p)—%(r,‘,l+r:'+ﬁ)

n p1.po=—00 v=1

V4

N /n,u#«(s 2
iy (2rarpes) €™F Oln1+hno—1y 111y 52).0

m /;: the modified Bessel function of first kind (non negative)

[Endres 2007] (cf. loop formulation, world line representation).



Numerical result
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Sign problem free method vs. sign problem free
formulation
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m left) naive application of TRG,
right) application to the sign problem free formulation (endres
2007 (cf. loop formulation, world line representation).

m m? =001 A=1, K2=4096, D =64, V =1024 x 32.

truncation order of CE (in right panel) = 128.

m Good agreement in the large u region (severe sign problem
region)



Summary and outlook

TN formulation of the 2D complex ¢* theory

Silver Blaze phenomenon is observed

Result by naive TRG is consistent with that of sign problem
free formulation

In future

Phase diagram

Check the order of phase transition
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