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PWA & L+P up to now

1 Introducing the Pietarinen expansion method into the
single-channel pole extraction problem

2 Poles of Karlsruhe-Helsinki KH80 and KA84 solutions
extracted by using the Laurent-Pietarinen method

3 Pole positions and residues from pion photoproduction
using the Laurent-Pietarinen expansion method

4 Pole structure from energy-dependent and single-energy
�ts to GWU-SAID πN elastic scattering data

5 Generalization of the model-independent
Laurent�Pietarinen single-channel pole-extraction
formalism to multiple channels

6 Baryon transition form factors at the pole
7 Strong evidence for nucleon resonances near 1900MeV
8 N∗resonances from KΛ amplitudes in sliced bins in energy
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Experiment -> Poles
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Fixed-t <> Single Energy
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Single channel formalism
Laurent series - L

Laurent expansion of a complex analytic function

f (z) =
∞∑
n=0

an (z − z0)n +
∞∑
n=1

a−n (z − z0)−n

Aplied to a single channel scattering matrix

T (W ) =
a−1

W0 −W
+
∞∑
n=0

an (W −W0)n

Generalized Laurent expansion for the function with k poles

T (W ) =
k∑
i=1

a
(i)
−1

Wi −W
+ B

L (W )

k - number of poles, a
(i)
−1

and Wi are residues and pole

positions for i-th pole, BL (W ) regular function in all
W 6= Wi
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Single channel formalism
Laurent series - L

Laurent expansion is valid only locally
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Single channel formalism
Pietarinen series - P

Using di�erent aproach than standard power series for the
regular part of Laurent expansion

S. Ciulli and J. Fischer in Nucl. Phys. 24, 465 (1961).

I. Ciulli, S. Ciulli, and J. Fisher, Nuovo Cimento 23, 1129
E. Pietarinen, Nuovo Cimento Soc. Ital. Fis. 12A, 522 (1972).

It has been used, with great success in the KH PWA
To avoid discussing the arbitrariness of all possible choices
for the background function BL (W ) by replacing it with
rapidly converging Pietarinen power series de�ned by a
complete set of functions with well known analytic
properties.
If F (W ) is analytic function having a cut starting at
W = xP then

F (W ) =
N∑
n=0

cnZ
n (W ) where Z (W ) =

α−
√
xp −W

α+
√
xp −W
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Single channel formalism
Pietarinen series - P

LHC, RHC, Poles

One Pietarinen series to represent each cut

As we have too many cuts in PW we will group them into two cateogories

all negative energy cuts are approximated with only one, e�ective negative energy
cut represented with one Pietarinen series

each physical cut is represented with its own Pietarinen series with branch points

determined by the physics of the process.

Equation wich de�ne Laurent expansion + Pietarinen series method (L+P method):

T (W ) =
k∑
i=1

xi + ı yi

Wi −W
+

K∑
k=1

ckX (W )k +
L∑
l=1

dlY (W )l +
M∑
m=1

emZ (W )m

X (W ) =
α−

√
xP −W

α +
√
xP −W

; Y (W ) =
β −

√
xQ −W

β +
√
xQ −W

; Z (W ) =
γ −

√
xR −W

γ +
√
xR −W

Ddp =
1

2NE

NE∑
i=1

(< T�t
i −< Ti

Err
<
i

)2

+

(
= T�t

i −= Ti

Err
=
i

)2


18(a) / 24



Outline

Database

PWA

Laurent +
Pietarinen
(L+P)

Single channel formalism
Pietarinen series - P

LHC, RHC, Poles

One Pietarinen series to represent each cut

As we have too many cuts in PW we will group them into two cateogories

all negative energy cuts are approximated with only one, e�ective negative energy
cut represented with one Pietarinen series

each physical cut is represented with its own Pietarinen series with branch points

determined by the physics of the process.

Equation wich de�ne Laurent expansion + Pietarinen series method (L+P method):

T (W ) =
k∑
i=1

xi + ı yi

Wi −W
+

K∑
k=1

ckX (W )k +
L∑
l=1

dlY (W )l +
M∑
m=1

emZ (W )m

X (W ) =
α−

√
xP −W

α +
√
xP −W

; Y (W ) =
β −

√
xQ −W

β +
√
xQ −W

; Z (W ) =
γ −

√
xR −W

γ +
√
xR −W

Ddp =
1

2NE

NE∑
i=1

(< T�t
i −< Ti

Err
<
i

)2

+

(
= T�t

i −= Ti

Err
=
i

)2


18(b) / 24



Outline

Database

PWA

Laurent +
Pietarinen
(L+P)

Single channel formalism
Pietarinen series - P

LHC, RHC, Poles

One Pietarinen series to represent each cut

As we have too many cuts in PW we will group them into two cateogories

all negative energy cuts are approximated with only one, e�ective negative energy
cut represented with one Pietarinen series

each physical cut is represented with its own Pietarinen series with branch points

determined by the physics of the process.

Equation wich de�ne Laurent expansion + Pietarinen series method (L+P method):

T (W ) =
k∑
i=1

xi + ı yi

Wi −W
+

K∑
k=1

ckX (W )k +
L∑
l=1

dlY (W )l +
M∑
m=1

emZ (W )m

X (W ) =
α−

√
xP −W

α +
√
xP −W

; Y (W ) =
β −

√
xQ −W

β +
√
xQ −W

; Z (W ) =
γ −

√
xR −W

γ +
√
xR −W

Ddp =
1

2NE

NE∑
i=1

(< T�t
i −< Ti

Err
<
i

)2

+

(
= T�t

i −= Ti

Err
=
i

)2


18(c) / 24



Outline

Database

PWA

Laurent +
Pietarinen
(L+P)

Single channel formalism
Pietarinen series - P

LHC, RHC, Poles

One Pietarinen series to represent each cut

As we have too many cuts in PW we will group them into two cateogories

all negative energy cuts are approximated with only one, e�ective negative energy
cut represented with one Pietarinen series

each physical cut is represented with its own Pietarinen series with branch points

determined by the physics of the process.

Equation wich de�ne Laurent expansion + Pietarinen series method (L+P method):

T (W ) =
k∑
i=1

xi + ı yi

Wi −W
+

K∑
k=1

ckX (W )k +
L∑
l=1

dlY (W )l +
M∑
m=1

emZ (W )m

X (W ) =
α−

√
xP −W

α +
√
xP −W

; Y (W ) =
β −

√
xQ −W

β +
√
xQ −W

; Z (W ) =
γ −

√
xR −W

γ +
√
xR −W

Ddp =
1

2NE

NE∑
i=1

(< T�t
i −< Ti

Err
<
i

)2

+

(
= T�t

i −= Ti

Err
=
i

)2


18(d) / 24



Outline

Database

PWA

Laurent +
Pietarinen
(L+P)

Single channel formalism
Pietarinen series - P

LHC, RHC, Poles

One Pietarinen series to represent each cut

As we have too many cuts in PW we will group them into two cateogories

all negative energy cuts are approximated with only one, e�ective negative energy
cut represented with one Pietarinen series

each physical cut is represented with its own Pietarinen series with branch points

determined by the physics of the process.

Equation wich de�ne Laurent expansion + Pietarinen series method (L+P method):

T (W ) =
k∑
i=1

xi + ı yi

Wi −W
+

K∑
k=1

ckX (W )k +
L∑
l=1

dlY (W )l +
M∑
m=1

emZ (W )m

X (W ) =
α−

√
xP −W

α +
√
xP −W

; Y (W ) =
β −

√
xQ −W

β +
√
xQ −W

; Z (W ) =
γ −

√
xR −W

γ +
√
xR −W

Ddp =
1

2NE

NE∑
i=1

(< T�t
i −< Ti

Err
<
i

)2

+

(
= T�t

i −= Ti

Err
=
i

)2


18(e) / 24



Outline

Database

PWA

Laurent +
Pietarinen
(L+P)

Single channel formalism
Pietarinen series - P

LHC, RHC, Poles

One Pietarinen series to represent each cut

As we have too many cuts in PW we will group them into two cateogories

all negative energy cuts are approximated with only one, e�ective negative energy
cut represented with one Pietarinen series

each physical cut is represented with its own Pietarinen series with branch points

determined by the physics of the process.

Equation wich de�ne Laurent expansion + Pietarinen series method (L+P method):

T (W ) =
k∑
i=1

xi + ı yi

Wi −W
+

K∑
k=1

ckX (W )k +
L∑
l=1

dlY (W )l +
M∑
m=1

emZ (W )m

X (W ) =
α−

√
xP −W

α +
√
xP −W

; Y (W ) =
β −

√
xQ −W

β +
√
xQ −W

; Z (W ) =
γ −

√
xR −W

γ +
√
xR −W

Ddp =
1

2NE

NE∑
i=1

(< T�t
i −< Ti

Err
<
i

)2

+

(
= T�t

i −= Ti

Err
=
i

)2


18(f) / 24



Outline

Database

PWA

Laurent +
Pietarinen
(L+P)

Multi/Coupled - channel/multipole... formalism

Correlated multipoles in π and η photoproduction, and
partial wave amplitudes in coupled-channel models can
only be treated in a sequence of independent
single-channel procedures, missing the constraint that
poles in all such situations must be the same.

Also, in some cases, all existing poles may not be
recognized in each individual process, and that in particular
happens if a resonance coupling to a particular channel is
weak.
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Multi/Coupled - channel/multipole... formalism

The generalization of L+P method to MC L+P is performed in the
following way:

Separate Laurent expansions and Pietarinen series for each

channel/multipole;
Pole positions are the same for all channels/multipoles,

Residua and all Pietarinen coe�cients free;

Branch-points exactly as for the single-channel model;

Generalize the single-channel discrepancy function Da
dp

T
a (W ) =

k∑
i=1

x
(a)
i

+ ı y
(a)
i

Wi −W
+

K∑
k=1

c
(a)

k
X

(a) (W )k +
L∑
l=1

d
(a)

l
Y

(a) (W )l +
M∑
m=1

e
(a)
m Z

(a) (W )m

X
(a) (W ) =

α(a) −
√
x
(a)
P −W

α(a) +

√
x
(a)
P −W

; Y (a) (W ) =
β(a) −

√
x
(a)
Q −W

β(a) +

√
x
(a)
Q −W

; Z (a) (W ) =
γ(a) −

√
x
(a)
R −W

γ(a) +

√
x
(a)
R −W

Ddp =
∑
(a)

D
(a)

dp
=

1

2Ndata

Ndata∑
i=1


< T�t

(a) (Wi )− < T(a) (Wi )

Err
<
i,(a)

2

+

= T�t
(a) (Wi )− = T(a) (Wi )

Err
=
i,(a)

2


20(a) / 24



Outline

Database

PWA

Laurent +
Pietarinen
(L+P)

Multi/Coupled - channel/multipole... formalism

The generalization of L+P method to MC L+P is performed in the
following way:

Separate Laurent expansions and Pietarinen series for each

channel/multipole;

Pole positions are the same for all channels/multipoles,

Residua and all Pietarinen coe�cients free;

Branch-points exactly as for the single-channel model;

Generalize the single-channel discrepancy function Da
dp

T
a (W ) =

k∑
i=1

x
(a)
i

+ ı y
(a)
i

Wi −W
+

K∑
k=1

c
(a)

k
X

(a) (W )k +
L∑
l=1

d
(a)

l
Y

(a) (W )l +
M∑
m=1

e
(a)
m Z

(a) (W )m

X
(a) (W ) =

α(a) −
√
x
(a)
P −W

α(a) +

√
x
(a)
P −W

; Y (a) (W ) =
β(a) −

√
x
(a)
Q −W

β(a) +

√
x
(a)
Q −W

; Z (a) (W ) =
γ(a) −

√
x
(a)
R −W

γ(a) +

√
x
(a)
R −W

Ddp =
∑
(a)

D
(a)

dp
=

1

2Ndata

Ndata∑
i=1


< T�t

(a) (Wi )− < T(a) (Wi )

Err
<
i,(a)

2

+

= T�t
(a) (Wi )− = T(a) (Wi )

Err
=
i,(a)

2


20(b) / 24



Outline

Database

PWA

Laurent +
Pietarinen
(L+P)

Multi/Coupled - channel/multipole... formalism

The generalization of L+P method to MC L+P is performed in the
following way:

Separate Laurent expansions and Pietarinen series for each

channel/multipole;
Pole positions are the same for all channels/multipoles,

Residua and all Pietarinen coe�cients free;

Branch-points exactly as for the single-channel model;

Generalize the single-channel discrepancy function Da
dp

T
a (W ) =

k∑
i=1

x
(a)
i

+ ı y
(a)
i

Wi −W
+

K∑
k=1

c
(a)

k
X

(a) (W )k +
L∑
l=1

d
(a)

l
Y

(a) (W )l +
M∑
m=1

e
(a)
m Z

(a) (W )m

X
(a) (W ) =

α(a) −
√
x
(a)
P −W

α(a) +

√
x
(a)
P −W

; Y (a) (W ) =
β(a) −

√
x
(a)
Q −W

β(a) +

√
x
(a)
Q −W

; Z (a) (W ) =
γ(a) −

√
x
(a)
R −W

γ(a) +

√
x
(a)
R −W

Ddp =
∑
(a)

D
(a)

dp
=

1

2Ndata

Ndata∑
i=1


< T�t

(a) (Wi )− < T(a) (Wi )

Err
<
i,(a)

2

+

= T�t
(a) (Wi )− = T(a) (Wi )

Err
=
i,(a)

2


20(c) / 24



Outline

Database

PWA

Laurent +
Pietarinen
(L+P)

Multi/Coupled - channel/multipole... formalism

The generalization of L+P method to MC L+P is performed in the
following way:

Separate Laurent expansions and Pietarinen series for each

channel/multipole;
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Multi/Coupled - channel/multipole... formalism

The generalization of L+P method to MC L+P is performed in the
following way:

Separate Laurent expansions and Pietarinen series for each
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Multi/Coupled - channel/multipole... formalism

The generalization of L+P method to MC L+P is performed in the
following way:

Separate Laurent expansions and Pietarinen series for each
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