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Method

Result 1: Small-size clusters at low T

References

Result 4: Effect on kurtosis

Result 2: Four-nucleon clustering and He-4 production

We propose new effects in heavy-ion collisions at the Beam Energy Scan (BES) of the Relativistic
Heavy-Ion Collider which can signal the presence of a possible QCD critical point at a particular collision energy.

We focus on nucleon-nucleon (NN) interaction: at distances ~1 fm is mediated by the σ critical mode.

Beyond mean field, the ω strength is increased to 
reduce the potential depth and make it closer to the 

phenomenological NN Bonn potential.

The shallow potential classically bounds few-nucleons 
close to T=0 (see Results 1). It can also reproduce 

binding energies of bulk nuclear matter in a 
semiclassical approach (see Ref. [1]).  

Walecka-Serot potential between nucleons: 

Close to the critical point T
c
~100 MeV, this potential is 

unable to bind nucleons. However, modifications due to 
the σ mode strongly affects the NN interaction

(see Method).

Nuclear forces appear as a partial cancellation of repulsion and attraction in the mean potential energy,
and Fermi energy, producing binding energies of few MeV in infinite nuclear matter.

We consider several NN potentials with increasing degree of criticality (due to decrease of σ mass close to T
c
):

Result 3: Big clusters close to critical transition

Molecular dynamics + Langevin with V
A’
 potential at T=10-3 MeV with N=4, 6, 8 and 13 nucleons

T is fixed by fast particles (pions, kaons), while nucleon dynamics is dominated by the pairwise potential.
Baryon diffusion constant λ is taken from URASiMA simulations.

We stress the importance of correlations between nucleons for binding and eventual clustering
(Boltzmann’s Stosszahlansatz is not enough to describe this phenomenon).

1) With freeze-out conditions as in experiment, we run N
ev

=105 simulations with N=32 particles in a 

non-expanding frame during Δt=5 fm/c. A final boost matches y and p
T
 distributions. 

A system with noncritical V
A’
 is calibrated to s1/2

NN
=19.6 GeV (close to Poisson expectations). 

We cannot simulate larger energies due to the absence of antiprotons. 

For freeze-out conditions at BES the potential V
A’
 cannot produce clustering of nucleons

However, V
C
 is able to form clusters (e.g. He-4) at temperatures T~100 MeV within a few Fermi/c. 

PDF of distances between nucleons at T=120 MeV for N=4.
At T=0, a Dirac delta sits at the minimum of the potential

These potentials are implemented into a classical molecular dynamics with thermal noise.
We extract physical properties from phase space distribution.

Quantum effects are ignored at T~100 MeV, but needed for infinite matter (see [1]).

Molecular Dynamics + Langevin Equation

 

Conclusions
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Spatial configurations and binding energies checked against direct minimization of the potential.

Resulting geometries coincide with Platonic solids except for N=8 (as known for Lennard-Jones potential) 

PDF is used to define an 
identification procedure of 
N=4 clusters in simulations 

with more nucleons

N=128
T=120 MeV
n=0.16 fm-3

At long times all 
particles eventually fall 

into a big cluster
(except for outliers 

with high momentum)

Medium at BES only has a 
few Fermi/c to interact.

We can expect few-nucleon 
partially bound systems 

e.g. proto He-4 nuclei
(see Result 2) 

also...
signatures on cumulants of 
(net-)proton distribution at 

freeze-out?
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1) Attractive part of NN potential is very sensitive to the QCD critical mode σ.

2) Phenomenological potentials for infinite nuclear matter are not able to produce binding around T~100 MeV.

3) NN potential reflecting σ-mass suppression close to T
c 
allows for substantial nuclear clustering.

4) In HICs, finite duration and radial expansion prevent big agglomeration, but small clusters can be formed.

ENHANCED HE-4 PRODUCTION IN BES CLOSE TO CRITICAL POINT

5) Clustering induces NN correlations producing an enhancement of kurtosis close to T
c

INCREASE OF KURTOSIS SIGNALS CRITICAL REGION DUE TO CLUSTERING   

2) We rescale our numbers 
to fix average number of 
protons in one cut.

Other proton cumulants 
match well with experiment 
for both cuts.

3) Larger criticality of NN potential we observe an increase of kurtosis.

Clustering → non Gaussian correlations!
STAR data. Two cuts:

0.4 GeV < p
T
 < 0.8 GeV

|y| < 0.5

(from Ref. [3])

0.4 GeV < p
T
 < 2 GeV

|y| < 0.5

(from Ref. [4],
STAR preliminary)

Simulation with N=32, T=120 MeV, Δt=5 fm/c

Motivation
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Jet quenching and monopoles

The puzzle of large v2 of the jet quenching

Why pQCD works for jet quenching but fails for viscosity?

Monopoles near Tc is a major contributor to q-hat

The electric-magnetic duality on the QCD phase diagram

Baryonic clustering at freezeout

The modified NN potentials and pre-clusters

Globular clusters and snow blowers

Molecular dynamics/Langevin simulations

Semiclassical pre-clusters and d,t  production  
in RHIC BES domain

For my general review see Rev.Mod.Phys. 89 (2017) 035001 



Monopoles and jet quenching
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Abstract: We study the correlators of Polyakov loops, and the corresponding gauge

invariant free energy of a static quark-antiquark pair in 2+1 flavor QCD at finite temper-

ature. Our simulations were carried out on Nt = 6, 8, 10, 12, 16 lattices using Symanzik

improved gauge action and a stout improved staggered action with physical quark masses.

The free energies calculated from the Polyakov loop correlators are extrapolated to the

continuum limit. For the free energies we use a two step renormalization procedure that

only uses data at finite temperature. We also measure correlators with definite Euclidean

time reversal and charge conjugation symmetry to extract two di↵erent screening masses,

one in the magnetic, and one in the electric sector, to distinguish two di↵erent correlation

lengths in the full Polyakov loop correlator.
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Figure 8. The continuum extrapolations of the screening masses and the ratio of the screening
masses. For the ratio mE/mM we also included di↵erent estimates from the literature: Lattice
results from Ref. [31], dimensionally reduced 3D e↵ective field theory results from Ref. [41], and
results from N = 4 SYM plasma with AdS/CFT from Ref. [42].

lation:

mE/T = 7.31(25) mM/T = 4.48(9)

mE/mM = 1.63(8)

• Ref. [31]: 2 flavour lattice QCD withWilson quarks, a somewhat heavy pionm⇡/m⇢ =

0.65, no continuum extrapolation

mE/T = 13.0(11) mM/T = 5.8(2)

mE/mM = 2.3(3)

• From Table 1 of Ref. [42]: N = 4 SYM, large Nc limit, AdS/CFT

mE/T = 16.05 mM/T = 7.34

mE/mM = 2.19

• From Figure 3 of Ref. [41]: dimensionally reduced 3D e↵ective theory, Nf = 2 mass-

less quarks

mE/T = 7.0(3) mM/T = 3.9(2)

mE/mM = 1.79(17)

• From Figure 3 of Ref. [41]: dimensionally reduced 3D e↵ective theory, Nf = 3 mass-

less quarks

mE/T = 7.9(4) mM/T = 4.5(2)

mE/mM = 1.76(17)

We note, that our results are closest to the results from dimensionally reduced e↵ective

field theory.

– 14 –

mE

T
= g

r
1 +

Nf

6

But, according to lattice, 
It is NOT at all small!!! 

The typical thermal 
quasiparticle has 

Why pQCD works for jet quenching but fails for viscosity?

P
And it may 

split 
collinearly 

Q

p ⇠ 10� 100GeV � Q ⇠ 1GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Radiative jet quenching: 
Q is accumulated from many soft kicks 

BDMPS

Some (Kurkela, Wiedemann, Teaney) 
Tried to use the same mechanism for 

viscosity, enhancing pQCD by soft scattering 
In pQCD p>>Q because g<<1

p ⇠ 3T ⇠ 1GeV
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

So Q and p comparable 
1 GeV parton cannot be split 
because its mass is O(1 GeV) 
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Appendix A 2. One should keep in mind that the plotted
density is normalized to T3. Such a normalization is
appropriate at high T, dominated by quarks and gluons,
but not necessarily at small T.
In this work, we will use two versions of the monopole

density, both obtained from lattice data, but in different
ways. The spread of the results is expected to represent the
uncertainty existing at the moment. The (blue) solid curve,
with a peak at Tc, in Fig. 1 shows the “directly observed”
monopole density, from Eq. (A3), which was measured on
the lattice [12].
The (red) dashed curve for the density of monopoles,

which peaks at about T ≈ 1.5Tc rather than at Tc, was
derived thermodynamically. It is the monopole density
needed to reproduce the correct pressure (entropy, energy)
of QCD as measured on the lattice [26]; in the window of
temperatures from 1 − 2Tc, the energy density, pressure,
and entropy density produced by electric quasiparticle
degrees of freedom is insufficient.
We have discussed this thermodynamic estimate in our

previous work [13]. As we will show below, a monopole
density with a peak around Tc seems to be crucial for
reproduction of the jet quenching data.

IV. CORRECTION DUE TO CORRELATIONS
OF MONOPOLES

Since the magnetic and electric couplings are compa-
rable, the ensemble of magnetic monopoles constitute a
strongly coupled plasma in the region of temperatures
above Tc. In such plasmas, there exist strong correlations
between positive and negative charges, which cancel out
their fields in some parts of space, reducing their impact on
jet quenching.

As expected by the renormalization group flow and
Dirac condition, it was directly shown on the lattice
(c.f. Refs. [12,27]) that monopoles become more correlated
as temperature is increased [16]. We have evaluated
corrections to the monopole contribution to jet quenching
using configurations from our previous path-integral
Monte Carlo simulations [13]. In that work, we reproduced
the lattice correlation functions and the critical condensa-
tion of the monopoles, in a two-component Coulomb Bose
gas with varying coupling. In the process of doing these
studies, we created quantum ensembles of monopole paths,
which we can now use to test what effect these correlations
have on the transverse momentum acquired by a jet.
In order to determine the magnitude of this effect, we

calculate the net force along a line going through an
uncorrelated configuration (random distribution of monop-
oles and antimonopoles), and then through a random sample
of the configurations created in the study of Ref. [13].
The correlations in the plasma are not extremely strong

(there is no crystal like structure, etc.) but are indeed
present—the maximal deviation from 1 of the radial
distribution function is 0.2 at 1.1Tc and 0.4 at 3.8Tc;
see Refs. [12,13,27] for detailed plots of the radial
distribution functions.
Figure 2 shows the ratio of the average momentum

transfer squared per unit length for the correlated and
uncorrelated cases. From Tc to 4Tc, the ratio is approx-
imately 0.85, meaning that the correlations reduce the q̂ by
15%. Intuitively, the reduction of transferred momentum
was expected, since the force on a jet fromþ and − charges
will increasingly cancel the more correlated they are.

V. THE EVOLUTION OF THE AMBIENT MATTER
AT RHIC AND LHC ENERGIES

Before we embark on the evaluation of the jet quenching
parameters, we need to define the fireball temperature,

FIG. 1. Electric and magnetic quasiparticle densities used. The
(blue) solid line shows the magnetic monopole density as directly
observed on the lattice. The (red) long dashed line is the
monopole density extracted from the thermodynamics (pressure),
along with the densities of quarks (purple, short dashed) and
gluons (green, dot dashed).

FIG. 2. Ratio of correlated to uncorrelated average momentum
transfer square per mean free path as a function of the temperature.
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Appendix A 2. One should keep in mind that the plotted
density is normalized to T3. Such a normalization is
appropriate at high T, dominated by quarks and gluons,
but not necessarily at small T.
In this work, we will use two versions of the monopole

density, both obtained from lattice data, but in different
ways. The spread of the results is expected to represent the
uncertainty existing at the moment. The (blue) solid curve,
with a peak at Tc, in Fig. 1 shows the “directly observed”
monopole density, from Eq. (A3), which was measured on
the lattice [12].
The (red) dashed curve for the density of monopoles,

which peaks at about T ≈ 1.5Tc rather than at Tc, was
derived thermodynamically. It is the monopole density
needed to reproduce the correct pressure (entropy, energy)
of QCD as measured on the lattice [26]; in the window of
temperatures from 1 − 2Tc, the energy density, pressure,
and entropy density produced by electric quasiparticle
degrees of freedom is insufficient.
We have discussed this thermodynamic estimate in our

previous work [13]. As we will show below, a monopole
density with a peak around Tc seems to be crucial for
reproduction of the jet quenching data.

IV. CORRECTION DUE TO CORRELATIONS
OF MONOPOLES

Since the magnetic and electric couplings are compa-
rable, the ensemble of magnetic monopoles constitute a
strongly coupled plasma in the region of temperatures
above Tc. In such plasmas, there exist strong correlations
between positive and negative charges, which cancel out
their fields in some parts of space, reducing their impact on
jet quenching.

As expected by the renormalization group flow and
Dirac condition, it was directly shown on the lattice
(c.f. Refs. [12,27]) that monopoles become more correlated
as temperature is increased [16]. We have evaluated
corrections to the monopole contribution to jet quenching
using configurations from our previous path-integral
Monte Carlo simulations [13]. In that work, we reproduced
the lattice correlation functions and the critical condensa-
tion of the monopoles, in a two-component Coulomb Bose
gas with varying coupling. In the process of doing these
studies, we created quantum ensembles of monopole paths,
which we can now use to test what effect these correlations
have on the transverse momentum acquired by a jet.
In order to determine the magnitude of this effect, we

calculate the net force along a line going through an
uncorrelated configuration (random distribution of monop-
oles and antimonopoles), and then through a random sample
of the configurations created in the study of Ref. [13].
The correlations in the plasma are not extremely strong

(there is no crystal like structure, etc.) but are indeed
present—the maximal deviation from 1 of the radial
distribution function is 0.2 at 1.1Tc and 0.4 at 3.8Tc;
see Refs. [12,13,27] for detailed plots of the radial
distribution functions.
Figure 2 shows the ratio of the average momentum

transfer squared per unit length for the correlated and
uncorrelated cases. From Tc to 4Tc, the ratio is approx-
imately 0.85, meaning that the correlations reduce the q̂ by
15%. Intuitively, the reduction of transferred momentum
was expected, since the force on a jet fromþ and − charges
will increasingly cancel the more correlated they are.

V. THE EVOLUTION OF THE AMBIENT MATTER
AT RHIC AND LHC ENERGIES

Before we embark on the evaluation of the jet quenching
parameters, we need to define the fireball temperature,

FIG. 1. Electric and magnetic quasiparticle densities used. The
(blue) solid line shows the magnetic monopole density as directly
observed on the lattice. The (red) long dashed line is the
monopole density extracted from the thermodynamics (pressure),
along with the densities of quarks (purple, short dashed) and
gluons (green, dot dashed).

FIG. 2. Ratio of correlated to uncorrelated average momentum
transfer square per mean free path as a function of the temperature.
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 the monopole density  
peaks between 1 and 2 Tc: 

same as kinetic coefficients!!!
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A relatively recent story: the angular distribution of jet quenching and monopoles

A jet in shorter x direction suffers less quenching by matter

dN

dyd2p?
⇠

⇥
1 + 2v2(p?)cos(2�)

⇤

BDMPS theory gave reasonably good description of quenching itself 
But experiment stubbornly gave v2 about twice larger than  

all theories predicted

High pt jets

Angular Dependence of Jet Quenching Indicates Its Strong Enhancement Near the QCD Phase Transition  
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QCD monopoles are magnetically charged quasiparticles whose Bose-Einstein condensation (BEC)
at T < Tc creates electric confinement and flux tubes. The “magnetic scenario” of QCD proposes
that scattering on the non-condensed component of the monopole ensemble at T > Tc is responsible
for the unusual kinetic properties of QGP. In this paper, we study the contribution of the monopoles
to jet quenching phenomenon, using the BDMPS framework and hydrodynamic backgrounds. In
the lowest order for cross sections, we calculate the nuclear modification factor, RAA, and azimuthal
anisotropy, v2, of jets, as well as the dijet asymmetry, Aj , and compare those to the available data.
We find relatively good agreement with experiment when using realistic hydrodynamic backgrounds.
In addition, we find that event-by-event fluctuations are not necessary to reproduce RAA and v2
data, but play a role in Aj . Since the monopole-induced e↵ects are maximal at T ⇡ Tc, we predict
that their role should be significantly larger, relative to quarks and gluons, at lower RHIC energies.

I. INTRODUCTION

The Relativistic Heavy Ion Collider (RHIC) at BNL
and the Large Hadron Collider (LHC) at CERN provide
an abundance of data on a wide range of hadronic col-
lisions, ranging from proton-proton and proton-nucleus
collisions to nucleus-nucleus (heavy-ion) collisions. Cen-
tral and mid-central heavy-ion collisions at su�ciently
high beam energies produced a novel form of matter, the
quark-gluon plasma (QGP). The explosion of the mat-
ter produced in these collisions was found to follow the
predictions of relativistic hydrodynamics. Furthermore,
even “small systems” – central proton-ions and even high-
multiplicity pp collisions – possibly display collective ef-
fects in agreement with hydrodynamics.

Such unusual behavior follows from the unexpected ki-
netic properties of QGP, such as its extremely small vis-
cosity. Another kinetic parameter, to be studied in this
paper, is the mean squared momentum transfer per unit
length for high energy partons, denoted q̂. As we will
see, this transport coe�cient also needs to be enhanced
as compared to näıve perturbative scattering on quarks
and gluons.

Jet energy loss is one of the classic signatures of QGP,
proposed by Bjorken [1]. Perturbatively produced high-
transverse-momentum partons subsequently traverse the
QGP medium created in the heavy-ion collisions. These
fast moving partons su↵er collisional and radiative energy
loss, leading to the phenomenon of “jet quenching.” The
nuclear modification factor, denoted RAA(p?), describes
the di↵erence between the spectrum of hard partons that
traverse a medium and those that do not. Its very strong
deviation from one, to about 0.3 or so, was among the
most dramatic RHIC discoveries. At the LHC, which
produces about twice larger entropy and particle number

⇤ adith.ramamurti@stonybrook.edu
† edward.shuryak@stonybrook.edu

than RHIC, the nuclear modification was expected to be
further enhanced; this, however, has not happened.

Another important property of the in-medium jet en-
ergy loss is the azimuthal anisotropy, v2(p?), the sec-
ond Fourier component of the expansion of RAA(p?, �)
in azimuthal angle �. Since the fireball produced in non-
central collisions has an elliptical shape in the transverse
plane – the lengths of medium in the direction of the im-
pact parameter ~b and the orthogonal direction are di↵er-
ent –, v2 of jets characterizes the path-length dependence
of the energy loss [2].

Most early models predicted v2 to be approximately
twice smaller than what was observed, even when the
overall quenching rate was widely varied, and it was spec-
ulated that those models were missing some qualitative
phenomenon [3]. Liao and Shuryak [4] proposed a pos-
sible solution for this discrepancy: a strong dependence
of the jet quenching on the matter temperature, with a
near-Tc enhancement.

The possible existence of magnetic monopoles in elec-
trodynamics fascinated leading physicists – J.J. Thomp-
son, H. Poincaré, and especially P.A.M. Dirac [5] – for
more than a century, but these objects have yet to be
experimentally found. With the advent of non-Abelian
gauge theories, classical solitons with magnetic charge
have been found, by ’t Hooft [6] and Polyakov [7] in 1970s.

These solutions motivated the “dual superconduc-
tor” model of the confinement, proposed by Nambu [8],
’t Hooft [9], and Mandelstam [10]. In this scenario,
monopoles play the role of Cooper pairs and their Bose-
Einstein condensation (BEC) at T < Tc expels electric
field from the vacuum into confining flux tubes. The
detailed justification of this scenario has been obtained
by the lattice gauge theory community, who were able to
identified the gauge field monopoles and even follow their
correlations and motion [11, 12]. Studies of monopole
BEC and their contribution to QCD thermodynamics
have been recently performed by the authors [13].

General arguments based on the renormalization group
flow tell us that, moving from hard (UV) to soft (IR) mo-
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Expanding around b = 0,

Ṽ (b2, z) =
⇡

2µ(z)
�

1

8
⇡µ(z)b2 + O

�
b3
�

, (9)

Then,

[1 � Ṽ (b2, z)]

�(z)
f̃(b2, z)

⇡

1
8

⇣
⇡b2µ(z) �

4⇡
µ(z) + 8

⌘

�(z)
f̃(b2, z)

= �
b2

4

 
�⇡b2µ(z) + 4⇡

µ(z) � 8

2b2�(z)

!
f̃(b2, z) (10)

= �
b2

4
q̂(z)f̃(b2, z) , (11)

where the transport coe�cient q̂,

q̂(z) ⌘
1

�(z)


4

b2
(1 � Ṽ (b2, z))

�
=

h�p2?(z)i

�(z)
. (12)

is defined to be the average squared transverse momen-
tum acquired per unit length. This expression is not
convergent at b ! 0 (see the expression in parentheses in
Eq. 10), but in logarithmic approximation,

q̂(z) ⇡
1

�(z)

Z 1/b2

0
d2~q?~q2?V (~q2?, z)

= ⇢(z)

Z 1/b2

0
d2~q?~q2?

d�

d~q2?
(~q2?, z) , (13)

where ⇢(z) is the density of scatterers. This shows that
this formalism is equivalent to the transport cross section
method of finding the transverse kick; e.g. for a non-
relativistic particle traveling in the z direction through
the field of a single scatterer, we have that,

�p? =

Z 1

�1

b dz

(b2 + z2)3/2
=

2

b
! �p2? =

4

b2
. (14)

B. Scattering on electric and magnetic
quasiparticles

The generic form of d�/dq2? in QCD is

d�

dq2?
=

C

(q2? + µ2)2
, (15)

For quarks CF = 4/3 and for gluons CA = 3, so, as it is
well known [23, 24], we have that

d�qq

dq2?
=

(4/3)2⇡↵2
s(q

2
?)

(q2? + µ2
E)2

, (16)

d�qg

dq2?
=

4⇡↵2
s(q

2
?)

(q2? + µ2
E)2

, (17)

and

d�gg

dq2?
=

9⇡↵2
s(q

2)

(q2 + µ2
E)2

. (18)

Our task at this point is to add scattering on monopoles.
Since, for a parton moving ultra-relativistically, the kick
from electric and magnetic fields are similar, one expect
the same form of the cross section d�/dq2, albeit with
di↵erent factors in the numerator and denominator

d�qm

dq2?
=

(4/3)⇡F 2(q2?)

(q2? + µ2
M )2

, (19)

d�gm

dq2?
=

3⇡F 2(q2?)

(q2? + µ2
M )2

, (20)

with F (q2?) the monopole form factor. For point-like
monopoles, we have that F (q?) = 1; for finite-size, we
can use the standard treatment of Rutherford scattering
in the Born approximation, from which we know that the
form factor F (q?) = exp{�q2?a2/6} where a is the radius
of the scatterer. We only consider long-range Abelian
part of the monopole field, and do not take into account
a more complicated non-Abelian fields in the monopole
core.

There are no factors of ↵s in the monopole cross sec-
tions, due to the Dirac condition, which makes their mag-
nitude larger relative to the electric-scatterer cross sec-
tions. Another aspect of the parton-monopole cross sec-
tions is that the screening mass in denominator, µM , is
the magnetic screening mass, which, according to lattice
measurements, is in QGP about twice smaller than the
electric mass, µE [26].

Let us, as an exercise, integrate the relevant expres-
sions,

BDMPS theory: q-hat contains the kicks
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(1 � Ṽ (b2, z))

�
=

h�p2?(z)i

�(z)
. (12)

is defined to be the average squared transverse momen-
tum acquired per unit length. This expression is not
convergent at b ! 0 (see the expression in parentheses in
Eq. 10), but in logarithmic approximation,

q̂(z) ⇡
1

�(z)

Z 1/b2

0
d2~q?~q2?V (~q2?, z)

= ⇢(z)

Z 1/b2

0
d2~q?~q2?

d�

d~q2?
(~q2?, z) , (13)

where ⇢(z) is the density of scatterers. This shows that
this formalism is equivalent to the transport cross section
method of finding the transverse kick; e.g. for a non-
relativistic particle traveling in the z direction through
the field of a single scatterer, we have that,

�p? =

Z 1

�1

b dz

(b2 + z2)3/2
=

2

b
! �p2? =

4

b2
. (14)

B. Scattering on electric and magnetic
quasiparticles

The generic form of d�/dq2? in QCD is

d�

dq2?
=

C

(q2? + µ2)2
, (15)

For quarks CF = 4/3 and for gluons CA = 3, so, as it is
well known [23, 24], we have that

d�qq

dq2?
=

(4/3)2⇡↵2
s(q

2
?)

(q2? + µ2
E)2

, (16)

d�qg

dq2?
=

4⇡↵2
s(q

2
?)

(q2? + µ2
E)2

, (17)

and

d�gg

dq2?
=

9⇡↵2
s(q

2)

(q2 + µ2
E)2

. (18)

Our task at this point is to add scattering on monopoles.
Since, for a parton moving ultra-relativistically, the kick
from electric and magnetic fields are similar, one expect
the same form of the cross section d�/dq2, albeit with
di↵erent factors in the numerator and denominator

d�qm

dq2?
=

(4/3)⇡F 2(q2?)

(q2? + µ2
M )2

, (19)

d�gm

dq2?
=

3⇡F 2(q2?)

(q2? + µ2
M )2

, (20)

with F (q2?) the monopole form factor. For point-like
monopoles, we have that F (q?) = 1; for finite-size, we
can use the standard treatment of Rutherford scattering
in the Born approximation, from which we know that the
form factor F (q?) = exp{�q2?a2/6} where a is the radius
of the scatterer. We only consider long-range Abelian
part of the monopole field, and do not take into account
a more complicated non-Abelian fields in the monopole
core.

There are no factors of ↵s in the monopole cross sec-
tions, due to the Dirac condition, which makes their mag-
nitude larger relative to the electric-scatterer cross sec-
tions. Another aspect of the parton-monopole cross sec-
tions is that the screening mass in denominator, µM , is
the magnetic screening mass, which, according to lattice
measurements, is in QGP about twice smaller than the
electric mass, µE [26].

Let us, as an exercise, integrate the relevant expres-
sions,

No alpha_s 
Twice smaller screening mass 

Different T dependence of densities8

15 35 55 75 95

0.2

0.4

0.6

0.8
(a)

ALICE 20-30% h±

CMS 10-30% h±

8 18 28 38 48

(c)

PHENIX 20-30% �0

PHENIX 20-30% �0

15 35 55 75 95

0.2

0.4

0.6

0.8
(b)

IP-Glasma+(2+1)D hydro., � 6= 0

Glauber+(2+1)D hydro., � 6= 0

Glauber+(2+1)D hydro., � = 0

Glauber+(1+1)D hydro.

8 18 28 38 48

(d)

p� [GeV]

R
A

A
(p

�
)

FIG. 6. (Color online.) Nuclear modification factor of charged hadrons in 2.76 Pb-Pb collisions (a),(b), and neutral pions
in 200 GeV Au-Au collisions (c),(d). The first row (a),(c) is the results for monopole density from the lattice, while the
second row (b),(d) is results for monopole density from the equation of state. The (red) solid curve is for IP-Glasma initial
conditions and (2+1)D hydrodynamics with bulk viscosity (⇣ 6= 0), the (blue) dash-dot curve is for Glauber initial conditions
and (2+1)D hydrodynamics with bulk viscosity (⇣ 6= 0), the (green) dash-dot-dot curve is for Glauber initial conditions and
(2+1)D hydrodynamics without bulk viscosity (⇣ = 0), and the (purple) dashed curve is for the smooth Glauber initial condition
with (1+1)D Bjorken evolution. Collider data from Refs. [35, 36] for LHC and Refs. [37, 38] for RHIC.

All of the plots are laid out as follows: the first column,
comprising subplots (a) and (b), is for LHC 2.76 TeV
Pb-Pb collisions, and the second column – subplots (c)
and (d) – is for RHIC 200 GeV Au-Au. The first row
is for the monopole density measured on the lattice, and
the second row is for monopole density derived from the
equation of state.

All curves shown are for correlated monopoles; the ef-
fects of correlations on the results are explored in Ap-
pendix C. The calculations shown are for IP-Glasma ini-
tial conditions and (2+1)D hydrodynamics with bulk vis-
cosity, ⇣ 6= 0 (red, solid curves); optical Glauber initial
conditions and (2+1)D hydrodynamics with bulk viscos-
ity, ⇣ 6= 0 (blue, dash-dot curves); optical Glauber initial
conditions and (2+1)D hydrodynamics without bulk vis-
cosity, ⇣ = 0 (green, dash-dot-dot curves); and optical
Glauber initial conditions and (1+1)D Bjorken expan-
sion (purple, dashed curves).

As shown in Fig. 5, the Bjorken-evolving background
(purple, dashed curve) causes far less energy loss than the
scenarios with realistic hydrodynamic backgrounds. This
is due to the fact that this is a one-dimensional expansion,
and the matter does not expand in the transverse plane;

the ellipse of above-Tc medium shrinks inwards to the
center of the fireball with time. This is unlike the (2+1)D
hydrodynamic case (c.f. Fig. 4), where the size of the
above-Tc medium remains approximately constant with
time, and all of the medium cools to approximately Tc

by ⌧ ⇠ 6 fm/c.

Therefore, in the Bjorken-evolving case, the parton jet
“sees” far less medium during its traversal of the fire-
ball, causing less energy loss. On the other hand, the
Glauber and IP-Glasma initial condition models lead to
a larger energy loss. This loss is very similar with all
initial conditions, provided that the hydrodynamic evo-
lution is realistic.

Since RAA is another measure of medium-induced en-
ergy loss, the results are very similar to that of �E/E.
Shown in Fig. 6, the Glauber and IP-Glasma initial
conditions coupled to realistic hydrodynamic models all
agree with each other, while the Bjorken evolution gives
a much larger result that is incompatible with the ex-
perimental data. The LHC 2.76 TeV Pb-Pb RAA data
is better fit by the monopole density measured on the
lattice (upper left panel), compared to that given by the
equation of state (lower left panel). On the other hand,
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FIG. 7. (Color online.) Azimuthal anisotropy of charged hadrons in 2.76 Pb-Pb collisions (a),(b), and neutral pions in 200
GeV Au-Au collisions (c),(d). The first row (a),(c) is the results for monopole density from the lattice, while the second row
(b),(d) is results for monopole density from the equation of state. The (red) solid curve is for IP-Glasma initial conditions and
(2+1)D hydrodynamics with bulk viscosity (⇣ 6= 0), the (blue) dash-dot curve is for Glauber initial conditions and (2+1)D
hydrodynamics with bulk viscosity (⇣ 6= 0), the (green) dash-dot-dot curve is for Glauber initial conditions and (2+1)D
hydrodynamics without bulk viscosity (⇣ = 0), and the (purple) dashed curve is for the smooth Glauber initial condition with
(1+1)D Bjorken evolution. The (black) dotted curve is for for IP-Glasma initial conditions and (2+1)D hydrodynamics with
bulk viscosity (⇣ 6= 0) with no monopoles. Collider data from Refs. [39, 40] for the LHC and Ref. [41] for RHIC.

the RHIC 200 GeV Au-Au RAA is fit quite well by both
monopole densities when using realistic hydrodynamic
backgrounds.

The azimuthal anisotropy, is shown in Fig. 7. With-
out monopoles – the black dotted line on the left panels
– the v2 is roughly .015, much smaller than the experi-
mental data. The v2 results for both monopole densities
roughly agree with LHC 2.76 TeV Pb-Pb v2 data when
using hydrodynamic backgrounds, including Bjorken evo-
lution. The v2 for RHIC 200 GeV Au-Au data is not in
complete agreement for the (2+1)D hydrodynamic mod-
els (Glauber and IP-Glasma initial conditions); the slope
is less steep in the model than in the data, although the
order of magnitude is correct. On the other hand, the
model disagrees strongly with Bjorken expansion.

In all the preceding discussion, we see that, with mi-
nor variation, the �E/E, RAA, and v2 obtained with
Glauber and IP-Glasma initial conditions and realistic
hydrodynamics (blue dash-dot, green dash-dot-dot, and
red solid curves) all agree with each other. This leads us
to believe that initial-state fluctuations play only a small
role in these quantities and that event-by-event analysis

is not necessary, which is opposite to what is claimed in
Ref. [21]; the inclusion of monopoles in our jet quenching
framework allows for the simultaneous description of v2
and RAA even when using smooth initial conditions.

This most likely occurs because our model is most sen-
sitive to near-Tc medium, which is on the periphery at
early times; at later times, when the whole fireball is
near-Tc, most of the initial state fluctuations are more-
or-less damped out. If a model for jet energy loss focuses
on early times or is sensitive more to medium at higher
temperatures, then the fluctuations would play a much
larger role.

In addition, whether or not the hydrodynamic evo-
lution has bulk viscosity does not make a large di↵er-
ence; the variation between the Glauber initial condition
with and without bulk viscosity can be explained by the
di�culty in tweaking parameters producing the correct
hadron yield without bulk viscosity, giving a di↵erent
background for the jet to traverse (see Appendix B).

This discrepancy in RAA between the two forms of
monopole density – the EoS density not working for 2.76
TeV collisions and both the lattice and EoS densities

Monopoles are indeed very important
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QCD monopoles are magnetically charged quasiparticles whose Bose-Einstein condensation (BEC)
at T < Tc creates electric confinement and flux tubes. The “magnetic scenario” of QCD proposes
that scattering on the non-condensed component of the monopole ensemble at T > Tc is responsible
for the unusual kinetic properties of QGP. In this paper, we study the contribution of the monopoles
to jet quenching phenomenon, using the BDMPS framework and hydrodynamic backgrounds. In
the lowest order for cross sections, we calculate the nuclear modification factor, RAA, and azimuthal
anisotropy, v2, of jets, as well as the dijet asymmetry, Aj , and compare those to the available data.
We find relatively good agreement with experiment when using realistic hydrodynamic backgrounds.
In addition, we find that event-by-event fluctuations are not necessary to reproduce RAA and v2
data, but play a role in Aj . Since the monopole-induced e↵ects are maximal at T ⇡ Tc, we predict
that their role should be significantly larger, relative to quarks and gluons, at lower RHIC energies.

I. INTRODUCTION

The Relativistic Heavy Ion Collider (RHIC) at BNL
and the Large Hadron Collider (LHC) at CERN provide
an abundance of data on a wide range of hadronic col-
lisions, ranging from proton-proton and proton-nucleus
collisions to nucleus-nucleus (heavy-ion) collisions. Cen-
tral and mid-central heavy-ion collisions at su�ciently
high beam energies produced a novel form of matter, the
quark-gluon plasma (QGP). The explosion of the mat-
ter produced in these collisions was found to follow the
predictions of relativistic hydrodynamics. Furthermore,
even “small systems” – central proton-ions and even high-
multiplicity pp collisions – possibly display collective ef-
fects in agreement with hydrodynamics.

Such unusual behavior follows from the unexpected ki-
netic properties of QGP, such as its extremely small vis-
cosity. Another kinetic parameter, to be studied in this
paper, is the mean squared momentum transfer per unit
length for high energy partons, denoted q̂. As we will
see, this transport coe�cient also needs to be enhanced
as compared to näıve perturbative scattering on quarks
and gluons.

Jet energy loss is one of the classic signatures of QGP,
proposed by Bjorken [1]. Perturbatively produced high-
transverse-momentum partons subsequently traverse the
QGP medium created in the heavy-ion collisions. These
fast moving partons su↵er collisional and radiative energy
loss, leading to the phenomenon of “jet quenching.” The
nuclear modification factor, denoted RAA(p?), describes
the di↵erence between the spectrum of hard partons that
traverse a medium and those that do not. Its very strong
deviation from one, to about 0.3 or so, was among the
most dramatic RHIC discoveries. At the LHC, which
produces about twice larger entropy and particle number

⇤ adith.ramamurti@stonybrook.edu
† edward.shuryak@stonybrook.edu

than RHIC, the nuclear modification was expected to be
further enhanced; this, however, has not happened.

Another important property of the in-medium jet en-
ergy loss is the azimuthal anisotropy, v2(p?), the sec-
ond Fourier component of the expansion of RAA(p?, �)
in azimuthal angle �. Since the fireball produced in non-
central collisions has an elliptical shape in the transverse
plane – the lengths of medium in the direction of the im-
pact parameter ~b and the orthogonal direction are di↵er-
ent –, v2 of jets characterizes the path-length dependence
of the energy loss [2].

Most early models predicted v2 to be approximately
twice smaller than what was observed, even when the
overall quenching rate was widely varied, and it was spec-
ulated that those models were missing some qualitative
phenomenon [3]. Liao and Shuryak [4] proposed a pos-
sible solution for this discrepancy: a strong dependence
of the jet quenching on the matter temperature, with a
near-Tc enhancement.

The possible existence of magnetic monopoles in elec-
trodynamics fascinated leading physicists – J.J. Thomp-
son, H. Poincaré, and especially P.A.M. Dirac [5] – for
more than a century, but these objects have yet to be
experimentally found. With the advent of non-Abelian
gauge theories, classical solitons with magnetic charge
have been found, by ’t Hooft [6] and Polyakov [7] in 1970s.

These solutions motivated the “dual superconduc-
tor” model of the confinement, proposed by Nambu [8],
’t Hooft [9], and Mandelstam [10]. In this scenario,
monopoles play the role of Cooper pairs and their Bose-
Einstein condensation (BEC) at T < Tc expels electric
field from the vacuum into confining flux tubes. The
detailed justification of this scenario has been obtained
by the lattice gauge theory community, who were able to
identified the gauge field monopoles and even follow their
correlations and motion [11, 12]. Studies of monopole
BEC and their contribution to QCD thermodynamics
have been recently performed by the authors [13].

General arguments based on the renormalization group
flow tell us that, moving from hard (UV) to soft (IR) mo-
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fast moving partons su↵er collisional and radiative energy
loss, leading to the phenomenon of “jet quenching.” The
nuclear modification factor, denoted RAA(p?), describes
the di↵erence between the spectrum of hard partons that
traverse a medium and those that do not. Its very strong
deviation from one, to about 0.3 or so, was among the
most dramatic RHIC discoveries. At the LHC, which
produces about twice larger entropy and particle number

⇤ adith.ramamurti@stonybrook.edu
† edward.shuryak@stonybrook.edu

than RHIC, the nuclear modification was expected to be
further enhanced; this, however, has not happened.

Another important property of the in-medium jet en-
ergy loss is the azimuthal anisotropy, v2(p?), the sec-
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in azimuthal angle �. Since the fireball produced in non-
central collisions has an elliptical shape in the transverse
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pact parameter ~b and the orthogonal direction are di↵er-
ent –, v2 of jets characterizes the path-length dependence
of the energy loss [2].
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twice smaller than what was observed, even when the
overall quenching rate was widely varied, and it was spec-
ulated that those models were missing some qualitative
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sible solution for this discrepancy: a strong dependence
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near-Tc enhancement.
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by the lattice gauge theory community, who were able to
identified the gauge field monopoles and even follow their
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Expanding around b = 0,

Ṽ (b2, z) =
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2µ(z)
�

1

8
⇡µ(z)b2 + O

�
b3
�

, (9)

Then,

[1 � Ṽ (b2, z)]

�(z)
f̃(b2, z)
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⇣
⇡b2µ(z) �
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µ(z) + 8
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�(z)
f̃(b2, z)
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b2

4

 
�⇡b2µ(z) + 4⇡

µ(z) � 8

2b2�(z)

!
f̃(b2, z) (10)

= �
b2

4
q̂(z)f̃(b2, z) , (11)

where the transport coe�cient q̂,

q̂(z) ⌘
1

�(z)


4

b2
(1 � Ṽ (b2, z))

�
=

h�p2?(z)i

�(z)
. (12)

is defined to be the average squared transverse momen-
tum acquired per unit length. This expression is not
convergent at b ! 0 (see the expression in parentheses in
Eq. 10), but in logarithmic approximation,

q̂(z) ⇡
1

�(z)

Z 1/b2

0
d2~q?~q2?V (~q2?, z)

= ⇢(z)

Z 1/b2

0
d2~q?~q2?

d�

d~q2?
(~q2?, z) , (13)

where ⇢(z) is the density of scatterers. This shows that
this formalism is equivalent to the transport cross section
method of finding the transverse kick; e.g. for a non-
relativistic particle traveling in the z direction through
the field of a single scatterer, we have that,

�p? =

Z 1

�1

b dz

(b2 + z2)3/2
=

2

b
! �p2? =

4

b2
. (14)

B. Scattering on electric and magnetic
quasiparticles

The generic form of d�/dq2? in QCD is

d�

dq2?
=

C

(q2? + µ2)2
, (15)

For quarks CF = 4/3 and for gluons CA = 3, so, as it is
well known [23, 24], we have that

d�qq

dq2?
=

(4/3)2⇡↵2
s(q

2
?)

(q2? + µ2
E)2

, (16)

d�qg

dq2?
=

4⇡↵2
s(q

2
?)

(q2? + µ2
E)2

, (17)

and

d�gg

dq2?
=

9⇡↵2
s(q

2)

(q2 + µ2
E)2

. (18)

Our task at this point is to add scattering on monopoles.
Since, for a parton moving ultra-relativistically, the kick
from electric and magnetic fields are similar, one expect
the same form of the cross section d�/dq2, albeit with
di↵erent factors in the numerator and denominator

d�qm

dq2?
=

(4/3)⇡F 2(q2?)

(q2? + µ2
M )2

, (19)

d�gm

dq2?
=

3⇡F 2(q2?)

(q2? + µ2
M )2

, (20)

with F (q2?) the monopole form factor. For point-like
monopoles, we have that F (q?) = 1; for finite-size, we
can use the standard treatment of Rutherford scattering
in the Born approximation, from which we know that the
form factor F (q?) = exp{�q2?a2/6} where a is the radius
of the scatterer. We only consider long-range Abelian
part of the monopole field, and do not take into account
a more complicated non-Abelian fields in the monopole
core.

There are no factors of ↵s in the monopole cross sec-
tions, due to the Dirac condition, which makes their mag-
nitude larger relative to the electric-scatterer cross sec-
tions. Another aspect of the parton-monopole cross sec-
tions is that the screening mass in denominator, µM , is
the magnetic screening mass, which, according to lattice
measurements, is in QGP about twice smaller than the
electric mass, µE [26].

Let us, as an exercise, integrate the relevant expres-
sions,

BDMPS theory: q-hat contains the kicks
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[1 � Ṽ (b2, z)]

�(z)
f̃(b2, z)

⇡

1
8

⇣
⇡b2µ(z) �

4⇡
µ(z) + 8

⌘

�(z)
f̃(b2, z)

= �
b2

4

 
�⇡b2µ(z) + 4⇡

µ(z) � 8

2b2�(z)

!
f̃(b2, z) (10)

= �
b2

4
q̂(z)f̃(b2, z) , (11)

where the transport coe�cient q̂,

q̂(z) ⌘
1

�(z)


4

b2
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No alpha_s 
Twice smaller screening mass 

Different T dependence of densities

Appendix A 2. One should keep in mind that the plotted
density is normalized to T3. Such a normalization is
appropriate at high T, dominated by quarks and gluons,
but not necessarily at small T.
In this work, we will use two versions of the monopole

density, both obtained from lattice data, but in different
ways. The spread of the results is expected to represent the
uncertainty existing at the moment. The (blue) solid curve,
with a peak at Tc, in Fig. 1 shows the “directly observed”
monopole density, from Eq. (A3), which was measured on
the lattice [12].
The (red) dashed curve for the density of monopoles,

which peaks at about T ≈ 1.5Tc rather than at Tc, was
derived thermodynamically. It is the monopole density
needed to reproduce the correct pressure (entropy, energy)
of QCD as measured on the lattice [26]; in the window of
temperatures from 1 − 2Tc, the energy density, pressure,
and entropy density produced by electric quasiparticle
degrees of freedom is insufficient.
We have discussed this thermodynamic estimate in our

previous work [13]. As we will show below, a monopole
density with a peak around Tc seems to be crucial for
reproduction of the jet quenching data.

IV. CORRECTION DUE TO CORRELATIONS
OF MONOPOLES

Since the magnetic and electric couplings are compa-
rable, the ensemble of magnetic monopoles constitute a
strongly coupled plasma in the region of temperatures
above Tc. In such plasmas, there exist strong correlations
between positive and negative charges, which cancel out
their fields in some parts of space, reducing their impact on
jet quenching.

As expected by the renormalization group flow and
Dirac condition, it was directly shown on the lattice
(c.f. Refs. [12,27]) that monopoles become more correlated
as temperature is increased [16]. We have evaluated
corrections to the monopole contribution to jet quenching
using configurations from our previous path-integral
Monte Carlo simulations [13]. In that work, we reproduced
the lattice correlation functions and the critical condensa-
tion of the monopoles, in a two-component Coulomb Bose
gas with varying coupling. In the process of doing these
studies, we created quantum ensembles of monopole paths,
which we can now use to test what effect these correlations
have on the transverse momentum acquired by a jet.
In order to determine the magnitude of this effect, we

calculate the net force along a line going through an
uncorrelated configuration (random distribution of monop-
oles and antimonopoles), and then through a random sample
of the configurations created in the study of Ref. [13].
The correlations in the plasma are not extremely strong

(there is no crystal like structure, etc.) but are indeed
present—the maximal deviation from 1 of the radial
distribution function is 0.2 at 1.1Tc and 0.4 at 3.8Tc;
see Refs. [12,13,27] for detailed plots of the radial
distribution functions.
Figure 2 shows the ratio of the average momentum

transfer squared per unit length for the correlated and
uncorrelated cases. From Tc to 4Tc, the ratio is approx-
imately 0.85, meaning that the correlations reduce the q̂ by
15%. Intuitively, the reduction of transferred momentum
was expected, since the force on a jet fromþ and − charges
will increasingly cancel the more correlated they are.

V. THE EVOLUTION OF THE AMBIENT MATTER
AT RHIC AND LHC ENERGIES

Before we embark on the evaluation of the jet quenching
parameters, we need to define the fireball temperature,

FIG. 1. Electric and magnetic quasiparticle densities used. The
(blue) solid line shows the magnetic monopole density as directly
observed on the lattice. The (red) long dashed line is the
monopole density extracted from the thermodynamics (pressure),
along with the densities of quarks (purple, short dashed) and
gluons (green, dot dashed).

FIG. 2. Ratio of correlated to uncorrelated average momentum
transfer square per mean free path as a function of the temperature.
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FIG. 6. (Color online.) Nuclear modification factor of charged hadrons in 2.76 Pb-Pb collisions (a),(b), and neutral pions
in 200 GeV Au-Au collisions (c),(d). The first row (a),(c) is the results for monopole density from the lattice, while the
second row (b),(d) is results for monopole density from the equation of state. The (red) solid curve is for IP-Glasma initial
conditions and (2+1)D hydrodynamics with bulk viscosity (⇣ 6= 0), the (blue) dash-dot curve is for Glauber initial conditions
and (2+1)D hydrodynamics with bulk viscosity (⇣ 6= 0), the (green) dash-dot-dot curve is for Glauber initial conditions and
(2+1)D hydrodynamics without bulk viscosity (⇣ = 0), and the (purple) dashed curve is for the smooth Glauber initial condition
with (1+1)D Bjorken evolution. Collider data from Refs. [35, 36] for LHC and Refs. [37, 38] for RHIC.

All of the plots are laid out as follows: the first column,
comprising subplots (a) and (b), is for LHC 2.76 TeV
Pb-Pb collisions, and the second column – subplots (c)
and (d) – is for RHIC 200 GeV Au-Au. The first row
is for the monopole density measured on the lattice, and
the second row is for monopole density derived from the
equation of state.

All curves shown are for correlated monopoles; the ef-
fects of correlations on the results are explored in Ap-
pendix C. The calculations shown are for IP-Glasma ini-
tial conditions and (2+1)D hydrodynamics with bulk vis-
cosity, ⇣ 6= 0 (red, solid curves); optical Glauber initial
conditions and (2+1)D hydrodynamics with bulk viscos-
ity, ⇣ 6= 0 (blue, dash-dot curves); optical Glauber initial
conditions and (2+1)D hydrodynamics without bulk vis-
cosity, ⇣ = 0 (green, dash-dot-dot curves); and optical
Glauber initial conditions and (1+1)D Bjorken expan-
sion (purple, dashed curves).

As shown in Fig. 5, the Bjorken-evolving background
(purple, dashed curve) causes far less energy loss than the
scenarios with realistic hydrodynamic backgrounds. This
is due to the fact that this is a one-dimensional expansion,
and the matter does not expand in the transverse plane;

the ellipse of above-Tc medium shrinks inwards to the
center of the fireball with time. This is unlike the (2+1)D
hydrodynamic case (c.f. Fig. 4), where the size of the
above-Tc medium remains approximately constant with
time, and all of the medium cools to approximately Tc

by ⌧ ⇠ 6 fm/c.

Therefore, in the Bjorken-evolving case, the parton jet
“sees” far less medium during its traversal of the fire-
ball, causing less energy loss. On the other hand, the
Glauber and IP-Glasma initial condition models lead to
a larger energy loss. This loss is very similar with all
initial conditions, provided that the hydrodynamic evo-
lution is realistic.

Since RAA is another measure of medium-induced en-
ergy loss, the results are very similar to that of �E/E.
Shown in Fig. 6, the Glauber and IP-Glasma initial
conditions coupled to realistic hydrodynamic models all
agree with each other, while the Bjorken evolution gives
a much larger result that is incompatible with the ex-
perimental data. The LHC 2.76 TeV Pb-Pb RAA data
is better fit by the monopole density measured on the
lattice (upper left panel), compared to that given by the
equation of state (lower left panel). On the other hand,

Realistic hydro is important
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FIG. 7. (Color online.) Azimuthal anisotropy of charged hadrons in 2.76 Pb-Pb collisions (a),(b), and neutral pions in 200
GeV Au-Au collisions (c),(d). The first row (a),(c) is the results for monopole density from the lattice, while the second row
(b),(d) is results for monopole density from the equation of state. The (red) solid curve is for IP-Glasma initial conditions and
(2+1)D hydrodynamics with bulk viscosity (⇣ 6= 0), the (blue) dash-dot curve is for Glauber initial conditions and (2+1)D
hydrodynamics with bulk viscosity (⇣ 6= 0), the (green) dash-dot-dot curve is for Glauber initial conditions and (2+1)D
hydrodynamics without bulk viscosity (⇣ = 0), and the (purple) dashed curve is for the smooth Glauber initial condition with
(1+1)D Bjorken evolution. The (black) dotted curve is for for IP-Glasma initial conditions and (2+1)D hydrodynamics with
bulk viscosity (⇣ 6= 0) with no monopoles. Collider data from Refs. [39, 40] for the LHC and Ref. [41] for RHIC.

the RHIC 200 GeV Au-Au RAA is fit quite well by both
monopole densities when using realistic hydrodynamic
backgrounds.

The azimuthal anisotropy, is shown in Fig. 7. With-
out monopoles – the black dotted line on the left panels
– the v2 is roughly .015, much smaller than the experi-
mental data. The v2 results for both monopole densities
roughly agree with LHC 2.76 TeV Pb-Pb v2 data when
using hydrodynamic backgrounds, including Bjorken evo-
lution. The v2 for RHIC 200 GeV Au-Au data is not in
complete agreement for the (2+1)D hydrodynamic mod-
els (Glauber and IP-Glasma initial conditions); the slope
is less steep in the model than in the data, although the
order of magnitude is correct. On the other hand, the
model disagrees strongly with Bjorken expansion.

In all the preceding discussion, we see that, with mi-
nor variation, the �E/E, RAA, and v2 obtained with
Glauber and IP-Glasma initial conditions and realistic
hydrodynamics (blue dash-dot, green dash-dot-dot, and
red solid curves) all agree with each other. This leads us
to believe that initial-state fluctuations play only a small
role in these quantities and that event-by-event analysis

is not necessary, which is opposite to what is claimed in
Ref. [21]; the inclusion of monopoles in our jet quenching
framework allows for the simultaneous description of v2
and RAA even when using smooth initial conditions.

This most likely occurs because our model is most sen-
sitive to near-Tc medium, which is on the periphery at
early times; at later times, when the whole fireball is
near-Tc, most of the initial state fluctuations are more-
or-less damped out. If a model for jet energy loss focuses
on early times or is sensitive more to medium at higher
temperatures, then the fluctuations would play a much
larger role.

In addition, whether or not the hydrodynamic evo-
lution has bulk viscosity does not make a large di↵er-
ence; the variation between the Glauber initial condition
with and without bulk viscosity can be explained by the
di�culty in tweaking parameters producing the correct
hadron yield without bulk viscosity, giving a di↵erent
background for the jet to traverse (see Appendix B).

This discrepancy in RAA between the two forms of
monopole density – the EoS density not working for 2.76
TeV collisions and both the lattice and EoS densities

Monopoles are indeed very important



Magnetic objects and their 
dynamics: classics 

•  Dirac explained how magnetic charges may coexists with 
quantum mechanics (1934) 

•  �t Hooft and Polyakov discovered monopoles in Non-Abelian 
gauge theories (1974) 

•  �t Hooft and Mandelstamm suggested �dual superconductor� 
mechanism for confinement (1982) 

•  Seiberg and Witten shown how it works, in the N=2 Super -
Yang-Mills theory (1994) 

   Particle -  monopoles

   
 (1976)



Moving into stronger coupling: 
Magnetic monopoles appear in QGP as  T cools down toward Tc. 

Are they important?

Dual plasmas made of electric and magnetic charges  
has unusual kinetics => very small transport
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Fig. 2.6 The normalized monopole density ⇢/T 3
for the SU(2) pure gauge theory as a function

of the temperature, in units of the critical temperature T/Tc, above the deconfinement transition.

and D’Elia [D’Alessandro and D’Elia, 2008]. Positive correlation for monopole-
antimonopole correspond to attraction, and negative ones for monopole-monopole
pair to repulsion. The shape of the correlator is exactly what one expects in a
Coulomb plasma of charges. The dashed lines are fits to the part of the correlators
where the e↵ect is small and can be treated by a linearized Debye theory: such fits
produce values of the e↵ective magnetic coupling g2/4⇡ = ↵m.

In Fig.2.7(right) from [Liao and Shuryak, 2008b] the fitted couplings are plotted
versus the temperature. As one can see, they indeed run opposite to the asymptotic
freedom, becoming stronger at high T . Furthermore, its reflection (the bottom of the
plot) is in qualitative agreement with the perturbative asymptotic freedom formula.

As one can also realize from these plots, by T = Tc magnetic coupling decreases
only to become ↵m ⇡ 1, not yet small. This means that the magnetic component
of sQGP is also a liquid – the title of [Liao and Shuryak, 2008b]. If it would be
otherwise, monopoles would have large mean free paths, in contradiction to heavy
ion data!

D’Alessandro, A. and D’Elia, M. (2008).  
Magnetic monopoles in the high temperature  

phase of Yang-Mills theories. 
 Nucl. Phys., B799:241–254. 0711.1266.  

g grows 
monopoles appear
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FIG. 12. Spatial correlations from our simulations (red circles) matched via scaling to lattice correlations (blue triangles) from
[7] at various temperatures.

theories with an increasing Nf have found that deconfine-
ment transition corresponds to stronger coupling g2(Tc),
smaller monopole mass and therefore higher monopole
density.

All dimensional quantities are defined following stan-
dard lattice convention for units: the vacuum string ten-
sion for all theories is declared to be the same in MeV.
With such units, the critical temperature for SU(2) and
SU(3) is di↵erent, ⇠ 300 MeV for SU(2) and ⇠ 260 MeV

for SU(3), but the densities of each of the SU(2) and
SU(3) monopoles are about the same [9]. If Tc is lower,
the overall density of monopoles grows, so the density of
each separate species of monopole becomes large enough
to form a Bose-Einstein condensate. Recall that, as was
found in [9], we observed that the inclusion of an addi-
tional interacting component to a Bose Coulomb system
did not alter the critical temperature behavior, provided
the density of each component was not altered.

Fig. 3.19 Spatial correlations of particles in quantum Coulomb Bose gas, from PIMC simulations

(red circles) compared to lattice data for monopoles.

Quantum phenomena, including BEC, in ensemble of 
monopoles recently studied by Path Integral Monte Carlo
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of low-density hard spheres: the critical temperature for the BEC phase transition
grows with the coupling. Yet if the coupling becomes large enough, Tc rapidly drops
below the critical temperature for an ideal Bose gas. Eventually, as the particles
are “too repulsive,” the BEC phenomenon becomes impossible since it becomes
essentially too costly (in terms of the action) to permute them and BEC goes away
completely.

5

FIG. 2. The exponential suppression of k-cycles as a func-
tion of temperature for the 4He system. The vanishing of
the e↵ective chemical potential µ̂ indicates the BEC critical
temperature Tc.

As a first step in making an e↵ective model for a
quantum two-component Coulomb Bose gas, we seek to
find the dependence of Tc on the Coulomb interaction
strength; i.e., by varying ↵ in

Vint(rij) = ↵
qiqj

rij

. (23)

In our numerical study, the magnitude of charges, q; the
masses, m; ~; Boltzmann’s constant, kb; and the density,
n, are all scaled to 1. This leaves as variables only the
temperature, T , entering via the period of the Euclidean
time ⌧ 2 [0, 1/T ], the magnitude of the Coulomb cou-
pling, ↵, and the signs of the charges. In these units, the
critical temperature for the ideal Bose gas is

T0 = 2⇡

 
1

�
�

3
2

�
! 2

3

= 3.3125 . (24)

and this value will be indicated by a horizontal dashed
line in the plots to follow. More details of the numerical
simulations explained hereafter, including system sizes
and parameters, are given in Appendix B.

1. One-component Bose gas with varied Coulomb coupling

parameter

For the one-component Coulomb Bose gas, with com-
pensating distributed charge commonly known as jel-
lium, we seek to investigate the dependence of Tc on the

▲
▲ ▲

▲
▲

▲

▲

▲

● ●

●

●

●

●

●

●

▲ ����������� ������
● ���������� �������� ������

��� � � �� �� ���

���

���

���

���

���

���

α

� �

��

FIG. 3. The critical temperature for the BEC phase transi-
tion as a function of the coupling, �. The red circles are the
results of the finite-size scaling superfluid fraction calculation
for systems of 8, 16, and 32 particles; and the blue trian-
gles are the results of the permutation-cycle calculation for a
system with 32 particles. The black dashed line denotes the
Einstein ideal Bose gas critical temperature, T0.

strength of the Coulomb coupling parameter, and com-
pare, qualitatively, it to the relation in the hard-sphere
case.

The results of our simulations are shown in Fig. 3.
The first thing to note is that the two methods used pro-
duce results consistent within the statistical errors. Note
further that we find the same behavior at small values of
the coupling as in the case of low-density hard spheres
[29]; the critical temperature for the BEC phase transi-
tion grows. Yet if the coupling becomes large enough, Tc

rapidly drops below the critical temperature for an ideal
Bose gas. Eventually, as the particles are “too repul-
sive,” the BEC phenomenon becomes impossible since it
becomes essentially “too costly” (in terms of the action,
as compared to Feynman value) to permute them.

Let us also note that, while the permutation-cycle
method agrees well with the older finite-size scaling
method, the requirements for the system size to yield
comparable results are di↵erent. The finite-size scaling
method can give decent results even using two systems,
of only 8 and 16 particles, while the permutation cy-
cle method required many runs of at least 32 particles.
Therefore, at least in the case of long-range forces, which
take a large amount of CPU time to compute, the finite-
size scaling method may be more practical. If one, how-
ever, is looking at other quantities that require larger
system sizes to begin with – such as the superfluid frac-

Fig. 3.18 The critical temperature for the BEC phase transiion as a function of the coupling, ↵.

The red circles are the results of the finite-size scaling superfluid fraction calculation for systems

of 8, 16, and 32 particles; the blue triangles are the results of the permutation-cycle calculation

for a system with 32 particles. The black dashed line denotes the Einstein ideal Bose gas critical

temperature.

We have discussed at the end of the previous chapter the lattice data on the spa-
tial monopole-monopole and monopole-antimonopole correlations. In Fig.3.19 these
data are compared with PIMC simulation for a Coulomb Bose Gas [Ramamurti and
Shuryak, 2017]. The comparison shows very good agreement, increasing the confi-
dence that a quantum ensemble of monopoles is described by this model well. It
also allowed us to fix the e↵ective magnetic coupling rather accurate, without any
reliance on the Debye fits.

Ramamurti, A. and Shuryak, E. (2017). Effective Model of QCD Magnetic Monopoles 

From Numerical Study of One- and Two-Component Coulomb Quantum Bose Gases.

 Phys. Rev., D95(7):076019. 



 =>electric/magnetic couplings (e/g) 
 must run in the opposite directions!    

Old good Dirac 
condition  

the  �equilibrium line� 

αs(el)= αs(mag) =1 
needs to be in the 
plasma phase 

  monopoles should be dense  enough and 
sufficiently weakly coupled before 
deconfinement to get BEC 

 =>αs(mag) < αs(el): how small 

can αs(mag)  be?  

αs(electric)  αs(magnetic)=1 
``magnetic scenario�: Liao,ES hep-ph/0611131,Chernodub+Zakharov  

αs(el) 

αs(mag) 



Topic two: baryon clustering at freezeout



Comment on phenomena in the BES energy range

Most emphasized are enhanced fluctuations  
Kurtosis of baryon distribution 

Perhaps a signal of QCD critical point 
Seen at lowest energies

Another well documented is  the lowest lived fireball  
Related to ``the softest point” of the EOS

The ratio  below, sensitive to clustering,  
peaks at 

R =
n(t)n(p)

n(d)2
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p
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“pre-clusters” versus “fragments”
At T=O(10 MeV) a “multifragmentation”,  

production of various isotopes in wide range of A

We discuss freezeout  of higher energy collisions  
in which T=O(100 MeV)  

fragments heavier than He4 are not produced

Yet even under such conditions one may have “pre-clusters” 
Of several nucleons held together by inter nucleon potential 

They have size of the order of 1.5 fm, the nuclear force radius 

�E ⇠ T � |Ebinding|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Therefore after freezeout they decay mostly into free nucleons, 
 But, with certain (projected) probability, also into d,t,He3,(pnLambda)

The large size of the bound states is important, 
 but so is their compact component 

(without which they would not be bound)



Globular clusters in Galaxies. 
the total number of stars Ntot ⇠ 1011

the number of clusters Nclusters = 102 � 103

the number of stars in a cluster Nstars = 103 � 106
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mass between those due to star collapse and those in the
centers of the Galaxies: but their masses are way too
small to play any role in what follows.

The main parameters of the clusters can be inferred
from their size r ⇠ 10pc and the typical velocity v ⇡

10km/s, resulting in the smallest of relevant time scales,
the crossing time

tcrossing =
r

v
⇠ 106 yr (B1)

The scattering leads to equilibration of the system, re-
laxing it to certain virial equilibrium in which we see the
observed clusters. The relaxation time of a cluster is

trelaxation ⇠ 109 yr (B2)

This equilibrium is however quasi-equilibrium, since col-
lisions make small fraction of the stars venture above the
escape velocity and leave the cluster. The largest time
scale is called the “evaporation time” (assuming cluster
is not surrounded by any matter) which is

tevaporation ⇠ 1010 yr (B3)

It qualitatively coincides with the age of observed clusters
and the lifetime of the Universe.

Considering an object with a unit mass, we define its
energy by

✏ = �
v2

2
� �(r) + �0 (B4)

Note the minus signs compared to the usual definition:
so positive ✏ corresponds to binding. The gravitational
potential at distance r from the center �(r) is, as usual,
defined up to a constant, which we will select later. Note
that ✏ = 0 defines the (coordinate dependent) escape
velocity ve =

p
�2�(r) + 2�0.

Step one is to satisfy the stationary Boltzmann equa-
tion for the star distribution function f(~v, ~x). Putting
@f/@t = 0 and neglecting the collision term, one has

(~v~rx)f � (~rx�)
@f

@~v
= 0 (B5)

This however is achieved rather easily, for any distribu-
tion of the form f (✏(~v, ~x)).

Step two is the selection of the particular distribution
of such kind. We will discuss the so called King distri-
bution, in which f = 0 for negative ✏ values (that is, the
cluster has no unbound stars), and for positive ✏ it is

fK(✏) = const(2⇡�2)�3/2
h
e

✏
�2 � 1

i
(B6)

which is a shifted Maxwell-Boltzmann distribution with
the temperature T = �2.

Step three is a calculation of the corresponding density
of stars, which includes the integration over the velocity.

Note that it is limited by the escape velocity defined via
the potential, so the density obtained is the function of
the potential  = �� �0

⇢K( ) =
const

(2⇡�2)3/2

Z p
2 

0

⇣
e( �v2/2)/�2

� 1
⌘
d3v (B7)

= �
2
p
 (2 + 3�2)

3
p
⇡�3

+ e /�
2

Erf(
p
 /�)

This complicated function is plotted in Fig.14 , and one
can see that it is a monotonously rising one.

FIG. 14: The function ⇢K( /�2) defined in the text is shown
by the solid line, together with its asymptotic form at small
values of the argument 0.30 ⇤ ( /�2)5/2, shown by the blue
dashed line.

The density is the source of the potential itself, so
now we come across the main dynamical equation to be
solved, the Poisson eqn for the potential. In case of spher-
ical symmetry it is

1

r2
d

dr
(r2

d 

dr
) + 4⇡GN⇢( (r)) = 0 (B8)

which can be solved numerically starting from the cen-
ter. The value  (0) is the single input parameter, the
derivative needs to be vanishing at the center  0(0) = 0.
Solution can be followed till the point where  = 0: and
as it is clear from the expression above for the density,
at that point the density vanished as well since the in-
tegration region till the escape velocity shrinks to zero.
Substituting the resulting  (r) into the universal ⇢( )
one finally obtains the spatial distribution of the stars in
the cluster.
How unique are the solutions? Should they be at the

minimum of the free energy?
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mass between those due to star collapse and those in the
centers of the Galaxies: but their masses are way too
small to play any role in what follows.

The main parameters of the clusters can be inferred
from their size r ⇠ 10pc and the typical velocity v ⇡

10km/s, resulting in the smallest of relevant time scales,
the crossing time

tcrossing =
r

v
⇠ 106 yr (B1)

The scattering leads to equilibration of the system, re-
laxing it to certain virial equilibrium in which we see the
observed clusters. The relaxation time of a cluster is

trelaxation ⇠ 109 yr (B2)

This equilibrium is however quasi-equilibrium, since col-
lisions make small fraction of the stars venture above the
escape velocity and leave the cluster. The largest time
scale is called the “evaporation time” (assuming cluster
is not surrounded by any matter) which is

tevaporation ⇠ 1010 yr (B3)

It qualitatively coincides with the age of observed clusters
and the lifetime of the Universe.

Considering an object with a unit mass, we define its
energy by

✏ = �
v2

2
� �(r) + �0 (B4)

Note the minus signs compared to the usual definition:
so positive ✏ corresponds to binding. The gravitational
potential at distance r from the center �(r) is, as usual,
defined up to a constant, which we will select later. Note
that ✏ = 0 defines the (coordinate dependent) escape
velocity ve =

p
�2�(r) + 2�0.

Step one is to satisfy the stationary Boltzmann equa-
tion for the star distribution function f(~v, ~x). Putting
@f/@t = 0 and neglecting the collision term, one has

(~v~rx)f � (~rx�)
@f

@~v
= 0 (B5)

This however is achieved rather easily, for any distribu-
tion of the form f (✏(~v, ~x)).

Step two is the selection of the particular distribution
of such kind. We will discuss the so called King distri-
bution, in which f = 0 for negative ✏ values (that is, the
cluster has no unbound stars), and for positive ✏ it is
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h
e

✏
�2 � 1

i
(B6)

which is a shifted Maxwell-Boltzmann distribution with
the temperature T = �2.

Step three is a calculation of the corresponding density
of stars, which includes the integration over the velocity.

Note that it is limited by the escape velocity defined via
the potential, so the density obtained is the function of
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Z p
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0

⇣
e( �v2/2)/�2

� 1
⌘
d3v (B7)

= �
2
p
 (2 + 3�2)

3
p
⇡�3

+ e /�
2

Erf(
p
 /�)

This complicated function is plotted in Fig.14 , and one
can see that it is a monotonously rising one.

FIG. 14: The function ⇢K( /�2) defined in the text is shown
by the solid line, together with its asymptotic form at small
values of the argument 0.30 ⇤ ( /�2)5/2, shown by the blue
dashed line.
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so only a small fraction 
of stars

are in clusters

although clusters can evaporate
stars freely, they are very long lived,

with evaporation time of the order
of the age of Universe
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I. INTRODUCTION

A. The near-critical fluctuations in heavy ion
collisions

The topic of this paper are phenomena happening at
the final, or the so called freezeout stage of heavy ion col-
lisions. The observed yields of many types of secondaries,
from the lightest mesons ⇡,K to baryons and hyperons
and even light nuclei up to d, t,4 He, are well described by
thermal model. With only three parameters – the chemi-
cal freezeout temperature Tch, the baryon number chem-
ical potential µB , and the total volume Vtot – those yields
are described in a very wide range of collision centralities
and energies. Furthermore, since the empirical values of
those are close to the phase boundary line defined on the
lattice, there is little doubt that excited matter enters
the hadronic phase in a well equilibrated form.

However, as multiple studies of the kinetics near the
phase transitions indicated, there is the so called “critical
slowdown” phenomenon, due to which the assumption
of complete equilibration may not be valid for certain
critical modes.

Furthermore, on the T, µB phase diagram of hadronic
matter there are two types of critical phenomena:
(i) the crossover line, which would be a second order line
(of O(4) universality class) if quarks be massless;
(ii) the hypothetical second order critical point at cer-
tain Tc, µc, of Ising universality class. The search for it,
using enhanced fluctuations as proposed in Refs [1, 2], is
currently performed at RHIC, via the beam energy scan.

toward its lowest energies, and even to use STAR de-
tector in a fixed target mode, which is currently under
way. While we do not discuss in this paper the STAR
data from the scan in detail, we do focus on one impor-
tant finding: a strong growth of kurtosis of the proton
distribution near mid-rapidity, at the lowest collision en-
ergies.

While the specific critical enhancement of the multi-
particle fluctuations remain the major goal of this pro-
gram, one needs to study also other phenomena which
can lead to those. In this paper we focus on the cluster-
ing of baryons due to their attractive interaction. As we
detail below, significant clustering should in fact occur
due to the usual nuclear forces.

The temperatures of the hadronic phase, ranging from
Tc ⇡ 155MeV down to kinetic freezeout temperature of
baryons Tf ⇡ 100MeV , may appear large compared to
mean nuclear potential ⇠ 50MeV . But the binary po-

tential itself has minimum at |V | ⇠ 100MeV and clus-
tering of several baryons make this value several times
larger. As a result, clusters of trapped baryons would be
produced.

B. The baryonic interaction in the Walecka model

In this subsection we remind the reader a simplified
form of nuclear forces, following a popular model by Serot
and Walecka [4], to be used and modified below. One im-
portant simplification is that it includes only the isoscalar
mesons, scalar � and vector !, so there is no di↵erence
between coupling to protons and neutrons.
Its Lagrangian density is

L =
1

2

�
@µ�@

µ��m2
s�

2
�
�

1

4
Fµ⌫F

µ⌫ +
1

2
m2

vVµV
µ (1)

+ ̄ [�µ(i@
µ
� gvV

µ)� (M � gs�)] 

where Abelian field strength of the vector field Fµ⌫ ⌘

@µV⌫ � @⌫Vµ is the same as in electrodynamics. There
are thus three fields, Dirac nucleons  , vector omega-
mesons Vµ and scalar sigma meson �, interacting with
each other in relativistically invariant way. Their masses
are considered to be an input.
The resulting static potential is

Ṽ (r) = �
g2�
4⇡r

e�m�r +
g2!
4⇡r

e�m!r (2)

The coupling values selected by Serot and Walecka [4]
are

g2� = 267.1

✓
m2

�

m2
N

◆
, g2! = 195.9

✓
m2

!

m2
N

◆
(3)

Note that the ! coupling is stronger, thus dominating at
small distances. Note further that these two terms nearly
cancel each other, leaving us with a relatively shallow po-
tential, V < 100MeV ⇠ mN/10, see Fig.1 Note further
that the coupling are selected not to fit the binary scat-
tering phases and deuteron binding, as done for all other
phenomenological potentials, but from the fit to nuclear
matter in the mean field approximation.
Considering the case of infinite homogeneous matter of

density n and ignoring correlations between the nucleons,
one get the mean potential energy

hP i = (
n

2
)(�

g2�
m2

�

+
g2!
m2

!

) (4)
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The nuclear forces are well tuned
two subsequent cancellations

(i)  sigma vs omega 
(attraction versus repulsion)
and (ii) kinetic vs potential 

energies
result in

small binding (0-16 MeV) 
from light to heavy nuclei

multi-neutron systems are all unbound
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Method

Result 1: Small-size clusters at low T

References

Result 4: Effect on kurtosis

Result 2: Four-nucleon clustering and He-4 production

We propose new effects in heavy-ion collisions at the Beam Energy Scan (BES) of the Relativistic
Heavy-Ion Collider which can signal the presence of a possible QCD critical point at a particular collision energy.

We focus on nucleon-nucleon (NN) interaction: at distances ~1 fm is mediated by the σ critical mode.

Beyond mean field, the ω strength is increased to 
reduce the potential depth and make it closer to the 

phenomenological NN Bonn potential.

The shallow potential classically bounds few-nucleons 
close to T=0 (see Results 1). It can also reproduce 

binding energies of bulk nuclear matter in a 
semiclassical approach (see Ref. [1]).  

Walecka-Serot potential between nucleons: 

Close to the critical point T
c
~100 MeV, this potential is 

unable to bind nucleons. However, modifications due to 
the σ mode strongly affects the NN interaction

(see Method).

Nuclear forces appear as a partial cancellation of repulsion and attraction in the mean potential energy,
and Fermi energy, producing binding energies of few MeV in infinite nuclear matter.

We consider several NN potentials with increasing degree of criticality (due to decrease of σ mass close to T
c
):

Result 3: Big clusters close to critical transition

Molecular dynamics + Langevin with V
A’
 potential at T=10-3 MeV with N=4, 6, 8 and 13 nucleons

T is fixed by fast particles (pions, kaons), while nucleon dynamics is dominated by the pairwise potential.
Baryon diffusion constant λ is taken from URASiMA simulations.

We stress the importance of correlations between nucleons for binding and eventual clustering
(Boltzmann’s Stosszahlansatz is not enough to describe this phenomenon).

1) With freeze-out conditions as in experiment, we run N
ev

=105 simulations with N=32 particles in a 

non-expanding frame during Δt=5 fm/c. A final boost matches y and p
T
 distributions. 

A system with noncritical V
A’
 is calibrated to s1/2

NN
=19.6 GeV (close to Poisson expectations). 

We cannot simulate larger energies due to the absence of antiprotons. 

For freeze-out conditions at BES the potential V
A’
 cannot produce clustering of nucleons

However, V
C
 is able to form clusters (e.g. He-4) at temperatures T~100 MeV within a few Fermi/c. 

PDF of distances between nucleons at T=120 MeV for N=4.
At T=0, a Dirac delta sits at the minimum of the potential

These potentials are implemented into a classical molecular dynamics with thermal noise.
We extract physical properties from phase space distribution.

Quantum effects are ignored at T~100 MeV, but needed for infinite matter (see [1]).

Molecular Dynamics + Langevin Equation

 

Conclusions
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Spatial configurations and binding energies checked against direct minimization of the potential.

Resulting geometries coincide with Platonic solids except for N=8 (as known for Lennard-Jones potential) 

PDF is used to define an 
identification procedure of 
N=4 clusters in simulations 

with more nucleons

N=128
T=120 MeV
n=0.16 fm-3

At long times all 
particles eventually fall 

into a big cluster
(except for outliers 

with high momentum)

Medium at BES only has a 
few Fermi/c to interact.

We can expect few-nucleon 
partially bound systems 

e.g. proto He-4 nuclei
(see Result 2) 

also...
signatures on cumulants of 
(net-)proton distribution at 

freeze-out?
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1) Attractive part of NN potential is very sensitive to the QCD critical mode σ.

2) Phenomenological potentials for infinite nuclear matter are not able to produce binding around T~100 MeV.

3) NN potential reflecting σ-mass suppression close to T
c 
allows for substantial nuclear clustering.

4) In HICs, finite duration and radial expansion prevent big agglomeration, but small clusters can be formed.

ENHANCED HE-4 PRODUCTION IN BES CLOSE TO CRITICAL POINT

5) Clustering induces NN correlations producing an enhancement of kurtosis close to T
c

INCREASE OF KURTOSIS SIGNALS CRITICAL REGION DUE TO CLUSTERING   

2) We rescale our numbers 
to fix average number of 
protons in one cut.

Other proton cumulants 
match well with experiment 
for both cuts.

3) Larger criticality of NN potential we observe an increase of kurtosis.

Clustering → non Gaussian correlations!
STAR data. Two cuts:

0.4 GeV < p
T
 < 0.8 GeV

|y| < 0.5

(from Ref. [3])

0.4 GeV < p
T
 < 2 GeV

|y| < 0.5

(from Ref. [4],
STAR preliminary)

Simulation with N=32, T=120 MeV, Δt=5 fm/c

Motivation

5 5

we modified it a bit to
correspond to other 

binary potentials



The setting: the Walecka model sigma and omega exchanges only (isospin-
neutral)
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I. INTRODUCTION

A. The near-critical fluctuations in heavy ion
collisions

The topic of this paper are phenomena happening at
the final, or the so called freezeout stage of heavy ion col-
lisions. The observed yields of many types of secondaries,
from the lightest mesons ⇡,K to baryons and hyperons
and even light nuclei up to d, t,4 He, are well described by
thermal model. With only three parameters – the chemi-
cal freezeout temperature Tch, the baryon number chem-
ical potential µB , and the total volume Vtot – those yields
are described in a very wide range of collision centralities
and energies. Furthermore, since the empirical values of
those are close to the phase boundary line defined on the
lattice, there is little doubt that excited matter enters
the hadronic phase in a well equilibrated form.

However, as multiple studies of the kinetics near the
phase transitions indicated, there is the so called “critical
slowdown” phenomenon, due to which the assumption
of complete equilibration may not be valid for certain
critical modes.

Furthermore, on the T, µB phase diagram of hadronic
matter there are two types of critical phenomena:
(i) the crossover line, which would be a second order line
(of O(4) universality class) if quarks be massless;
(ii) the hypothetical second order critical point at cer-
tain Tc, µc, of Ising universality class. The search for it,
using enhanced fluctuations as proposed in Refs [1, 2], is
currently performed at RHIC, via the beam energy scan.

toward its lowest energies, and even to use STAR de-
tector in a fixed target mode, which is currently under
way. While we do not discuss in this paper the STAR
data from the scan in detail, we do focus on one impor-
tant finding: a strong growth of kurtosis of the proton
distribution near mid-rapidity, at the lowest collision en-
ergies.

While the specific critical enhancement of the multi-
particle fluctuations remain the major goal of this pro-
gram, one needs to study also other phenomena which
can lead to those. In this paper we focus on the cluster-
ing of baryons due to their attractive interaction. As we
detail below, significant clustering should in fact occur
due to the usual nuclear forces.

The temperatures of the hadronic phase, ranging from
Tc ⇡ 155MeV down to kinetic freezeout temperature of
baryons Tf ⇡ 100MeV , may appear large compared to
mean nuclear potential ⇠ 50MeV . But the binary po-

tential itself has minimum at |V | ⇠ 100MeV and clus-
tering of several baryons make this value several times
larger. As a result, clusters of trapped baryons would be
produced.

B. The baryonic interaction in the Walecka model

In this subsection we remind the reader a simplified
form of nuclear forces, following a popular model by Serot
and Walecka [4], to be used and modified below. One im-
portant simplification is that it includes only the isoscalar
mesons, scalar � and vector !, so there is no di↵erence
between coupling to protons and neutrons.
Its Lagrangian density is

L =
1
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where Abelian field strength of the vector field Fµ⌫ ⌘

@µV⌫ � @⌫Vµ is the same as in electrodynamics. There
are thus three fields, Dirac nucleons  , vector omega-
mesons Vµ and scalar sigma meson �, interacting with
each other in relativistically invariant way. Their masses
are considered to be an input.
The resulting static potential is

Ṽ (r) = �
g2�
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e�m!r (2)

The coupling values selected by Serot and Walecka [4]
are
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(3)

Note that the ! coupling is stronger, thus dominating at
small distances. Note further that these two terms nearly
cancel each other, leaving us with a relatively shallow po-
tential, V < 100MeV ⇠ mN/10, see Fig.1 Note further
that the coupling are selected not to fit the binary scat-
tering phases and deuteron binding, as done for all other
phenomenological potentials, but from the fit to nuclear
matter in the mean field approximation.
Considering the case of infinite homogeneous matter of

density n and ignoring correlations between the nucleons,
one get the mean potential energy

hP i = (
n

2
)(�
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+
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) (4)
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The nuclear forces are well tuned
two subsequent cancellations

(i)  sigma vs omega 
(attraction versus repulsion)
and (ii) kinetic vs potential 

energies
result in

small binding (0-16 MeV) 
from light to heavy nuclei

multi-neutron systems are all unbound
But, at the freezeout of

heavy ion collisions, we 
are

close to critical Tc,
and this delicate 

balance can
be strongly modified:

a decrease of m(sigma) 
 is expected
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Method

Result 1: Small-size clusters at low T

References

Result 4: Effect on kurtosis

Result 2: Four-nucleon clustering and He-4 production

We propose new effects in heavy-ion collisions at the Beam Energy Scan (BES) of the Relativistic
Heavy-Ion Collider which can signal the presence of a possible QCD critical point at a particular collision energy.

We focus on nucleon-nucleon (NN) interaction: at distances ~1 fm is mediated by the σ critical mode.

Beyond mean field, the ω strength is increased to 
reduce the potential depth and make it closer to the 

phenomenological NN Bonn potential.

The shallow potential classically bounds few-nucleons 
close to T=0 (see Results 1). It can also reproduce 

binding energies of bulk nuclear matter in a 
semiclassical approach (see Ref. [1]).  

Walecka-Serot potential between nucleons: 

Close to the critical point T
c
~100 MeV, this potential is 

unable to bind nucleons. However, modifications due to 
the σ mode strongly affects the NN interaction

(see Method).

Nuclear forces appear as a partial cancellation of repulsion and attraction in the mean potential energy,
and Fermi energy, producing binding energies of few MeV in infinite nuclear matter.

We consider several NN potentials with increasing degree of criticality (due to decrease of σ mass close to T
c
):

Result 3: Big clusters close to critical transition

Molecular dynamics + Langevin with V
A’
 potential at T=10-3 MeV with N=4, 6, 8 and 13 nucleons

T is fixed by fast particles (pions, kaons), while nucleon dynamics is dominated by the pairwise potential.
Baryon diffusion constant λ is taken from URASiMA simulations.

We stress the importance of correlations between nucleons for binding and eventual clustering
(Boltzmann’s Stosszahlansatz is not enough to describe this phenomenon).

1) With freeze-out conditions as in experiment, we run N
ev

=105 simulations with N=32 particles in a 

non-expanding frame during Δt=5 fm/c. A final boost matches y and p
T
 distributions. 

A system with noncritical V
A’
 is calibrated to s1/2

NN
=19.6 GeV (close to Poisson expectations). 

We cannot simulate larger energies due to the absence of antiprotons. 

For freeze-out conditions at BES the potential V
A’
 cannot produce clustering of nucleons

However, V
C
 is able to form clusters (e.g. He-4) at temperatures T~100 MeV within a few Fermi/c. 

PDF of distances between nucleons at T=120 MeV for N=4.
At T=0, a Dirac delta sits at the minimum of the potential

These potentials are implemented into a classical molecular dynamics with thermal noise.
We extract physical properties from phase space distribution.

Quantum effects are ignored at T~100 MeV, but needed for infinite matter (see [1]).

Molecular Dynamics + Langevin Equation

 

Conclusions

Work supported by the U.S. Department of Energy under Contract No. DE-FG-88ER40388

Spatial configurations and binding energies checked against direct minimization of the potential.

Resulting geometries coincide with Platonic solids except for N=8 (as known for Lennard-Jones potential) 

PDF is used to define an 
identification procedure of 
N=4 clusters in simulations 

with more nucleons

N=128
T=120 MeV
n=0.16 fm-3

At long times all 
particles eventually fall 

into a big cluster
(except for outliers 

with high momentum)

Medium at BES only has a 
few Fermi/c to interact.

We can expect few-nucleon 
partially bound systems 

e.g. proto He-4 nuclei
(see Result 2) 

also...
signatures on cumulants of 
(net-)proton distribution at 

freeze-out?
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1) Attractive part of NN potential is very sensitive to the QCD critical mode σ.

2) Phenomenological potentials for infinite nuclear matter are not able to produce binding around T~100 MeV.

3) NN potential reflecting σ-mass suppression close to T
c 
allows for substantial nuclear clustering.

4) In HICs, finite duration and radial expansion prevent big agglomeration, but small clusters can be formed.

ENHANCED HE-4 PRODUCTION IN BES CLOSE TO CRITICAL POINT

5) Clustering induces NN correlations producing an enhancement of kurtosis close to T
c

INCREASE OF KURTOSIS SIGNALS CRITICAL REGION DUE TO CLUSTERING   

2) We rescale our numbers 
to fix average number of 
protons in one cut.

Other proton cumulants 
match well with experiment 
for both cuts.

3) Larger criticality of NN potential we observe an increase of kurtosis.

Clustering → non Gaussian correlations!
STAR data. Two cuts:

0.4 GeV < p
T
 < 0.8 GeV

|y| < 0.5

(from Ref. [3])

0.4 GeV < p
T
 < 2 GeV

|y| < 0.5

(from Ref. [4],
STAR preliminary)

Simulation with N=32, T=120 MeV, Δt=5 fm/c

Motivation
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The (so far hypothetical) QCD critical point
is of Ising universality class

and thus should have a long-range critical mode

.  M. A. Stephanov, K. Ra jagopal and E. V. Shuryak, Phys. Rev. Lett. 81, 4816 (1998) [hep-ph/9806219].  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use non-relativistic normalization for all energies and for-
get about the mass, both in energy and in chemical po-
tential. In the former case we study it is not so, the
chemical potential is in the range µ̄ = 500 � 700MeV ,
and thus exp[(mi � µ̄)/Tch] ⇠ 10 � 1. This makes the
baryon component being approximately a classical Boltz-
mannian gas.

Important feature of the resonance gas is that pop-
ulation of the excited baryon states is significant. For
example, the population of the S = 3/2, I = 3/2
�(1200) resonance relative to that of the nucleon is about
4 ⇤ e(m��mN )/Tch ⇡ 0.7. So, in order to get correct yield
one needs to calculate and includes the “feed-down” from
their decay. Due to large widths of these resonances, how-
ever, the decays happen in a time of the order of 1 fm/c.
In the following we discuss the kinetic freezeout stage,
assuming that these decays had already happened, thus
normalizing the baryon density to those observed in the
final state.

Let us now proceed to the remaining forces between the
baryons. The so called “resonance gas model”, used for
the successful thermodynamical description of the parti-
cle yields at chemical freezeout, does not use any modi-
fications of the particle masses. Yet all dynamical mod-
els do predict significant modifications of their spectral
densities, which indeed are mostly due to an increase
in widths. For vector meson ⇢ such theories have been
directly tested via the dilepton production, and its sig-
nificant widening has indeed been observed.

For ! meson (we will use to model repulsive compo-
nent of nuclear forces) no changes are observed, which is
expected, since due to its longer lifetime most of them
decay outside of the fireball. The sigma meson, on the
contrary, is so wide (even in the original ⇡⇡ scattering)
that its observation in heavy ion collision is but impossi-
ble due to huge combinatorial background.

On general theoretical grounds we know that the sec-
ond order phase transitions have massless modes, which
lead to phenomena like critical opalescence at scales much
larger than the original microscopic scales of matter.
This is also true for versions of QCD with the second
order transitions. In particular, QCD with two massless
quark flavors Nf = 2 and exact chiral symmetry must
have massless � at the whole critical line in the T, µ
plane. Unfortunately, it is not the case for QCD with
physical quark masses, and the location of the expected
critical point on that line remains unknown.

There are lattice data for the vector and scalar correla-
tion functions at finite T , extrapolated to physical quark
masses. Unfortunately only for zero µb = 0.

For our studies of the baryonic clustering in this work
we will use Walecka model in four di↵erent versions of
the mesonic masses:
(A) the unmodified Walecka model;
(B1) the one in which � mass decreases “half way” (that
is m2

� ! m2
�/2) , presumed to hold at the critical line for

µb < µc. The “minimal modification” version changes
the coupling as well g2s ! g2s/2, keeping the mean poten-

tial energy constant.;
(B2) This version is the same as (B1) except that the
scalar coupling is not modified. The mean potential from
sigma thus is the factor 2 larger than in B1;
(C) An admixture of the version (B2) potential with the
one with very light critical mode �, m2

� ! m2
�/6

VC(r) = (1� x)VB2(r) + xVcritical(r) (11)

In Fig.2 we show the corresponding potentials, multiplied
for convenience by r3. As one can see, these four models
shows progressively increasing depth and range of the
attractive potential.

A. Binding in the mean field

Before we study clustering (the correlation growth)
rates below, it is instructive to illustrate the e↵ect of
di↵erent forces defined above in a simple model.
Let us take a Gaussian-shaped cluster, with the nuclear

matter density n0 = 0.16 fm�3 at its core

n(r) = n0e
� r2

2R2 (12)

and the r.m.s. size R = 2 fm. The integral N =R
d3xn(x) ⇡ 20, so it is a crude model of a medium-size

nucleus.
Using Thomas-Fermi expression for local Fermi

momentum with � degrees of freedom pf (r) =
[6⇡2n(r)/�]1/3 one can calculate the kinetic energy per
nucleon. For gamma = 4 it is

K = h
pf (r)2

2M
i ⇡ 17.1MeV (13)
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FIG. 2: V (r)r3 (MeV ⇤fm3) versus r (fm) for the four mod-
els used. The original Walecka potential is shown by the black
solid line, the versions B1 and B2 correspond to the upper and
the lower blue dashed lines, and the version C, with x = 0.1
to the red dash-dotted line.
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This is also true for versions of QCD with the second
order transitions. In particular, QCD with two massless
quark flavors Nf = 2 and exact chiral symmetry must
have massless � at the whole critical line in the T, µ
plane. Unfortunately, it is not the case for QCD with
physical quark masses, and the location of the expected
critical point on that line remains unknown.

There are lattice data for the vector and scalar correla-
tion functions at finite T , extrapolated to physical quark
masses. Unfortunately only for zero µb = 0.

For our studies of the baryonic clustering in this work
we will use Walecka model in four di↵erent versions of
the mesonic masses:
(A) the unmodified Walecka model;
(B1) the one in which � mass decreases “half way” (that
is m2

� ! m2
�/2) , presumed to hold at the critical line for

µb < µc. The “minimal modification” version changes
the coupling as well g2s ! g2s/2, keeping the mean poten-

tial energy constant.;
(B2) This version is the same as (B1) except that the
scalar coupling is not modified. The mean potential from
sigma thus is the factor 2 larger than in B1;
(C) An admixture of the version (B2) potential with the
one with very light critical mode �, m2
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VC(r) = (1� x)VB2(r) + xVcritical(r) (11)

In Fig.2 we show the corresponding potentials, multiplied
for convenience by r3. As one can see, these four models
shows progressively increasing depth and range of the
attractive potential.

A. Binding in the mean field

Before we study clustering (the correlation growth)
rates below, it is instructive to illustrate the e↵ect of
di↵erent forces defined above in a simple model.
Let us take a Gaussian-shaped cluster, with the nuclear

matter density n0 = 0.16 fm�3 at its core

n(r) = n0e
� r2

2R2 (12)

and the r.m.s. size R = 2 fm. The integral N =R
d3xn(x) ⇡ 20, so it is a crude model of a medium-size

nucleus.
Using Thomas-Fermi expression for local Fermi

momentum with � degrees of freedom pf (r) =
[6⇡2n(r)/�]1/3 one can calculate the kinetic energy per
nucleon. For gamma = 4 it is
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pf (r)2

2M
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For pure neutron matter, with � = 2, it is K ⇡

27.1MeV .
Now, ignoring binary correlations n(~x1, ~x2) !

n(~x1)n(~x2), one can calculate the potential energy

P =
1

2

Z
d3xd3yn(x)V (~x� ~y)n(y) (14)

corresponding to forces defined in the preceding section.
The results are P = �16.8,�17.35,�69.54,�87.35MeV
per nucleon, for models A,B1,B2 and C, respectively.
The total energy K + P for Walecka model A is, within
the accuracy of about 1 MeV, equal to zero for nuclear
matter(p, n equal mixture), and +10MeV for pure neu-
trons. This crudely corresponds to the real world expec-
tations.

However models B1,B2 and C lead to ever increasing
binding, about 0.2, 42, 70MeV per nucleon each. The
addition of binary correlation function can increase this
binding even more. The main lesson from these ini-
tial calculations is that significant binding (non-negligible
compared to the temperature Tf ⇡ 100MeV ) can be
produced only for significantly modified potential (mod-
els B2 and C).

TABLE I: The potential energy P and the total one K + P
in MeV/nucleon, for all versions of the binary potentials and
the number of nucleons N = 2.5, 8.5, 20., corresponding to
Gaussian density with r.m. radii R = 1, 1.5, 2 fm.

N A B1 B2 C

P 2.5 -12.0 -8.4 -49.1 -58.0

K+P 2.5 +5. +10. -32. -41.

P 8.5 -15.3 -14.3 -62.7 -77.3

K+P 8.5 +12. +13. -45. -50.

P 20 -16.8 -17.35 -69.54 -87.35

K+P 20 +2. -0.3 -52. -70.

B. Binding in specific clusters suggested by
symmetry

In the previous subsection we considered a limit in
which there are no correlations between locations of the
nucleons, so that all of them had the same, Gaussian-like
spatial distribution. Now we turn to the opposite limit,
in which the nucleons are put to specific locations, de-
fined by symmetry considerations, which in turn depend
on the particle number.

The smallest number of particles we consider is four,
N = 4, which form a tetrahedron. As it is known from
studies of few-body nuclei, such correlation between four
nucleons is indeed rather strong inside the 4He, and per-
sists in “alpha-particle nuclei” such as 12C,16 O. All 6
pair distances between the 4 nucleons are in this case the

same, denoted by a below, so the energy per nucleon is
in this simplest case just

< V >4=
6

4
V (a)

Octahedron has N = 6 particles and 15 pairs: 12 of
them of distance a and 3 of distance

p
2a. The energy

per particle is in this case

< V >4=
12

6
V (a) +

3

6
V (

p
2a)

The next cluster to consider, of N = 8 particles is the
cube. It has 12 distances a, 12 distances

p
2a and 4 of

distances
p
3a, 28 in total. The largest particular clus-

ter we discussed is the dodecahedron with 12 corners,
to which we added one particle at the center, making
N = 13. We would not list all the distances as they are
more complicated then in previous cases.

The energy per particle < V >N for all four clusters,
as a function of a, is shown in Fig.3. One can see that
the increasing N this potential energy increases, eventu-
ally exceeding the range of temperatures in the problem
T = 100 � 150MeV by a significant factor, of the order
of ⇠ O(3). Experience of working with strongly coupled
Coulomb plasmas before, see [3] and references therein,
tells us that for such range of < V >N /T the factor-
ized mean field theory is completely inadequate, and the
correlations are significant. At the same time, this range
of the ratio is also too small to cause solidification of the
system, keeping the system in the strongly correlated but
still liquid phase.
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FIG. 3: The energy per particle< V >N (MeV ) as a function
of a (fm) for four clusters: N = 4 tetrahedron (the upper
thin solid line), N = 6 octahedron (the dashed line), N = 8
cube (the dotted line) andN = 13 dodecahedron+one particle
(the lower thick solid line). This calculation is done with the
original Walecka model parameters.
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ergy and the particular NN potential is not possi-
ble without extra modelling. Therefore we cannot
directly compare our results with real data, but
nevertheless one can observe the qualitative ef-
fect on the skewness and kurtosis after increasing
the criticality in our model.
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FIG. 23: Scaled skewness (two top panels) and kurtosis (two
lower panels) as a function of the potential used and from
experimental data [5, 22] from STAR collaboration.

In Fig. 23 we our present our results for S� and �
2.

From top to bottom we show the theoretical skewness as

a function of the NN potential, the experimental skew-
ness as a function of the collision energy, and the same
dependences for the kurtosis, respectively. In all cases
we consider both Cut 1 and Cut 2. As mentioned, a di-
rect comparison is not possible due to the di�culty of
matching a given potential to a precise collision energy.
However, we base our study in the idea that lowering
the collision energy from high energies, should necessar-
ily approach the expanding system to the critical region,
until some particular value of

p
sNN . In our setup this is

achieved by increasing the attraction of theNN potential
towards a more critical one.
One important result is that the observed in-

crease of the kurtosis is consistent with the
early clustering phenomena close to the critical
point. While no nuclear clusters have been con-
sidered yet (we will in the next section), the on-
set of strong NN correlations, directly translates
into an increase of higher moments. Additional
sources of proton fluctuations have not been con-
sidered here. While they can further increase the
fluctuations to the level of the experimental mea-
surements, we conclude that the e↵ect of corre-
lations should become an important, if not the
dominant, signal.

B. Light-nuclei clusters at freeze-out

In previous sections we have observed that rel-
atively deep nuclear potentials are able to induce
nuclear clustering if the system is able to survive
for a large amount of time. In this respect, we
do not find realistic to search for heavy-fragment
production due to critical dynamics, as the re-
quired time for their formation is much longer
than the typical hadronic stage.
However, within several Fermi/c there is still

room for clustering of few nucleons. In fact, such
a mechanism is seemed to be required, according
to Ref. [27], to explain the STAR experimental
data. In that reference, the third and fourth or-
der cumulants cannot be explained by a model
with only nucleon stopping and baryon global
conservation. The conclusion of [27] is that some
sort of clustering is needed to describe the data.
In this work we provide such a natural mechanism
for clustering if the NN interaction is attractive
enough close to the critical point.
While for the calculation of the higher-order moments

of the proton distribution we have included the contribu-
tion of all protons—within the corresponding kinematic
cuts—we will now extract the nuclear clusters which may
give rise to light nuclei at post-freeze-out stages. We will
denote these clusters as “pre-nuclei” and they are prod-
ucts of the nucleon coalescence at freeze-out. If such
“pre-nuclei” are able to survive as bound objects until
the final stage of the fireball at very low temperatures,
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ergy and the particular NN potential is not possi-
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nevertheless one can observe the qualitative ef-
fect on the skewness and kurtosis after increasing
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lower panels) as a function of the potential used and from
experimental data [5, 22] from STAR collaboration.
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ness as a function of the collision energy, and the same
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we consider both Cut 1 and Cut 2. As mentioned, a di-
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towards a more critical one.
One important result is that the observed in-

crease of the kurtosis is consistent with the
early clustering phenomena close to the critical
point. While no nuclear clusters have been con-
sidered yet (we will in the next section), the on-
set of strong NN correlations, directly translates
into an increase of higher moments. Additional
sources of proton fluctuations have not been con-
sidered here. While they can further increase the
fluctuations to the level of the experimental mea-
surements, we conclude that the e↵ect of corre-
lations should become an important, if not the
dominant, signal.
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In previous sections we have observed that rel-
atively deep nuclear potentials are able to induce
nuclear clustering if the system is able to survive
for a large amount of time. In this respect, we
do not find realistic to search for heavy-fragment
production due to critical dynamics, as the re-
quired time for their formation is much longer
than the typical hadronic stage.
However, within several Fermi/c there is still

room for clustering of few nucleons. In fact, such
a mechanism is seemed to be required, according
to Ref. [27], to explain the STAR experimental
data. In that reference, the third and fourth or-
der cumulants cannot be explained by a model
with only nucleon stopping and baryon global
conservation. The conclusion of [27] is that some
sort of clustering is needed to describe the data.
In this work we provide such a natural mechanism
for clustering if the NN interaction is attractive
enough close to the critical point.
While for the calculation of the higher-order moments

of the proton distribution we have included the contribu-
tion of all protons—within the corresponding kinematic
cuts—we will now extract the nuclear clusters which may
give rise to light nuclei at post-freeze-out stages. We will
denote these clusters as “pre-nuclei” and they are prod-
ucts of the nucleon coalescence at freeze-out. If such
“pre-nuclei” are able to survive as bound objects until
the final stage of the fireball at very low temperatures,
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In Fig. 23 we our present our results for S� and �
2.

From top to bottom we show the theoretical skewness as

a function of the NN potential, the experimental skew-
ness as a function of the collision energy, and the same
dependences for the kurtosis, respectively. In all cases
we consider both Cut 1 and Cut 2. As mentioned, a di-
rect comparison is not possible due to the di�culty of
matching a given potential to a precise collision energy.
However, we base our study in the idea that lowering
the collision energy from high energies, should necessar-
ily approach the expanding system to the critical region,
until some particular value of

p
sNN . In our setup this is

achieved by increasing the attraction of theNN potential
towards a more critical one.
One important result is that the observed in-

crease of the kurtosis is consistent with the
early clustering phenomena close to the critical
point. While no nuclear clusters have been con-
sidered yet (we will in the next section), the on-
set of strong NN correlations, directly translates
into an increase of higher moments. Additional
sources of proton fluctuations have not been con-
sidered here. While they can further increase the
fluctuations to the level of the experimental mea-
surements, we conclude that the e↵ect of corre-
lations should become an important, if not the
dominant, signal.

B. Light-nuclei clusters at freeze-out

In previous sections we have observed that rel-
atively deep nuclear potentials are able to induce
nuclear clustering if the system is able to survive
for a large amount of time. In this respect, we
do not find realistic to search for heavy-fragment
production due to critical dynamics, as the re-
quired time for their formation is much longer
than the typical hadronic stage.
However, within several Fermi/c there is still

room for clustering of few nucleons. In fact, such
a mechanism is seemed to be required, according
to Ref. [27], to explain the STAR experimental
data. In that reference, the third and fourth or-
der cumulants cannot be explained by a model
with only nucleon stopping and baryon global
conservation. The conclusion of [27] is that some
sort of clustering is needed to describe the data.
In this work we provide such a natural mechanism
for clustering if the NN interaction is attractive
enough close to the critical point.
While for the calculation of the higher-order moments

of the proton distribution we have included the contribu-
tion of all protons—within the corresponding kinematic
cuts—we will now extract the nuclear clusters which may
give rise to light nuclei at post-freeze-out stages. We will
denote these clusters as “pre-nuclei” and they are prod-
ucts of the nucleon coalescence at freeze-out. If such
“pre-nuclei” are able to survive as bound objects until
the final stage of the fireball at very low temperatures,
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As it is well known, see e.g.[3], one can also apply these
expressions in statistical mechanics. For this one needs
to change time into its Euclidean version ⌧ = i t defined
on a circle with circumference � = ⌧tot. Such periodic
time is known as the Matsubara time, and the density
matrix of quantum system is related to probability for
thermal system with temperature

T = ~/� . (9)

At T ! 0 the ground state of the quantum system is
naturally recovered. Periodicity of the path implies that
there is only one endpoint xi = xf = x0.

The main object of our study is the diagonal matrix
element of the density matrix, giving the probability for
the specific coordinate value x0 (or a particular field con-
figuration �0(~x) in QFT) in this ensemble

P (x0,�) = N

Z x(�)=x0

x(0)=x0

Dx(⌧)e�SE [x(⌧)]/~
. (10)

So, we take into account all (closed) trajectories starting
and ending at x0. Here the weight is defined via the
Euclidean action

SE =

Z �

0
d⌧


m

2

✓
dx

d⌧

◆2

+ V (x)

�
.

Using standard definition of the density matrix in terms
of stationary states | ni with energy En, the sum over
states becomes a set of decreasing exponentials

P (x0,�) =
X

n

| n(x0)|
2
e
�En� . (11)

In the limit of large � or low temperature T , in the ex-
pression (11) the dominant term

P (x0,� ! 1) ⇠ | 0(x0)|
2

e
�E0� , (12)

describes the ground state, the main state we are inter-
ested in.

B. The classical path - flucton

We assume for simplicity that the potential (2) has a
global minimum at x = 0,

V (x) � 0 and
d

d x
V |x=0 = 0 .

thus, the exponent in (11) is non-negative, SE � 0.
In Euclidean time ⌧ the kinetic energy changes sign,

which is equivalent to the potential e↵ectively flipping
sign, V (x) ! �V (x), turning a minimum into a maxi-
mum. Now, let us ask if there exist a real path, starting
at some arbitrary point x0 at ⌧ = 0 and returning to it
after the required time duration, at the Matsubara time
⌧ = �. The lowest action path of this kind is the classical
path we call flucton. Its energy is defined by its period.

Since in this work we deal only with quantum mechan-
ical limit of vanishing temperature T ! 0, the Matsub-
ara time goes to infinity. It is clear then that the particle
should spend a divergently long time near the turning
point, which is the case when xt ! 0, the location of
the maximum of �V , see Fig.1. Evidently, such classi-
cal path with infinite period is the one with zero energy
E = 0. The basic idea is that such classical path with
zero energy E = 0 ”climbs up the hill” to its maximum
at x = 0.

x

-V(x)
x0xt

FIG. 1: The sketch of the inverted potential �V versus co-

ordinate x. Flucton is the classical trajectory starting and

ending at the same initial point x0. At non-zero tempera-

ture it goes through the turning point xt, see text. At zero

temperature xt coincides with the location of the maximum,

xt = 0.

Let us find the flucton paths explicitly. They, of course,
satisfy the second order classical Equation Of Motion
(EOM), but in the one-dimensional case it is much easier
to use the energy conservation, at E = 0

d

d⌧
x(⌧) =

p
2 V (x) . (13)

The circular trajectory emerging in (13) which starts and
ends at x0 passing through x = 0 for the time � is called
a flucton [6],

xflucton(0) = xflucton(�) = x0 ,

xflucton = xflucton(⌧ ; x0, �) .

It enables us to evaluate the transition amplitude
P (x0,�) (10). Putting

�(x0 ,�) ⌘ � log[P (x0,�)] ,

in (12) and expanding the classical action around the
flucton we obtain

�(x0 ,�) =

Sflucton +
1

2
log(N�2 det(Oflucton)) + loops , (14)

Density matrix dominated by  
flucton paths  

which  should have correct period

� =
~
T
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Conclusions
• In the near-Tc region QGP is a dual plasma: magnetically 

charged quasiparticles — monopoles — have density 
comparable to that of q,g


• They play significant role in re-scattering (viscosity) and 
jet quenching


• Baryonic clustering at freeze out is very sensitive to the 
NN potentials. Even small modification matters.


• Clustering increases moments of multiplicity distribution 
and also production of light nuclei like ts


