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Short summary

In Markov chain Monte Carlo (MCMC) simulations,
transition between configs which 
belong to different modes is difficult. 

We enumerate this difficulty of transition
as distance between configurations.

We consider an extremely multimodal system with the simulated tempering,
and show: 

the geometry of the extended, coarse-grained config space

optimized form of the tempering parameter
is obtained by a flat metric in the extended direction.

is asymptotically Euclidean AdS

[Fukuma, NM, Umeda (2017, 2018)]

[Fukuma, NM, Umeda (2017)]
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We also discuss the optimized form of the tempering parameter in the 
tempered Lefschetz thimble method (TLTM, an algorithm for the sign problem)

[Fukuma, Umeda (2017), Fukuma, NM, Umeda (2019)]
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2. Distance for the simulated tempering



1. Definition of distance
[Fukuma, NM, Umeda (2017)]



Setup 

M ⌘ {x}
<latexit sha1_base64="nkkef2BuXXYObv1U7OCUtmg+9OQ="></latexit>

P(x|y)
<latexit sha1_base64="jZxUJkxNcEU5+krZGBqVzG4imrg="></latexit>

peq(x) ⌘ 1
Z e�S(x )

<latexit sha1_base64="L0lY2hzweVPH7Y2TKV3F6VHmzZA="></latexit>

Z ⌘
´
dxe�S(x)

<latexit sha1_base64="NeKdAAucuBepLOU0bRiqay5gpR4="></latexit>

P (x|y) peq(y) = P (y|x) peq(x)
<latexit sha1_base64="dxOCrM1LwVvksaYbv5QAuOdfW6s="></latexit>

config space
(1-step) transition probability from     to   

assumption for    
unique convergence to the equilibrium distribution

S(x)
<latexit sha1_base64="A55taThNXqXr39HMaaJq2APqEW4="></latexit>

detailed balance condition :

positive definiteness

“transfer matrix” :
positive symmetric

: action

P
<latexit sha1_base64="Qbj/maoQVGwx9U2MaUicBXkGNYA="></latexit>

· · · ! xn +1 ! xn ! · · · ! x1 ! x0
<latexit sha1_base64="1TSKUiDvFGav0eSiRp55AWPnhEM="></latexit> P

<latexit sha1_base64="Qbj/maoQVGwx9U2MaUicBXkGNYA="></latexit> P
<latexit sha1_base64="Qbj/maoQVGwx9U2MaUicBXkGNYA="></latexit>

P
<latexit sha1_base64="Qbj/maoQVGwx9U2MaUicBXkGNYA="></latexit>

P
<latexit sha1_base64="Qbj/maoQVGwx9U2MaUicBXkGNYA="></latexit>

Markov chain with the transition matrix P
<latexit sha1_base64="Qbj/maoQVGwx9U2MaUicBXkGNYA="></latexit>

{ xi}
<latexit sha1_base64="Gefi+l5O8zorsb9+t40ijjVVeKU="></latexit>

bra-ket notation : P(x|y) ! " x| öP|y#
<latexit sha1_base64="o1FPeRSh/9fKdUi+wtsTTvH6/Ds="></latexit>

T̂ ⌘ eS(x̂)/2 · P̂ · e�S(x̂)/2
<latexit sha1_base64="bKzKOX2wo/TmIPQgK+5/OK/AdKE="></latexit>

P
<latexit sha1_base64="Qbj/maoQVGwx9U2MaUicBXkGNYA="></latexit>

the above assumptions!
<latexit sha1_base64="SfcCJAOdflGAHrJEerusm9gUfrA="></latexit>

defs
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:
:
:

x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

y
<latexit sha1_base64="8+s2cxnPP0nN1QQpm0ZOXxjp5hc="></latexit>

If     has negative eigenvalues,
we instead use     .
P

<latexit sha1_base64="Qbj/maoQVGwx9U2MaUicBXkGNYA="></latexit>

P2
<latexit sha1_base64="QKlFTIb/AkYGe4mgXnKzPx2jEMA="></latexit>



Definition of distance (1/2)
Suppose that the Markov chain is in equilibrium.
We note that a history of n-step transition makes a path in     .
· · · xm+n  · · · xm+1  xm  · · ·

<latexit sha1_base64="btA8vqnln9+J5svqX+KdfL0UorU="></latexit>

: set of all n-step transition paths
: subset of paths from      to     .

connectivity :

Fn(x1, x2) ⌘ fn(x1 ,x2 )p
fn(x1 ,x1 )fn(x2 ,x2 )

<latexit sha1_base64="LWz6Xu7GicEul7sjT+g8j7B8twc="></latexit>

probability of finding an n-step path
from       to      in equilibrium

defs

x1

x2

M
<latexit sha1_base64="kb73/t6cKSEwcSJGjV03fUPrQII="></latexit>
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!

!

!

x1
<latexit sha1_base64="7R15awTnk/F4PIsnSoK6vg+hIGE="></latexit>

x2
<latexit sha1_base64="wMd7uT0b/lmSKXfGzhlVnBpfIig="></latexit>

x1
<latexit sha1_base64="7R15awTnk/F4PIsnSoK6vg+hIGE="></latexit>

x2
<latexit sha1_base64="wMd7uT0b/lmSKXfGzhlVnBpfIig="></latexit>

= fn (x2, x1)
<latexit sha1_base64="nUc8tBx8r6L82aY+nQR+OJELldY="></latexit>

= ! x 1 | öT n |x 2 "!
! x 1 | öT n |x 1 "! x 2 | öT n |x 2 "

<latexit sha1_base64="CoTbG1/23MVsN6/tF0mkIOd4y0k="></latexit>

n-step transition

!
<latexit sha1_base64="XmfTf61vKiMQny+ruXBFyzm/jLs="></latexit>

|x, n/ 2! " T̂ n/ 2 |x !
|| T̂ n/ 2 |x ! ||

<latexit sha1_base64="LfWnxLuLz4J3GBcitXaFYGMU/q0="></latexit>

Fn (x1, x2) = !x1, n/ 2|x2, n/ 2"
<latexit sha1_base64="fQt/9BKYGNhDjpXX4Tb5Veh04OI="></latexit>

inner product of normalized states

0 ! Fn (x1, x2) ! 1
<latexit sha1_base64="4+T5NUp2gBQbxb1uEEHC2LrjVHk="></latexit>

Wn
<latexit sha1_base64="pvTawbE1xXjdkv3TDQlg6o0OivU="></latexit>

Wn (x1, x2)
<latexit sha1_base64="pmzflWYLguaYwptapsKAOPXoaCM="></latexit>

f n (x1, x2) ⌘ |Wn(x 1,x 2) |
|Wn|

<latexit sha1_base64="oil35NfVrS21zhPBFpjgdEpTJGU="></latexit>

Wn
<latexit sha1_base64="pvTawbE1xXjdkv3TDQlg6o0OivU="></latexit>

Wn
<latexit sha1_base64="pvTawbE1xXjdkv3TDQlg6o0OivU="></latexit>

! Let

normalized connectivity :!

with!
<latexit sha1_base64="SfcCJAOdflGAHrJEerusm9gUfrA="></latexit>

= !x1| öPn |x2" peq(x2)
<latexit sha1_base64="34MAgJPbUnzl2vx07Gkbr8ClsCs="></latexit>

öP = e! S(öx ) / 2 áöT áeS(öx ) / 2
<latexit sha1_base64="1Bq05hP1GmNTswShmkFseJlL+8s="></latexit>



easily communicate

hardly communicate 

Fn (x1, x2) ! 1
<latexit sha1_base64="raoE4CxY0SOecVfRvtczJqGBWWo="></latexit>

Fn (x1, x2) ⇠ 0
<latexit sha1_base64="9Uv/qKQsdvxSAPKCWbaJc+CdfnE="></latexit>

enumerates the difficulty of transition.
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dn(x1, x2) ⌘
p

�2 lnFn(x1, x2)
<latexit sha1_base64="sBRGW5XPyKVnEOhtz5ebh7TULxU="></latexit>

x1, x2
<latexit sha1_base64="R3SfTQKLvecRyu3a6ixnYCRzgRU="></latexit>

x1, x2
<latexit sha1_base64="R3SfTQKLvecRyu3a6ixnYCRzgRU="></latexit>

dn(x1, x2) � 1
<latexit sha1_base64="T+yM7VqydeciLdhfdTEQUbwyS8Q="></latexit>

dn(x1, x2) ⇠ 0
<latexit sha1_base64="VP5fLjXQ81j6zDMmgcr/1ytJLzA="></latexit>

def l

note

Definition of distance (2/2) 

0  Fn(x1, x2)  1
<latexit sha1_base64="4+T5NUp2gBQbxb1uEEHC2LrjVHk="></latexit>

l dn(x1, x2) � 0
<latexit sha1_base64="oYtoMSvUUeBs9Q938xG+7vLNUo4="></latexit>

In particular, 

dn (x1, x2)
<latexit sha1_base64="MuHG591OsZXL8JbGDUIDUH1jvSU="></latexit>

distance :

=

!

! ln
"

! x 1 | öT n |x 2 "2

! x 1 | öT n |x 1 "! x 2 | öT n |x 2 "

#

<latexit sha1_base64="qWvxBIFjYC8WSDzX1Ld8mP0D5N4="></latexit>

[Fukuma, NM, Umeda (2017)]



: time increment

Example 1, Gaussian (unimodal)

action :

transfer matrix :

distance :

flat and translationally invariant geometry

l

l

l

✏
<latexit sha1_base64="WzGVGspG6fpPxHxUXt7CWb5dyIU="></latexit>algorithm : Langevin,
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S(x) = �
2 x

2
<latexit sha1_base64="DV+5UXS97nR84XK7CMfYdMjyssM="></latexit>

! x1| öT|x2" =
!

!
2" (1 ! e! 2 !" ) exp

"
# !

4 sinh( !# ) [(x2
1 + x2

2) cosh(!" ) # 2x1x2]
#

<latexit sha1_base64="2GoIqYje0QQ93UNH6pLIWpuR02s="></latexit>

d2
n (x1, x2) = !

2 sinh( ! n " ) |x1 � x2|2
<latexit sha1_base64="L2puqOB6rLjoS4CV5GWDFy6bp1g="></latexit>

x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

peq(x)
<latexit sha1_base64="85HlTFMdYh5tcXMQVE7WC1egO/g="></latexit>

S(x)
<latexit sha1_base64="A55taThNXqXr39HMaaJq2APqEW4="></latexit>

0

/ e��n✏ |x1 � x2|2
<latexit sha1_base64="aNWY2Co5UWmY/16wc5p2db5Sy7k="></latexit>

� � 1
<latexit sha1_base64="tmPhQqF2z3T06bQtoYBu+oEZHfc="></latexit>

for



Example 2, Double-well (multimodal) 

action :l

l -1 10
x

<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

peq(x)
<latexit sha1_base64="85HlTFMdYh5tcXMQVE7WC1egO/g="></latexit>

S(x)
<latexit sha1_base64="A55taThNXqXr39HMaaJq2APqEW4="></latexit>S(x) = !

2 (x2 ! 1)2
<latexit sha1_base64="MDuJK4J7L6njHq+sSADtRr8gBo4="></latexit>

When           , we can approximate local equilibrium distributions
by Gaussian.

① can be shown by using a quantum mechanical argument
with linear superpositions.

: time increment✏
<latexit sha1_base64="WzGVGspG6fpPxHxUXt7CWb5dyIU="></latexit>algorithm : Langevin,

② can be shown by using an instanton analysis.

For            ,

With this approximation,

dn(x1, x2) / �
<latexit sha1_base64="BiZWcRMYn77yQSiPbpqjsl/4y8Q="></latexit>

� � 1
<latexit sha1_base64="tmPhQqF2z3T06bQtoYBu+oEZHfc="></latexit>

when x1, x2
<latexit sha1_base64="R3SfTQKLvecRyu3a6ixnYCRzgRU="></latexit>

are in the same mode
when x1, x2

<latexit sha1_base64="R3SfTQKLvecRyu3a6ixnYCRzgRU="></latexit>

are in different modes

*
<latexit sha1_base64="SfcCJAOdflGAHrJEerusm9gUfrA="></latexit> � � 1

<latexit sha1_base64="tmPhQqF2z3T06bQtoYBu+oEZHfc="></latexit>

�
�
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dn (x1, x2) = O(e! �n ✏/ 2)
<latexit sha1_base64="+tISzMF+jr42locEtMgvdbANrIM="></latexit>



2. Distance for the simulated tempering
[Fukuma, NM, Umeda (2017)]



Pick up a parameter in the action as a tempering parameter �
<latexit sha1_base64="EJtqWZMHsJDkJ0Y0oGEBosyEw2U="></latexit>

Prepare a parameter set for    :�
<latexit sha1_base64="EJtqWZMHsJDkJ0Y0oGEBosyEw2U="></latexit>

A ⌘ {�0,�1, · · · ,�A}
<latexit sha1_base64="nL2b3uEGXEO2eJzpZ8hZBwWe0s4="></latexit>

= {�a}a=0,··· ,A
<latexit sha1_base64="GlHin7PRDda7bCPEulikNs4RuNU="></latexit>

Extend the config sp in the    direction:

and set up a Markov chain on              s.t. it realizes the global equilibrium:

Peq(x,�a) ⌘ wae
�S(x;�a)

<latexit sha1_base64="B4SFeND9BCe26W4L13o3Cxdt2Fc="></latexit>

: weights, we set them to{wa}
<latexit sha1_base64="3jQs58jaKkpTwRPuzVdTq7Z8P3o="></latexit>

wa = 1
(A+1)Za

<latexit sha1_base64="0P7xxOItTpyeTmwK7q4YkqMfqA8="></latexit>

Za ⌘
´

dx e�S(x;�a)
<latexit sha1_base64="G9PSoExb0zVcjpjnDIT/2qyuHW4="></latexit>

M
<latexit sha1_base64="kb73/t6cKSEwcSJGjV03fUPrQII="></latexit>

Aim: speed up relaxation to equilibrium by making a bypass

�
<latexit sha1_base64="EJtqWZMHsJDkJ0Y0oGEBosyEw2U="></latexit>

�0
<latexit sha1_base64="3+IglCN1S3JnDmCLr8+zoLamqIg="></latexit>

original parameter :
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�

�

�
!

�
<latexit sha1_base64="EJtqWZMHsJDkJ0Y0oGEBosyEw2U="></latexit>

� After realizing global equilibrium,
retrieve configs generated on the subspace             .! = ! 0

<latexit sha1_base64="7dAFH1djQ8yt9sg3Jm5iJJeE1ho="></latexit>

! 0 > ! 1 > á á á> ! A
<latexit sha1_base64="/MIIObg3RwFUm1xrgjnHvIoHHeE="></latexit>

e.g. inverse temperature

! A ! 1
<latexit sha1_base64="OlRbjnjM3lxc4ErBKNHoKeRAk4I="></latexit>

! A
<latexit sha1_base64="epM3+ogH8Zr6tGXjX/rG6+yjmW0="></latexit>

�0
<latexit sha1_base64="3+IglCN1S3JnDmCLr8+zoLamqIg="></latexit> á

á
á

<latexit sha1_base64="ADyFT12L4lpSgWd4jPOTRr9Hzpg="></latexit>A
<latexit sha1_base64="w5uWYCH1RXEblbhGwoGAYOj1U7s="></latexit>

Simulated tempering

! A
<latexit sha1_base64="GsIcaO3DK99Upk5GoFq8MO65s08="></latexit>

M
<latexit sha1_base64="kb73/t6cKSEwcSJGjV03fUPrQII="></latexit>

! A
<latexit sha1_base64="GsIcaO3DK99Upk5GoFq8MO65s08="></latexit>

M
<latexit sha1_base64="kb73/t6cKSEwcSJGjV03fUPrQII="></latexit>

x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

Transition between different modes easily occurs 
by passing through configs at lower   .

[Marinari, Parisi (1992)]

= { x}
<latexit sha1_base64="JBlf8BFHSnxnmSAKnsErgfJQ0wM="></latexit>

= { (x, ! a)}
<latexit sha1_base64="3fBLLyyf7LZQeyq5CXa1abxOyic="></latexit>

!
<latexit sha1_base64="COijzV1uoMiYzBGgoAfM2alnLDU="></latexit>



Decrease of distance

10 39.1
50 19.2
100 16.9
500 13.2
1000 11.7
5000 8.46

10 26.5
50 7.16
100 4.35
500 0.708
1000 0.106
5000 7.81×10-.

d2n(�1, 1)n d2n(�1, 1)n

w/o tempering w/ tempering
double-well case 

S(x) =
�

2
(x2 � 1)2

<latexit sha1_base64="2YDNshohGRH8Gb4rvv25bGPuLRs="></latexit>

A = 1
<latexit sha1_base64="quxVtxG3opQSNpaWOITyfMrCemY="></latexit><latexit sha1_base64="quxVtxG3opQSNpaWOITyfMrCemY="></latexit><latexit sha1_base64="quxVtxG3opQSNpaWOITyfMrCemY="></latexit><latexit sha1_base64="quxVtxG3opQSNpaWOITyfMrCemY="></latexit>

! 1 = 1
<latexit sha1_base64="d7WHhcJwj02LNYmjPY36aA5B8Y0="></latexit><latexit sha1_base64="d7WHhcJwj02LNYmjPY36aA5B8Y0="></latexit><latexit sha1_base64="d7WHhcJwj02LNYmjPY36aA5B8Y0="></latexit><latexit sha1_base64="d7WHhcJwj02LNYmjPY36aA5B8Y0="></latexit>

�
! 0 = 20
<latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="nF2W4YowJ7Di8xrvBEKspoAj/ak="></latexit><latexit sha1_base64="CXZnIAXyYpzlC6TH42oa65nyQFM="></latexit><latexit sha1_base64="CXZnIAXyYpzlC6TH42oa65nyQFM="></latexit><latexit sha1_base64="2S03DWGWvqLfxyolBwkDVtNLsJU="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit>

�
! 0 = 20
<latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="nF2W4YowJ7Di8xrvBEKspoAj/ak="></latexit><latexit sha1_base64="CXZnIAXyYpzlC6TH42oa65nyQFM="></latexit><latexit sha1_base64="CXZnIAXyYpzlC6TH42oa65nyQFM="></latexit><latexit sha1_base64="2S03DWGWvqLfxyolBwkDVtNLsJU="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit><latexit sha1_base64="YgfCjFZZFGXbkxlbaNud9I4IM8o="></latexit>
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significant 
decrease

l The acceleration of the relaxation
due to the tempering can be seen 
as a significant decrease of the distance. x

<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

number 
of steps

number 
of steps

!"###$



3. Emergence of AdS geometry
[Fukuma, NM, Umeda (2017, 2018)]



We consider an extremely multimodal system.

S(x; ! ) ! !
D!

µ=1

(1 " cos(2" xµ ))
<latexit sha1_base64="12m0+N1F0yVHwTQoKlCkAQ8mB2E="></latexit>

minima of the action

We note that

are in the same mode.

are in different modes.
is negligibly small when 

When investigating the large scale structure of       ,
we can identify configs in the same mode as a single config.

We write the obtained coarse-grained config space as      .

M
<latexit sha1_base64="kb73/t6cKSEwcSJGjV03fUPrQII="></latexit>

= a set of integer points

for the cosine model,

As a typical example,

11/19

l

l

l

x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

Coarse-grained configuration space

dn(x1, x2)
<latexit sha1_base64="YS8UYWI1EAkzDI4bmM/rsa+sqWc="></latexit>

x1, x2
<latexit sha1_base64="R3SfTQKLvecRyu3a6ixnYCRzgRU="></latexit>

dn(x1, x2)
<latexit sha1_base64="YS8UYWI1EAkzDI4bmM/rsa+sqWc="></latexit>

is large when x1, x2
<latexit sha1_base64="R3SfTQKLvecRyu3a6ixnYCRzgRU="></latexit>

M
<latexit sha1_base64="MwFOyXdkYbzCN0hLKLLk16ScVdQ="></latexit> M = ZD

<latexit sha1_base64="Mnnll27ahECFG3aRDuxfaDh646Q="></latexit>

-1 0 1 2

!"#$ %&'& M = RD
<latexit sha1_base64="Vou2BPCSBfEIEQwEZFq6uOYzUgA="></latexit>

M = ZD
<latexit sha1_base64="Ys+tcHeIPe3Vt9LHkfau1LD1ynM="></latexit>
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Extended, coarse-grained configuration space

We write the obtained extended, coarse-grained config space as .

When we implement the simulated tempering to this system,
we can similarly coarse-grain the extended config space.

l

M
<latexit sha1_base64="MwFOyXdkYbzCN0hLKLLk16ScVdQ="></latexit>

⇥A
<latexit sha1_base64="GsIcaO3DK99Upk5GoFq8MO65s08="></latexit>

! ""#" ""#"

$%&'&

()*+,-,.)*/

M
<latexit sha1_base64="MwFOyXdkYbzCN0hLKLLk16ScVdQ="></latexit>

⇥A
<latexit sha1_base64="GsIcaO3DK99Upk5GoFq8MO65s08="></latexit>⇥A

<latexit sha1_base64="GsIcaO3DK99Upk5GoFq8MO65s08="></latexit>

M
<latexit sha1_base64="kb73/t6cKSEwcSJGjV03fUPrQII="></latexit>



The metric does not depend on    .

U
!"!"#$!

the distance in the    direction,

geometry of              

Transition in    direction is difficult for larger !
<latexit sha1_base64="EJtqWZMHsJDkJ0Y0oGEBosyEw2U="></latexit>

We assume that the distance 
in direction takes the form:

We approximate local equilibrium distributions
by the Gaussian for           . Then we can show that 

!
<latexit sha1_base64="EJtqWZMHsJDkJ0Y0oGEBosyEw2U="></latexit>

! ! "!
<latexit sha1_base64="eHM+/ecJ3H3phEhwaIsYktUYMmk="></latexit>

dn ((x, ! ), (x, ! + d! ))
<latexit sha1_base64="TiauIJqu3i6uCnUpLq2g1mqSGqw="></latexit>

d2
n ((x, ! ), (x, ! + d! )) ! d! 2

! 2
<latexit sha1_base64="g9Nv5tbxxWq3e+k9y0xnd0p2YXE="></latexit>

From     - , we deduce that

ds2 ! d2
n ((x, ! ), (x + dx, ! + d! ))

<latexit sha1_base64="R4IPtQvUdpMWtojzi0sPykW4Ip8="></latexit>

z ! ! ! q/ 2
<latexit sha1_base64="iw+/HOj+Y73EEC6El0AW9O5yF5I="></latexit>

(asymptotically AdS metric! )

is invariant under rescaling
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x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

(x,�)
<latexit sha1_base64="HB79912zZdNVfj4lma4XzOhO/aI="></latexit>

(x+ dx,�)
<latexit sha1_base64="Nn3gfZLWmKucDWCt/FD3vb/XUCA="></latexit>

(x,� + d�)
<latexit sha1_base64="uk1ZMXmzFAIoxwl/BitJZztlz6U="></latexit>

!
<latexit sha1_base64="EJtqWZMHsJDkJ0Y0oGEBosyEw2U="></latexit> x

<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

Emergence of AdS geometry (1/2) 

� � 1
<latexit sha1_base64="tmPhQqF2z3T06bQtoYBu+oEZHfc="></latexit>

� � 1
<latexit sha1_base64="tmPhQqF2z3T06bQtoYBu+oEZHfc="></latexit>

� � 1
<latexit sha1_base64="tmPhQqF2z3T06bQtoYBu+oEZHfc="></latexit>

M
<latexit sha1_base64="MwFOyXdkYbzCN0hLKLLk16ScVdQ="></latexit>

⇥A
<latexit sha1_base64="GsIcaO3DK99Upk5GoFq8MO65s08="></latexit>

The minima of the action are 
uniformly distributed in     .M

<latexit sha1_base64="MwFOyXdkYbzCN0hLKLLk16ScVdQ="></latexit>

x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

�

�

�

� �
= (const.)�q

PD
µ=1 dx

2
µ + (const.)d�

2

�2
<latexit sha1_base64="R+QxjL1ZimpL9P/X46vIeFgP8Lc="></latexit>

= (const.)
z2 (

PD
µ=1 dx

2
µ + dz2)

<latexit sha1_base64="/cwqU7ze2zN0YKReJ0njVVm5teA="></latexit>

d2
n ((x, ! ), (x + dx, ! )) = (const .) ! q ! D

µ=1 dx2
µ

<latexit sha1_base64="Ugv9PC7CT3t6WAwGWwymUjJeXfI="></latexit>

power-like increasing
function of !

<latexit sha1_base64="EJtqWZMHsJDkJ0Y0oGEBosyEw2U="></latexit>



(a = 0, 1, 2)
<latexit sha1_base64="HnI+BWOWNipDY5S89EcSRFLdnHY="></latexit>

We make the     -fit by using as the fitting function 
the geodesic distance calculated from the metric

!
! 2/ (30 ! 3) = 2 .7

<latexit sha1_base64="2BSBAJxfQqYeH9YfwKHt+0roUb0="></latexit>

q = 0 .289(12)
<latexit sha1_base64="r3c8xjrDdBivvLNsW6tWQ9ZREbs="></latexit>

! = 2 .34(48) ! 105
<latexit sha1_base64="C27+fJLYN5HCgNISCGdfcdboQxQ="></latexit>

l = 0 .0404(14)
<latexit sha1_base64="EtV3J2G3nGqCTI/A8d9rlALKA2I="></latexit>

fit result

w/

orange pts :           (numerical) 
blue lines : fitted geodesic distance

dn ((0, ! a), (x, ! a))
<latexit sha1_base64="Sp0rtTtMV1APAvUnhS3FgTP9W7U="></latexit>

dn ((0, ! a), (x, ! a))
<latexit sha1_base64="Sp0rtTtMV1APAvUnhS3FgTP9W7U="></latexit>
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!

numerical verification

x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

dn
<latexit sha1_base64="M6bWhGst/puXVDtCU42ziofjwwA="></latexit>

a = 0
<latexit sha1_base64="+gDT7+q/pZLle3JPjn9aaKw4gRQ="></latexit>

x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

dn
<latexit sha1_base64="M6bWhGst/puXVDtCU42ziofjwwA="></latexit> a = 1

<latexit sha1_base64="tUVtz5GZJUm9zQuwb9yugGRQ79w="></latexit>

x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

dn
<latexit sha1_base64="M6bWhGst/puXVDtCU42ziofjwwA="></latexit> a = 2

<latexit sha1_base64="6Td3AhG77dHyk5LqGzVfohQOcL0="></latexit>

Emergence of AdS geometry (2/2) 

M⇥A
<latexit sha1_base64="70t1Uj4ZTFryKcd0eImdToQ4QIA="></latexit><latexit sha1_base64="70t1Uj4ZTFryKcd0eImdToQ4QIA="></latexit><latexit sha1_base64="70t1Uj4ZTFryKcd0eImdToQ4QIA="></latexit><latexit sha1_base64="70t1Uj4ZTFryKcd0eImdToQ4QIA="></latexit>

···
! A

We numerically calculate the distance
x

<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

a = 0
<latexit sha1_base64="+gDT7+q/pZLle3JPjn9aaKw4gRQ="></latexit>

a = 1
<latexit sha1_base64="tUVtz5GZJUm9zQuwb9yugGRQ79w="></latexit>

a = 2
<latexit sha1_base64="6Td3AhG77dHyk5LqGzVfohQOcL0="></latexit>

! 2
<latexit sha1_base64="WEekkwUHOKMnUD623e62Db1XUW0="></latexit>

!

ds2 = l2

!

!" q
D"

µ=1

dx2
µ +

d" 2

" 2

#

<latexit sha1_base64="mf5kiBrHW1jI5WTmNwkf9cGrh8M="></latexit>



4. Geometric optimization
[Fukuma, NM, Umeda (2018)]



Geometric optimization

ds2
<latexit sha1_base64="q2Foh5ICNUYANxhIUmux/XJjYDU="></latexit>

d�2

�2 / da2
<latexit sha1_base64="VAya+6wjsWG4Rx85MvbSZolh8Bg="></latexit>

Since the geometry of is asymptotically AdS : 
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!

!

�a = �0R! a
<latexit sha1_base64="pYTbBQwGyjq7m5/dKl2EHldt2q0="></latexit>

exponential

Since it is the parameter     that is directly dealt with by MCMC simulations,
we expect that the smooth transition 
corresponds to the flat metric in the     direction:

a
<latexit sha1_base64="Y+f6HjNLc6zUMlP9Y20LZpewonQ="></latexit>

Our aim is to optimize the functional form of             ,
so that the transition in the extended direction becomes smooth.

! ! = ! a
<latexit sha1_base64="Wo7AhKz2UEWAvv2/auiASA4oyH0="></latexit>

M
<latexit sha1_base64="MwFOyXdkYbzCN0hLKLLk16ScVdQ="></latexit>

⇥A
<latexit sha1_base64="GsIcaO3DK99Upk5GoFq8MO65s08="></latexit>

! ! 1
<latexit sha1_base64="tmPhQqF2z3T06bQtoYBu+oEZHfc="></latexit>

a
<latexit sha1_base64="bACIKmTwQDr1YVAHxMWXCLYrb9M="></latexit>

we require                   .

(const) ! da2
<latexit sha1_base64="6M5rWTiIbqV+4OH95vWRLZRAfuM="></latexit>

= (const .)! q ! D
µ=1 dx2

µ + (const .) d! 2

! 2
<latexit sha1_base64="R+QxjL1ZimpL9P/X46vIeFgP8Lc="></latexit>



Numerical confirmation

we optimize the functional form of 

result

the optimized form of      :�a
<latexit sha1_base64="OAVGg701SYA1BnLtDCFFqszsIQI="></latexit>

! a = ! 0R
�a

<latexit sha1_base64="pYTbBQwGyjq7m5/dKl2EHldt2q0="></latexit>

by minimizing the distance between different modes.

exponential !
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We confirm the expectation by numerically checking the exponential form;

minimize

�A�1
<latexit sha1_base64="OlRbjnjM3lxc4ErBKNHoKeRAk4I="></latexit>

�A
<latexit sha1_base64="epM3+ogH8Zr6tGXjX/rG6+yjmW0="></latexit>

�0
<latexit sha1_base64="3+IglCN1S3JnDmCLr8+zoLamqIg="></latexit>

á
á

á
<latexit sha1_base64="ADyFT12L4lpSgWd4jPOTRr9Hzpg="></latexit>

!!
A

<latexit sha1_base64="w5uWYCH1RXEblbhGwoGAYOj1U7s="></latexit>

!
<latexit sha1_base64="EJtqWZMHsJDkJ0Y0oGEBosyEw2U="></latexit> x

<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

!

�a
<latexit sha1_base64="OAVGg701SYA1BnLtDCFFqszsIQI="></latexit>

! " # $

%

%&

%&&

%&&&

%&4
%&5

(' )

(( )

�a
<latexit sha1_base64="OAVGg701SYA1BnLtDCFFqszsIQI="></latexit>

a
<latexit sha1_base64="Y+f6HjNLc6zUMlP9Y20LZpewonQ="></latexit>

exp
linear

init cond 1

init cond 2



5. Comment: application to TLTM
[Fukuma, NM, Umeda (2019)]
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x
<latexit sha1_base64="9QYKvqGgVRhq/ngW03TEovcHqpo="></latexit>

zt(x)
<latexit sha1_base64="hDjxDnXYwVfi33mIwi5DXRh3sQQ="></latexit>

!
<latexit sha1_base64="rXIFSZhGRn8+Pv3WihPUaa3HbuE="></latexit>2

<latexit sha1_base64="XoxheMSBJ8ntwcm9tl5IEu/By4Q="></latexit>

RN
<latexit sha1_base64="gWqvQ/3JsB8suT4251W7p7MzqRw="></latexit> CN

<latexit sha1_base64="oYR9LUBczSF7R4wueubhRrkvoTM="></latexit>

2
<latexit sha1_base64="XoxheMSBJ8ntwcm9tl5IEu/By4Q="></latexit>

zt=0(x) ⌘ x
<latexit sha1_base64="nLdsfqTt+wU33GUCCT2MptmI/zc="></latexit>

żt(x) ⌘ @zS(zt(x))
<latexit sha1_base64="reqYc32WcLSWDKY+RtNl1K3BNLc="></latexit>

we deform the integration region by using the antiholomorphic gradient flow.
[Alexandru, Basar, Bedaque (2016)]

as              , ! t ! zt (RN )
<latexit sha1_base64="D00tWrAKeurZg6DJOUxe5PJSohk="></latexit>

on each of which 
a set of Lefschetz thimbles,

property
{J ! }

<latexit sha1_base64="VAK1ixhEeKjqZWNy8UU1EnKnrzU="></latexit>

t ! 1
<latexit sha1_base64="EYf8BsW2N69aCqw9otGdXaSEZE0="></latexit>

!
<latexit sha1_base64="wwKNyqKQncQcxSc31J7fJlWR8cg="></latexit>

def

To tame the oscillatory integrals, 

To take account of multi thimbles,
we implement a tempering algorithm
by choosing the flow time as the tempering parameter :                            .

tempered Lefschetz thimble method (TLTM): an algorithm for the sign problem
[Fukuma, Umeda (2017), Fukuma, NM, Umeda (2019)]

{J ! }
<latexit sha1_base64="VAK1ixhEeKjqZWNy8UU1EnKnrzU="></latexit>

RN
<latexit sha1_base64="gWqvQ/3JsB8suT4251W7p7MzqRw="></latexit>

! t
<latexit sha1_base64="yWQee5RW6+TuRWV05Orj4ETUFgM="></latexit>

!

!

!

A ! { ta} a=0 ,ááá,A
<latexit sha1_base64="MjViYAagaO2EOl8yX7o5+JiUNiI="></latexit>

Tempered Lefschetz thimble method

!"
#

$%

&'(&"

ImS(z) = const
<latexit sha1_base64="ZQHGUSbFSzaNzUgSdCrFvMwZQeA="></latexit>



In particular, the acceptance rate 
becomes constant for larger   ,
where      get close to the thimbles.

This choice results in the acceptance rates 
being roughly above 0.4.
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is an exponential function of    .a
<latexit sha1_base64="Y+f6HjNLc6zUMlP9Y20LZpewonQ="></latexit>

t a
<latexit sha1_base64="sv02Y0kZbO7k8bBfDm8zsu7oURY="></latexit>

should be a linear function of .a
<latexit sha1_base64="Y+f6HjNLc6zUMlP9Y20LZpewonQ="></latexit>

In the application of TLTM to the Hubbard model, [Fukuma, NM, Umeda (2019)]

As in the simulated tempering, we expect that the optimal form of 
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At large   ,

the tempering parameter in TLTM

t
<latexit sha1_base64="pA5ntobkYl/Isfll9xkCLo9ruOY="></latexit>

!

!

!

we confirmed this choice works well :

µ = 8
<latexit sha1_base64="9XVeqsYdGmo0RqHGSgetL/JUu2I="></latexit>

closer to the thimbles⌃t
<latexit sha1_base64="yWQee5RW6+TuRWV05Orj4ETUFgM="></latexit>

(see also discussion in [Alexandru, Basar, Bedaque, Warrington (2017)])

�ta
<latexit sha1_base64="03PdZmUHEcTjxzHKwp0+WmhNFm4="></latexit>

t
<latexit sha1_base64="WmYtURRofRutdkoFPTRpFburkBU="></latexit>

Optimized form for the flow time

ReS(zt(x))
<latexit sha1_base64="16uOMTk6h2rLY9CK+pCN1+yn7V0="></latexit>

increases exponentially as ! t ! e(const)⇥t
<latexit sha1_base64="+qoz01dHe8gJYByIAfwT910Cvv4="></latexit>

Here,     is taken to be
a piecewise linear function of    .

ta
<latexit sha1_base64="kWSwfH0ehyyqB1RauDcRdb44oTA="></latexit>

a
<latexit sha1_base64="Y+f6HjNLc6zUMlP9Y20LZpewonQ="></latexit>

the gradient is changed at           .a = 5
<latexit sha1_base64="nJqxqXiXqqi6dyTNd/BdWRYJeIU="></latexit>

⌃t
<latexit sha1_base64="tmtfEhm4RHhVv7xt4E/zr4ZBZHA="></latexit>

!

!

!



Summary
We defined the distance between configs, 
which enumerates the difficulty of transition.
We discussed that an asymptotically AdS geometry emerges 
in the extended and coarse-grained config space.
We showed that the optimization of the tempering parameter 
can be easily done geometrically. 
The result coincides with the one obtained by minimizing the distance.

Future work
Consider the distance in the Yang-Mills theory, 
and investigate the geometry of the config space
by identifying configs with the same topological charge as a single config.

Apply the distance to models whose DOF can be interpreted as 
spacetime coordinates (e.g. matrix models),
and identify the geometry of the config space as the spacetime geometry.
This would give a way to define quantum gravity.
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l

l

l

l

l

We further argued how to determine the optimized form of
the tempering parameter in TLTM.

l



Thank you


