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Introductionsingle-propagator traces for quark flavour r

tr (x) =− 1
a4 tr{ΓSr (x ,x)}

ubiquitous in lattice QCD
 hadronic matrix elements of singlet currents
 disconnected contribution to LO HVP
 quark condensates
. . . etc.typically want to evaluate for many xe.g. t̄r (x0) = a3

L3 ∑
x tr (x)

Figure: Disconnected HVP

Example: two-point functiondisconnected contribution to the Γ= γk correlator
C r (x0) = 〈t̄r (x0)t̄r (0)〉

= 〈V̄ rr
k (x0)V r ′r ′

k (0)〉

where V rs =ψrγkψ
s and mr =mr ′

Figure: C r (x0) correlator
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Gauge variance
• fluctuations are parameterized by the variance

σ2
C r (x0) = L6〈|t̄r (x0)|2|t̄r (0)|2〉− |C r (x0)|2

= L6σ2̄
t ·σ

2̄
t + . . . when x0 À 0

• the variance factorizes and is independent of x0
 determined by variance of single-propagatortrace

σ2̄
tr = 〈V̄ rr (0)V r ′r ′ (0)〉

and similarly for P , S, Ak etc.• OPE predicts a−3-divergent• suppressed like g60 for V or g40 for P

V (0)V (0)

Figure: Gauge variance of tr
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Stochastic varianceStochastic estimatorunfeasible to compute or store propagator Sr (x ,x) for all x required forvolume-averaging or momentum-projection
 introduce stochastic estimator . . . and stochastic variance!

introduce auxiliary fields η which satisfy
〈η(x){η(y)}∗〉 = δxy , 〈η(x)〉 = 0

e.g. Gaussian-distributed P[η] ∼ e−η†η

and estimate tr (x) using the Hutchinson trace
τr (x) =− 1

aL32Ns

Ns∑
i=1η†

i (x)Γ{Srηi}(x)±c.c.

introduces additional source of variance
σ2̄
τr =σ2̄

tr −
12Ns

{
〈V̄ rr ′ (0)V r ′r (0)〉+∑

t
〈P̄rr ′ (t)Pr ′r (0)〉

}

VV

Figure: Gauge variance of tr

P,VP,V

Figure: Stochastic variance of τr
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Numerical results for single-propagator traces
• Investigate using CLS Nf = 2 O(a)-improved Wil-son fermions mπ = 190, . . . ,440 MeV

σ2̄
τr =σ2̄

tr −
12Ns

〈V̄ rs (0)V sr (0)〉+∑
t
〈P̄rr ′ (t)Pr ′r (0)〉︸ ︷︷ ︸
Γ−independent


• stochastic variance dominated by 〈PP〉 in allchannels• stochastic variance≫≫≫ gauge variance
 perturbative suppression, large-Nc ,. . .• gauge variance depends strongly on channel

id L/a Ncfg mπ [MeV]E5 32 100 440F7 48 100 270G8 64 25 190
Table: Nf = 2 O(a)-improved Wilson fermions
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Figure: Variance vs number of sources Ns
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Hopping expansion for large amq
• heavy-quark regime amq > 0.1
 free case describes stochastic variances• use hopping representation (HPE) of propagator

Sr = {See
r +Soo

r }
11−H

= Mn︸︷︷︸hopping+ Sr Hn︸ ︷︷ ︸remainder• most of the stoch. variance comes from “hopping”
Mn ∼

n−1∑
k=0Hk

 evaluate exactly using 24(n/2)4 probing vec-tors
⇒ O(10) reduction in variance & minimal overhead
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Figure: Remainder variance amq = 0.3 vs Ns

Figure: Probing vector
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Stochastic estimators of differences of traces
another case of interest is the flavour differences mr 6=ms

trs = tr − ts

using Sr −Ss = (ms −mr )SrSs , two estimators
θrs (x) =− (ms −mr )2a4Ns

Ns∑
i=1η†

i (x)Γ {SrSsηi}(x)±c.c “standard”
τrs (x) =− (ms −mr )2a4Ns

Ns∑
i=1{η†

iSr }(x)Γ {Ssηi}(x)±c.c “split-even”
inserted noise in different part of traceApplication: HVP

disconnected contribution to HVP with (uds)-quarks for Γ= γk

C rs (x0) = L3〈t̄rs (x0)t̄rs (0)〉

for r = up,down and s = strange

9 / 16Frequency-splitting stochastic estimators
■



Variances of differences of traces
Expressing the variances in terms of local operators

σ2̄
θrs =σ2̄

trs −
a2(ms −mr )2L62Ns

∑
t1 ,t3

〈S̄rs (t1)V̄ ss′ (0)S̄s′r ′ (t2)V r ′r (0)〉
+∑

t2 〈S̄
rs (t1)P̄ss′ (t2)S̄s′r ′ (t3)Pr ′r (0)〉

σ2̄
τrs =σ2̄

trs −
a2(ms −mr )2L62Ns

∑
t1 ,t3

〈S̄rs (t1)V̄ ss′ (0)S̄s′r ′ (t3)V r ′r (0)〉
+〈P̄rs (t1)V̄ ss′ (0)P̄s′r ′ (t3)V r ′r (0)〉

• only linearly divergent in a• gauge/stochastic are disc./conn. diagrams• no large 〈SPSP〉 in split-even• one sum fewer in split-even estimator τ̄rs

 variance of “time-diluted” estimator for free!

Figure: Gauge variance

Figure: Stochastic variance
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Differences of traces – standard vs split-even
• split-even stoch. variance ¿ standard stoch.variance• for V gauge variance saturated after Ns & 512

⇒ O(100) reduction in variance for V at the same cost

Why is the split-even variance reduced?
• no 〈SPSP〉 term• similar summations to time-diluted case• for Wilson twisted-mass fermions there is aCauchy-Schwarz inequality σ2̄

τrs <σ2̄
θrs
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Figure: Variance of C rs P and V
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Frequency-splitting estimators

combining HPE and split-even estimator
 frequency-splitting estimator for flavour r

τrFS(x) = τrs (x)︸ ︷︷ ︸light - heavy+τ
s (x)︸ ︷︷ ︸heavy

and the generalization to N splittings
 e.g. choose quark masses mud, ms, mc , . . .

• separate contributions from IR and UV• expect good chiral scaling• conceptually similar to multiple time-step integrators in HMC with Hasenbusch split-ting
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Single-propagator traces – frequency-splitting estimators
id amq Ns cost rel. costFS1 0.00207 1 340.1 4 11

2.5FS2 0.00207 1 340.02 1 190.06 2 130.15 3 90.3 10 6
6

Table: FS quark mass parameters
Example: choose mr1 < mr2 < . . . and Ns,1 .Ns,2 . . . .to fulfil
σ2
τr1r2 ∼σ2

τr2r3 ∼ . . . and cost(τr1r2 ) ∼ cost(τr2r3 ) ∼ . . .

• O(100) reduction in variance for V• FS2 increased cost × 6
⇒ O(10) speed-up in vector channel
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Figure: Variance of FS for P and V
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Differences of traces – application to HVP
• increased Ncfg = 1200• verified factorization for x0 À 0
 stochastic variance factorizes immediately• gauge variance saturated with moderate cost

⇒ O(100) speed-up in vector channel

• low scatter in data
 evidence gauge variance saturated• good signal up to x0 ∼ 1.4 fmneed multi-level to tackle gauge-variance beyond 1.5 fm

 work in progress (M. Dalla Brida et al.)
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Figure: Variance of for C rs vs Ns
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Conclusions
Further optimizations possible• optimization of quark masses cheap procedure

 just measure the variances!• synthesis with low-mode averaging• employ different solvers for heavy quarks
Conclusions• analysis of variances important to define improvedestimator• reach gauge variance for ahvp,disc

µ with split-evenestimators• frequency-splitting separates variance from UVand IR• exact evaluation of hopping removes the UV vari-ance• method efficient toward the physical point
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P V
tr (x0) O(4) O(10)
trs (x0) O(10) O(100)

Table: Speed-up for FS/split-even
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Outlook
synthesis with multi-level integration for disconnecteddiagrams (M. Dalla Brida et al.)
applications of split-even estimator• use of I = 0 correlator for ahvp,disc

µ• application to SIB, electromagnetic corrections toHVP• hadronic matrix elements of EM current• HLbL . . .

applications of split-even estimator• isoscalar spectroscopy
 long distance of I = 0 channel for HVP disc.• disconnected single-flavour matrix elements• . . .
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Back-up
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Single-flavour two-point
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Figure: Variance of V two-point variance
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Optimizing the cost
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Figure: Mass-dependence of solver cost
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σ2 ×κ

σ2
l /Nl = σ2

h /Nh

Nlκl = Nhκh

0 1 2 3 4 5 6 7 8 9 10

0.1

0.2

0.3

0.4

0.5

0.6

0.7

m
q,

h

0

2

4

6

8

10

Figure: Variance for N = 2 in mq-Ns plane
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Hopping expansion and probing
D−1

m =M2n,m +D−1
m H2n

m ,

M2n,m = 1
Dee +Doo

2n−1∑
k=0 Hk

m , Hm =−
[
DeoD−1oo +DoeD−1ee ]

,

Probing vectors defined by
K−1∑
k=0 vk

i vk
j = δij for all i, j where Mij 6= 0,

then the diagonal elements of M are given by (no summation over i)
Mii =

K−1∑
k=0 vk

i uk
i , where uk =M vk .
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Quark-mass dependence of hopping
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Figure: Mass-dependence of P and V variance
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Variance of two-point function
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