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Short summary

e.g. S(x) = %(xz! 1)2|! ! 1]
' In Markov chain Monte Carlo (MCMC) simulations, \' X |
transition between configs which
belong to different modes is difficult. O ‘/\’ /

B We enumerate this difficulty of transition U .

as distance between configurations. il X
[Fukuma, NM, Umeda (2017)] A B C

OcloseOfarO
' We consider an extremely multimodal system with the simulated tempering,
and show:
[ the geometry of the extended, coarse-grained config space
Is asymptotically Euclidean AdS

optimized form of the tempering parameter

IS obtained by a flat metric in the extended direction.
- [Fukuma, NM, Umeda (2017, 2018)]

I We also discuss the optimized form of the tempering parameter in the

tempered Lefschetz thimble method (TLTM, an algorithm for the sign problem)
[Fukuma, Umeda (2017), Fukuma, NM, Umeda (2019)]
2/19



Plan

1. Definition of distance

2. Distance for the simulated tempering
3. Emergence of AdS geometry

4. Geometrical optimization of the tempering parameter

5. Comment: application to TLTM

3/19



1. Definition of distance
[Fukuma, NM, Umeda (2017)]



Setup

defs . M = {z} : config space
- P(x|y) : (1-step) transition probability from Y to X

- {x;} . Markov chain with the transition matrix P

el Xp+1 ! Xp!o e X X
[ Pn+1pn1D PlpO‘

assumption for P

unique convergence to the equilibrium distribution peq(X) — Z;e—S(x)
detailed balance condition : (S(x) : action J
P(£E|y) peq(y) — P(y|$) peq(x) \Z = fdxe_s(x)

positive definiteness [ If P has negative eigenvalues,
we instead use P 2.

defs )
. bra-ket notation : P(x|y) ! " x|P|y#

positive symmetric

' the above assumptions

+ “transfer matrix” :
T = S@/2, p.—5(&)/2 [

-
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Definition of distance (1/2)

I Suppose that the Markov chain is in equilibrium.

I We note that a history of n-step transition makes a path in M .

J

["'%‘xm—kn%"'%xm—kl%xm%"'

n-step t'ransition
. Let | Wh : set of all n-step transition paths
Wh(z1,22) ! W : subset of paths from X2 to Z1.

Wi,

v

L2

AN

defs : connectivity :

f (X1, Xp) = W, (x1,x2)| | probability of finding an n-step path
AL A2) = "W, from X2 to 1 in equilibrium

= !X1||ﬂn|X2" Peq(X2) = fn (22, 71)

N [ inner product of normalized states]

|

' normalized connectivity : (= e:/S(é)/z 4P 4512 |
F (4 10) = fn(z1,22) — ] !"X1|1{'jn X2"
”( 1 2) V fn(@1,21) fr(22,22) X1 | PN x " X2 | PN |x2"
_ N
0! Fn(xl’XZ)! 1 2n/ 2
! Fn (Xl, X2) = !Xl, n/ 2|X2, n/ 2" with |X; n/ 2! I ::':n/ 2:2: I
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Definition of distance (2/2)

def .distance : [Fukuma, NM, Umeda (2017)]

!Xll-ﬁn |X2"2

dn(X1,X2) = /=2 F, (X1, X2) | = 1 In lble s

note
« 0< Fn<£131,5132) <1 - dn(llfl,xg) 2 0

In particular,
{ T1, T2 easily communicate @ Fp(x1,Xx2)! 1 @ dy(x1,22) ~0

T1,%2 hardly communicate 4 Fy, (X1,X2) ~ 0 @ dp(71,72) > 1

m) dn(X1,X2) enumerates the difficulty of transition.
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Example 1, Gaussian (unimodal)

. action: S(x) = g:pz

~ 1 X

« transfer matrix : {algorithm : Langevin, €: time increment}

1X1|PIxp" = + x3)cosh(" ) # 2x1x2]'

exp #

|
> (11 & 27) 4smh( %) [(x1

« distance :

| 2 _ 2
dﬁ(Xl,Xz): 5 SR(T A IX1 — Xo| o e Pne |z1 — 9]

[flat and translationally invariant geometry] ( for 5> 1}
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Example 2, Double-well (multimodal)

s acton - S(x) = L(x21 1)2 “ >
action : S(x) = 5(x<! 1) Peq ()

/N

\| / N AN 4
« For 6 >1, [algorithm : Langevin, €: time increment} P 0 '1

@D dn(z1,12) = O(e' P"¥'2) when T1, X2 are in the same mode
@ dp(z1,22) x 8 when 21,2 are in different modes

" When 8> 1, we can approximate local equilibrium distributions A
by Gaussian.

With this approximation,

—® can be shown by using a quantum mechanical argument
with linear superpositions.

|

_@ can be shown by using an instanton analysis.
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2. Distance for the simulated tempering
[Fukuma, NM, Umeda (2017)]



Simulated tempering [Marinari, Parisi (1992)]

[ Aim: speed up relaxation to equilibrium by making a bypass]

(D) Pick up a parameter in the action as a tempering parameter
[ e.g. inverse temperature |

(2 Prepare a parameter set for3 :

A= {/607 Bla R 7614}: {Ba}a:O,--- A

Bo : original parameter
lo> 11> aaa !,

(® Extend the config sp in the5 direction: ( - i
M={x} — M A ={(x,!a)}
and set up a Markov chain on M! A s.t. it realizes the global equilibrium:
Peq(fE, Ba) — wae—S(:p;Ba) {’wa}_:weigklﬂs, we set_them tcis(w |
wa—m{za:fdxe ’“J

Transition between different modes easily occurs
by passing through configs at lower ! .

@ After realizing global equilibrium,
retrieve configs generated on the subspace ! = !y. 9/19



Decrease of distance

« The acceleration of the relaxation
due to the tempering can be seen
as a significant decrease of the distance.

[ double-well case]

w/o tempering (! o = 20] w/ tempering (A=1 !0=20!;=1]
n [ oimeee)  d2(=1,1) nofeese)| d2(-1,1)
10 39.1 10 26.5
50 19.2 significant 50 7.16
100 16.9 decrease 100 4.35
500 13.2 500 0.708
1000 11.7 » 1000 0.106
5000 8.46 5000 7.81x107*
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3. Emergence of AdS geometry
[Fukuma, NM, Umeda (2017, 2018)]



Coarse-grained configuration space

¢ \We consider an extremely multimodal system.
As a typical example,

1D .. .

' | , minima of the action
ShGt) ! . (17 cos(Z'x,)) { = a set of integer points \AA/\/
“: >

e \We note that

dn(x1,22) is negligibly small when Z1, X2 are in the same mode.
dn(71,72) islarge when 1,2 are in different modes.

e When investigating the large scale structure of M
we can identify configs in the same mode as a single config.

Mm W M=1z"

— [for the cosine model}

We write the obtained coarse-grained config space as M. M 7D
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Extended, coarse-grained configuration space

e When we implement the simulated tempering to this system,
we can similarly coarse-grain the extended config space.

We write the obtained extended, coarse-grained config space as M x A .
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Emergence of AdS geometry (1/2)

geometry of M xA

(D The minima of the action are
uniformly distributed in M.
=) The metric does not depend on .

(2 Transition in X direction is difficult for larger |

m) \We assume that the distance
In X direction takes the form:

d2((x, 1), (x+ dx,1))=(const.) 19" 2 dx2 [ power-like increasing ]

K | function of |
(3 We approximate local equilibrium distributions
by the Gaussian for 8 > 1. Then we can show that
the distance in the! direction, dn ((x,!),(x,! +d!)) (3> 1]
IS invariant under rescaling! ! "l

m d2((x,!),(x,! +dl))! 9
From @)-®), we deduce that

ds? | d% ((X, ! ), (X + dx,! + d! )) = (COHSt.)Bq 25:1 daji -+ (COIlSt.)dB—BQ2 [6 > 1)
(asymptotically AdS metric! )— = (const.) (Zle dx;, +dz?) (zV 1! 92 13/19
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Emergence of AdS geometry (2/2)

numerical verification

' We numerically calculate the distance
(a=0,1,2)

I We make the ! “fit by using as the fitting function a=2
the geodesic distance calculated from the metric

dn ((01 I a)1 (X, I a))

IID

2 2 q 2, d" i
dsc =1 ! dxj + -
p=1
fit result
d,” a=0 dn a=1 dn a=2

4
3[
2
1t

0 2 4 6 8 10
| =0.0404(14

{1 =2.34(48)! 10°
| q=0.289(12

— N W
= N W
\

0 3 1 6 8 0 0 9 i 6 8 0

orange pts :dn ((0,!a), (X, ! a)) (numerical)
blue lines : fitted geodesic distance

[w/ " 12/(301 3):2.7}
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4. Geometric optimization
[Fukuma, NM, Umeda (2018)]



Geometric optimization

I Qur aim is to optimize the functional formof ! = !4,
so that the transition in the extended direction becomes smooth.

I Since it is the parameter d that is directly dealt with by MCMC simulations,
we expect that the smooth transition

corresponds to the flat metric in the @ direction: (const) ! da?
1 Since the geometry of M x A is asymptotically AdS :
= (const.)1 @ P =1 X7 +(const),2 (1]

we require dg x da?.

m 3, =5R “ [exponential]
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Numerical confirmation

1 We confirm the expectation by numerically checking the exponential form;

we optimize the functional form of 3,
by minimizing the distance between different modes.

minimize

result
%é P init cond 1
%& | \::i::: S @ . .
%&& R the optimized form of 3, :
& ' init cond 2@ o= 1R ¢ [exponentigﬂ !J
0 ) N :
d

| i s 16/19




5. Comment: application to TLTM

[Fukuma, NM, Umeda (2019)]



Tempered Lefschetz thimble method

tempered Lefschetz thimble method (TLTM): an algorithm for the sign problem
[Fukuma, Umeda (2017), Fukuma, NM, Umeda (2019)]

! To tame the oscillatory integrals,
we deform the integration region by using the antiholomorphic gradient flow.

[Alexandru, Basar, Bedaque (2016)]
def X — z(x) {zt(x) = 0,5(2¢(x))

zi—o(x) = x

property
rast—o0,! ¢! z(RV)—= {31} { a set of Lefschetz thimbles,

J,} ‘ ' on each of which ImS(z) = const
! l = (,
l ‘ (

|, =

> « - /
N || | f
R i : ;

I To take account of multi thimbles,
we implement a tempering algorithm
by choosing the flow time as the tempering parameter : A ! {ta}a=0 aas .
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Optimized form for the flow time

the tempering parameter in TLTM

' Atlarge t, ReS(z(z)) increases exponentially as 1, I g{const)x!

I As In the simulated tempering, we expect that the optimal form of
Bt. is an exponential function of 4.
=) t, should be a linear function of Q.

(see also discussion in [Alexandru, Basar, Bedaque, Warrington (2017)])

' In the application of TLTM to the Hubbard model, [Fukuma, NM, Umeda (2019)]
we confirmed this choice works well :

] * Here,la is taken to be
a piecewise linear function of d.
[ the gradient is changed at 2 = 5 ]

(128

| >.¢ closer to the thimbles — .
....................... ' In particular, the acceptance rate
becomes constant for larger ¢,

where 3, get close to the thimbles.

!+ This choice results in the acceptance rates
1 being roughly above 0.4.

18/19




Summary

® We defined the distance between configs,
which enumerates the difficulty of transition.

® We discussed that an asymptotically AdS geometry emerges
in the extended and coarse-grained config space.

e We showed that the optimization of the tempering parameter
can be easily done geometrically.
The result coincides with the one obtained by minimizing the distance.

® We further argued how to determine the optimized form of
the tempering parameter in TLTM.

Future work

e Consider the distance in the Yang-Mills theory,
and investigate the geometry of the config space
by identifying configs with the same topological charge as a single config.

e Apply the distance to models whose DOF can be interpreted as
spacetime coordinates (e.g. matrix models),
and identify the geometry of the config space as the spacetime geometry.
This would give a way to define quantum gravity. 19/19
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