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Atiyah-Patodi-Singer (APS) index theorem 
and bulk-edge correspondence
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APS index theorem using domain-wall 
fermion
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Atiyah-Singer (AS) index theorem on lattice
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Index theorems on continuum and on lattice
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Index theorems on continuum and on lattice
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Eta-invariant is always an integer on 4-dim 
lattice
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How to evaluate eta-invariant
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How to evaluate eta-invariant

⌘(HDW) = Tr
HDWp
H

2
DW

= a
4
X

x,n

�†
n(x)

HDWp
H

2
DW

�n(x)
<latexit sha1_base64="HbnPf6YZNVfaJ2sfS4L9MWWOtzY=">AAADDXiclZHPSxtBFMffrv2haatRL0IvS4MlQgmTGKgIiqAUj/FHjOCaZXacJIP7y9lJ0C4LPXvx2ENPCqUtPfdWeumh/Qc8+CeIR4VePPiym1JSaUvfsjvvfed93r6ZZweOCBUhZ5o+cOfuvfuDQ5kHDx8Nj2RHxzZCvy0ZrzLf8eWmTUPuCI9XlVAO3wwkp67t8Jq9u9jdr3W4DIXvrauDgG+7tOmJhmBUoWRl35tc0fyyZb pUtaQbLdXiKWPO+Bmuy9gwG5KyqC8ljsxwT6p+sV6KY0RpvWyYYdu1ov1nHtKVlrC8urlDm00u8/tT/1cvxRGzsjlSIIkZt51iz8lBzyp+9h2YsAM+MGiDCxw8UOg7QCHEZwuKQCBAbRsi1CR6ItnnEEMG2TZmccygqO7it4nRVk/1MO7WDBOa4V8cfCWSBkySU/KBXJLv5CM5J9d/rBUlNbq9HOBqpywPrJHDibUf/6RcXBW0flF/7VlBA2aSXgX2HiRK9xQs5TsvX1+uza5ORk/JCbnA/o/JGfmKJ/A6V+ztCl99AxkcQPH3677tbJQKxelCaaWcW3jxKh3FIDyGJ5DH+34OC7AMFagC04a1sjanzetH+if9s/4lTdW13vjGoc/0bzfkIcsG</latexit>

H
2
DW = H

2
DW0(free part) + (including Aµ)

<latexit sha1_base64="wu2Fm7Skk3u69BaWCkwNWYQZJ8U="></latexit>

�&�Y�Q�B�O�E���U�I�F���E�F�O�P�N�J�O�B�U�P�S���J�O���H�B�V�H�F���p�F�M�E

a
2
H

2
DW0�n(x) = �

2�n(x)
<latexit sha1_base64="MhUjBe0I12TSGjYY5mIhzZ+9vIc="></latexit>

�4�U�F�Q�������Q�F�S�U�V�S�C�B�U�J�W�F���D�B�M�D�V�M�B�U�J�P�O

�8�F���D�I�P�P�T�F�������������������B�T���F�J�H�F�O�G�V�O�D�U�J�P�O���P�G���U�I�F���G�S�F�F���Q�B�S�U���n(x)
<latexit sha1_base64="N1Ua1ArZTrIsinB59VG2J+d1FeQ="></latexit>



Set up
�%�P�N�B�J�O���X�B�M�M���%�J�S�B�D���P�Q�F�S�B�U�P�S

HDW0 = �5

⇣
�µ@µ +R ! M✏

⇣
x4 !

a

2

⌘⌘

<latexit sha1_base64="bvfin4NMl/lH8PkB49awxFFp3Dw="></latexit>

�,�J�O�L���P�O���-�J�O�L

x4
a 2a! a! 2a 0

�8�J�M�T�P�O���U�F�S�N

�8�F���T�F�U���8�J�M�T�P�O���Q�B�S�B�N�F�U�F�S��������

�%�P�N�B�J�O���X�B�M�M���N�B�T�T���J�T���B�T�Z�N�N�F�U�S�J�D���E�V�F���U�P���8�J�M�T�P�O���U�F�S�N��

R = �ar

2
r⇤

µrµ
<latexit sha1_base64="/i0bKmZPSOLQnNJHIJPdlNLzZIE="></latexit>
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�������&�W�B�M�V�B�U�J�P�O���T�U�F�Q�����������'�J�O�E���B���H�P�P�E���D�P�N�Q�M�F�U�F���T�F�U��

�������&�W�B�M�V�B�U�J�P�O���T�U�F�Q�����������1�F�S�U�V�S�C�B�U�J�W�F���D�B�M�D�V�M�B�U�J�P�O��

���������4�V�N�N�B�S�Z



Free domain-wall eigenfunction set

a
2
H

2
DW0�n(x) = �

2�n(x)
<latexit sha1_base64="MhUjBe0I12TSGjYY5mIhzZ+9vIc="></latexit>

! n (x) = ! 3D
plane ("x) ! ! ±(x4)

<latexit sha1_base64="smcP+L+X+J/wl6yS7M/oPe3jtUg="></latexit>

�8�F���O�F�F�E���U�P���T�P�M�W�F���F�J�H�F�O�W�B�M�V�F���Q�S�P�C�M�F�N���P�G���U�I�F���G�S�F�F���E�P�N�B�J�O���X�B�M�M��

�%�J�S�B�D���P�Q�F�S�B�U�P�S������

�"�T�T�V�N�J�O�H���U�I�F���Q�M�B�O�F���X�B�W�F���G�P�S�N���J�O���U�I�F�����������������������������E�J�S�F�D�U�J�P�O�T��x1, x2, x3
<latexit sha1_base64="5g/KlpPvvpPg9AUdLKHdfkc8ls4="></latexit>



Free domain-wall eigenfunction set

a
2
H

2
DW0�n(x) = �

2�n(x)
<latexit sha1_base64="MhUjBe0I12TSGjYY5mIhzZ+9vIc="></latexit>

! n (x) = ! 3D
plane ("x) ! ! ±(x4)

<latexit sha1_base64="smcP+L+X+J/wl6yS7M/oPe3jtUg="></latexit>

�8�F���O�F�F�E���U�P���T�P�M�W�F���F�J�H�F�O�W�B�M�V�F���Q�S�P�C�M�F�N���P�G���U�I�F���G�S�F�F���E�P�N�B�J�O���X�B�M�M��

�%�J�S�B�D���P�Q�F�S�B�U�P�S������

sin(pia) = si
<latexit sha1_base64="smKPVJueobFjIeTZ0nHeIoRb03w="></latexit>

cos(pia) = ci
<latexit sha1_base64="8PzgRp7z/jmqxsCP1Y3hVaVfVJs="></latexit>

�%�F�O�P�U�J�O�H��

a
2
H

2
DW0 ! ± (x4) = " 2! ± (x4)

<latexit sha1_base64="s3Lo6a6JeJSOacxBpTspG6yRnvk="></latexit>

a
2
H

2
DW0

= s
2
i +M

2
± � a

2 [1 +M±]r⇤
4r4 + 2Ma

h
P+�x4,0Ŝ+ � P��x4,aŜ�

i

<latexit sha1_base64="fQWERA5xs+ctNqCF7NnZ35rRRjY="></latexit>

P± =
1
2

(1 ± ! 4)
<latexit sha1_base64="SQg6C8Ij1yuz467gR+nNH506+D8="></latexit>

Ŝ±f(x) = f(x± a)
<latexit sha1_base64="z6YjZchOotKcYl2m9Q0Z4505GTY="></latexit>

M± =
X

i

(1� ci)⌥Ma
<latexit sha1_base64="7ZnIFokKbLtOWeR9GKsOqEzS20E="></latexit>

�"�T�T�V�N�J�O�H���U�I�F���Q�M�B�O�F���X�B�W�F���G�P�S�N���J�O���U�I�F�����������������������������E�J�S�F�D�U�J�P�O�T��x1, x2, x3
<latexit sha1_base64="5g/KlpPvvpPg9AUdLKHdfkc8ls4="></latexit>



Complete set

!
s2

i + M !
"

! ± (x4) ! [1 + M ! ] [! ± (x4 + a) + ! ± (x4 ! a) ! 2! ± (x4)]

+ 2Ma [P+ "x 4 ,0! ± (x+ a) ! P! "x 4 ,a ! ± (x4 ! a)] = #2! ± (x4)
<latexit sha1_base64="sqc32BtVeqnOIbH7SBBzKs5HivA="></latexit>

�4�P�M�W�F���U�I�J�T���E�J$Ž�F�S�F�O�D�F���F�R�V�B�U�J�P�O



Complete set

e! ! + a = 1 + M +
<latexit sha1_base64="1ePFmshJh4H2cUcvZAOvsuHsQtc="></latexit>

e�a = 1 +M�<latexit sha1_base64="VF9Ajkt/5/Lu45yv09tSlCxzrGI="></latexit>

�edge
! (x4) =

!
Au! e! +(x4! a) (x4 = a),
Au! e�(x4! a) (x4 5 0),

<latexit sha1_base64="HM3SgANm06zLVf29bMxm8Pq6XTU="></latexit>

A =

s
M+M�(2 +M+)(2 +M�)

a(M+ �M�)(M+ +M� + 2)
<latexit sha1_base64="ygCkYkdlryzR1+lLdHBpnzdmFvY="></latexit>

�4u± = ± u±
<latexit sha1_base64="CvHQG/OevnE3jkR3IVr3vzYGpvA="></latexit>

�	���
���&�E�H�F���M�P�D�B�M�J�[�F�E���N�P�E�F

!
s2

i + M !
"

! ± (x4) ! [1 + M ! ] [! ± (x4 + a) + ! ± (x4 ! a) ! 2! ± (x4)]

+ 2Ma [P+ "x 4 ,0! ± (x+ a) ! P! "x 4 ,a ! ± (x4 ! a)] = #2! ± (x4)
<latexit sha1_base64="sqc32BtVeqnOIbH7SBBzKs5HivA="></latexit>

�4�P�M�W�F���U�I�J�T���E�J$Ž�F�S�F�O�D�F���F�R�V�B�U�J�P�O

�/�P�S�N�B�M�J�[�B�C�M�F���P�O�M�Z���J�G

|1 +M+| < 1
<latexit sha1_base64="J/i35ZALXPb4yxdh7YXVATF/R7Q="></latexit>

0 < Ma < 2
<latexit sha1_base64="9J85AMrxLQaUg1C7iiAOq25HBHc="></latexit>

�	�����������������������������J�O���U�I�F���D�P�O�U�J�O�V�V�N���M�J�N�J�U�




Complete set

�	���
���#�V�M�L���N�P�E�F�����������1�M�B�O�F���X�B�W�F���P�O���C�P�U�I���T�J�E�F���P�G���U�I�F���L�J�O�L��

!
s2

i + M !
"

! ± (x4) ! [1 + M ! ] [! ± (x4 + a) + ! ± (x4 ! a) ! 2! ± (x4)]

+ 2Ma [P+ "x 4 ,0! ± (x+ a) ! P! "x 4 ,a ! ± (x4 ! a)] = #2! ± (x4)
<latexit sha1_base64="sqc32BtVeqnOIbH7SBBzKs5HivA="></latexit>

�4�P�M�W�F���U�I�J�T���E�J$Ž�F�S�F�O�D�F���F�R�V�B�U�J�P�O

! bulk
2,± (x4) =

!
u±

"
e! i ! + x 4 + R±

2 ei ! + x 4
#

(x4 ! a)
u± T±

2 e! i ! ! x 4 (x4 " 0)
<latexit sha1_base64="Ttk0Vwhfjher6rSzjyGKd+hAdYU="></latexit>

! bulk
1,± (x4) =

!
u± T±

1 ei ! + x 4 (x4 ! a)
u±

"
e! i ! ! x 4 + R±

1 e! i ! ! x 4
#

(x4 " 0)
<latexit sha1_base64="Cc+K7Ltfyg6oRM0DdcvTDmbBjwo="></latexit>

T ±
1 =

(1 + M ! )e! i ! + a2i sin(! ! a)
(1 + M ± ) ! (1 + M " )e! i ( ! + + ! ! )a

<latexit sha1_base64="acCaaPgcseI+/Qf7YaN3b2IyyXU="></latexit>

T ±
2 =

! (1 + M + )e! i ! ! a2i sin(! + a)
(1 + M " ) ! (1 + M ± )e! i ( ! + + ! ! )a

<latexit sha1_base64="MIXfuU6QdXzZ0vrB8DOuXROTgcM="></latexit>

R±
1 = !

(1 + M ± ) ! (1 + M ! )e" i ( ! + " ! ! )a

(1 + M ± ) ! (1 + M ! )e" i ( ! + + ! ! )a
<latexit sha1_base64="POGUxtEH0yXUprQ4z15jnw9TYdo="></latexit>

R±
1 = !

(1 + M ! ) ! (1 + M ! )e" i ( ! +" ! ! )a

(1 + M ! ) ! (1 + M ! )e" i ( ! ++ ! ! )a
<latexit sha1_base64="dE14YcyTy+qQHC/oEfVNldvHNe8="></latexit>

�P�S�U�I�P�H�P�O�B�M



Complete set

�	���
���#�V�M�L���N�P�E�F�����������1�M�B�O�F���X�B�W�F���P�O���P�O�F���T�J�E�F���P�G���U�I�F���L�J�O�L����

�������������������������������������������������������������B�O�E���M�P�D�B�M�J�[�F�E���N�P�E�F���P�O���U�I�F���P�U�I�F�S���T�J�E�F��

!
s2

i + M !
"

! ± (x4) ! [1 + M ! ] [! ± (x4 + a) + ! ± (x4 ! a) ! 2! ± (x4)]

+ 2Ma [P+ "x 4 ,0! ± (x+ a) ! P! "x 4 ,a ! ± (x4 ! a)] = #2! ± (x4)
<latexit sha1_base64="sqc32BtVeqnOIbH7SBBzKs5HivA="></latexit>

�4�P�M�W�F���U�I�J�T���E�J$Ž�F�S�F�O�D�F���F�R�V�B�U�J�P�O

A± =
1 + M !

1 + M ±
e! a ! e" i " a

<latexit sha1_base64="28OuG/yFYw4wNmKquvOXNAq5HKY="></latexit>

B+ = ei ! a ! e! i ! a
<latexit sha1_base64="M0+kNuuRXeZQyOaoVKie7haRDrc="></latexit>

B ! =
1 + M +

1 + M !

!
ei ! a ! e! i ! a"

<latexit sha1_base64="5ygp49q6SeCDxbJ821EJd2eMuwg="></latexit>

! bulk
± (x4) =

! u ±!
2! |A ± |

"
A± ei " x 4 ! A"

± e# i " x 4
#

(x4 ! a)
u ±!

2! |A ± |
B± ekx 4 (x4 " 0)

<latexit sha1_base64="HayzIchjXxG0nVJaaI3Lv9NIX5w="></latexit>



Shamir-type domain-wall

M + =
!

(1 ! ci ) ! M 1a + M 2a
<latexit sha1_base64="lU43t/0oookoCN75w9C8lEZ35L0="></latexit>

M ! =
!

(1 ! ci ) + M 1a + M 2a
<latexit sha1_base64="YYiuAG/QPzAXytwnjtV5WnoriLw="></latexit>

M ! = !
<latexit sha1_base64="mXZ2UMYiE4ZxVMu30TrCjxYYW1I="></latexit>

M + =
!

(1 ! ci ) ! Ma
<latexit sha1_base64="GQWVl3WqYx3gOGGCZ3PK2pNiN1w="></latexit>

�*�O�U�S�P�E�V�D�F���B�O���B�E�E�J�U�J�P�O�B�M���N�B�T�TM 2
<latexit sha1_base64="TBOyR+hJ1xoJ3drWp9yT6KJ8oEE="></latexit>

M 1 + M 2 = !
<latexit sha1_base64="i35ClTBPuFxt2oUv9fDrtdfDKKE="></latexit>

M 1 ! M 2 = M
<latexit sha1_base64="hUmYYQfbWAXWDYfYobnmtkjuq3s="></latexit>

�X�I�J�M�F �J�T���p�Y�F�E

a2(HDW0 )2

= s2
i + M 2

± ! a2 [1 + M ± ] " !
4" 4 + 2M 1a

!
P+ ! x 4 ,0 öS+ ! P" ! x 4 ,a öS"

"

<latexit sha1_base64="al567gZ+vXHeiOw5aZxc8CHcoo8="></latexit>

�<�4�I�B�N�J�S�����������>

HDW0 = ! 5

!
! µ " µ + R ! M 1#

"
x4 !

a
2

#
+ M 2

$

<latexit sha1_base64="5ELZ6jKLjKJyGcHeo2bBqhtbr+A="></latexit>

�5�I�F���J�O�E�F�Y���J�T���J�O�E�F�Q�F�O�E�F�O�U���P�G������������M 2
<latexit sha1_base64="TBOyR+hJ1xoJ3drWp9yT6KJ8oEE="></latexit>

�<�'�V�L�B�Z�B���0�O�P�H�J���:�B�N�B�H�V�D�I�J�����������>

�<�'�V�S�N�B�O���4�I�B�N�J�S�����������>



Shamir-type domain-wall

! edge
! (x4) =

!

!
1
a

M + (2 + M + )u! e! ! + (x 4 ! a)

<latexit sha1_base64="qHrktFTcQ10vPzQe/MZsy9KJbR0="></latexit>

! bulk
+ (x4) =

1
!

2"
u+

!
ei!x 4 " e�i!x 4

"

<latexit sha1_base64="zLpH/PupoJ2WDM/mdba9Jh1XbRs="></latexit>

�bulk
� (x4) =

1p
2⇡

u�
⇥
C!e

i!x4 � C⇤
!e

�i!x4
⇤

<latexit sha1_base64="MPtl1wWM3dLC25mg89gBXDpQG0Q="></latexit>

C! = � (1 +M+)� e�i!a

|(1 +M+)� e�i!a|
<latexit sha1_base64="uCXwYWnmpxWH0tUuYw6Q52pZ5x4="></latexit>

�4u± = ± u±
<latexit sha1_base64="CvHQG/OevnE3jkR3IVr3vzYGpvA="></latexit>

�	���
���&�E�H�F���M�P�D�B�M�J�[�F�E���N�P�E�F

�	���
���#�V�M�L���N�P�E�F

�$�P�N�Q�M�F�U�F���T�F�U���J�T���S�F�E�V�D�F�E���U�P
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���������4�V�N�N�B�S�Z



Calculation of eta-invariant
J = !

1
2

! (HDW ) = !
1
2

Tr HDW
1

!
H 2

DW
<latexit sha1_base64="7dWupFwgGzr/D6jYZuocJftX4sA="></latexit>

= !
1
2

a4
!

!x,x 4 ! a

" !
a

!
a

d3p
" !

a

0
d!

!

" = ±

tr c! bulk  
" (x)

#
HDW$
H 2

DW

%

! bulk
" (x)

<latexit sha1_base64="nirJK/Rgbq8L/ESupb9+l3aPxBw="></latexit>

!
1
2

a4
!

!x,x 4 ! a

" !
a

!
a

d3ptr c! edge 
" (x)

#
HDW$
H 2

DW

%

! edge
" (x)

<latexit sha1_base64="RV7uXN1nSt0a7WQzxbKrDOQ4U4E="></latexit>

�bulk
⌘ (x) = �bulk

⌘ (x4)⌦ �3D
p (~x)

<latexit sha1_base64="zhQhhbqjHfz6+JSJZJKiMd/PrMM="></latexit>

�#�V�M�L���B�O�E���F�E�H�F���E�F�D�P�N�Q�P�T�J�U�J�P�O

�C�V�M�L���Q�B�S�U

�F�E�H�F���Q�B�S�U �edge
� (x) = �edge

� (x4)⌦ �3D
p (~x)

<latexit sha1_base64="8XVVzlbfovSHqwUJ/BxnLL244QU="></latexit>



Calculation of eta-invariant (1) : bulk part

H 2
DW = H 2

DW0 + ! H 2
DW

<latexit sha1_base64="vgbXbo2nHUsj+xwM1wCz9sreReo="></latexit>

!
1
2

a4
!

!x,x 4 ! a

" ⇡
a

⇡
a

d3p
" ⇡

a

0
d!

!

" = ±

tr c! bulk  
" (x)

#
HDW$
H 2

DW

%

! bulk
" (x)

<latexit sha1_base64="kEEjfi/G1ggWC6DIvxnyelL5ZAU="></latexit>

���������E�V�F���U�P���U�I�F���T�Q�J�O�P�S���T�U�S�V�D�U�V�S�F

[H 2
DW ]!

1
2 = [ H 2

DW0 + ! H 2
DW ]!

1
2

<latexit sha1_base64="IckmDEIA2+MZdW1MXTmZyAxdH5o="></latexit>

=
1

(HDW0)
1
2

� 1

2
�H

2
DW

1

(H2
DW0)

3
2

+
3

8
(�H

2
DW)2

1

(H2
DW0)

5
2

+ · · ·
<latexit sha1_base64="fHOKUzRk+iZJYG7lbw0lf82JrDU="></latexit>

! H 2
DW ! [! µ , ! ! ] [Dµ , D! ] , [! µ Dµ , R]

<latexit sha1_base64="KL1M73dAmtYKWfB3j7galxQuuiI="></latexit>



Calculation of eta-invariant (1) : bulk part
� 3

16
a
4

X

~x,x4�a

Z ⇡
a

⇡
a

d
3
p

Z ⇡
a

0
d!

X

⌘=±
trc�

bulk†
⌘ (x)


HDW(�HDW)2

1

(HDW0)
5
2

�
�bulk

⌘ (x)

<latexit sha1_base64="v9t0SdnaGquNFdxSpn4h+GBHqCE="></latexit>

�*�U���J�T���U�I�F���T�B�N�F���F�Y�Q�S�F�T�T�J�P�O���B�T���<�4�V�[�V�L�J�����������>���X�I�J�D�I���E�F�S�J�W�F�T���"�4��

�J�O�E�F�Y���P�O���M�B�U�U�J�D�F���C�Z���V�T�J�O�H���Q�F�S�U�V�S�C�B�U�J�W�F���F�Y�Q�B�O�T�J�P�O��

1

32⇡2
a4

X

~x,x4�a

✏µ⌫⇢�trcFµ⌫F⇢� +O(a)

<latexit sha1_base64="TRI/eEI1z7+Tcpar1is45yGNh1U="></latexit>

I(Ma) ! ✓(Ma)� 4✓(Ma� 2) + 6✓(Ma� 4)� 4✓(Ma� 6) + ✓(Ma� 8)
<latexit sha1_base64="qk6aUNN+0cq7skyCTe4UN77Ais0="></latexit>

�8�F���D�I�P�P�T�F�������������������������������������J�O���D�P�O�U�J�O�V�V�N���M�J�N�J�U��0 < Ma < 2
<latexit sha1_base64="9J85AMrxLQaUg1C7iiAOq25HBHc="></latexit>

=
1

32⇡2
a4

X

~x,x4>a

I(M)✏µ⌫⇢�trcFµ⌫F⇢� +O
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Calculation of eta-invariant (2) : edge part
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Calculation of eta-invariant (2) : edge part
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Calculation of eta-invariant : Result
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