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(Ryu & Takayanagi "06)
Holographic Entanglement Entropy:

AdS boundary

A
2 boundary
conformal field
theory
V Bekenstein-
AdS bulk Hawking
spacetime A formula
S(A) = min ——
v~y 4G N

* holographic EE is a fruitful forum for bulk-boundary dialogue:




En'rr'opy
Susskind: Entanglement/is "not enough!

* “to understand the rich geometric structures that exist behind
the horizon and which are predicted by general relativity.”

\\\ // e recall Sgg only probes the
\\ // eigenvalues of the density matrix
\\ -~
N4 l// Spr = —Tr|pa logpa]
N
= =) X log
// \\\
7 _ : _ * would like a new probe which
Holographic Complexity! is “sensitive to phases”
/ N
w L |TFD) = 3 e Pe/ TG (1 15D

X |Ea>L‘Ea>R



Complexity:

e computational complexity: how difficult is it to implement a task? eg,
how difficult is it to prepare a particular state?

e quantum circuit model:
jAT | = U JAR |
unitary operator—J L simple reference state

built from set of €8 100000 - --0)
simple gates

by [~ |
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Complexity:

e computational complexity: how difficult is it to implement a task? eg,
how difficult is it to prepare a particular state?

e quantum circuit model:
jAT | = U JAR |
unitary operator—J L simple reference state

built from set of €8 100000 - --0)
simple gates

tolerance: ”A—rl i UJAR| j2 :

e complexity = minimum number of gates required to prepare
the desired target state (ie, need to find optimal circuit)

* does the answer depend on the choices??



Holographic Complexity: A Tale of Two Dualities

* complexity=volume: evaluate proper volume of extremal codim-one

surface connecting Cauchy surfaces in boundary theory (cf holo EE)
(Stanford & Susskind)

Complexity = Volume Complexity = Action
\-—_——/
tL—’\‘_/‘_tR tr—> <R
V(B
Vs = e G cr(s) = e
L P2\

e complexity=action: evaluate gravitational action for Wheeler-DeWitt
patch = domain of dependence of bulk time slice connecting

boundary Cauchy slices in CFT  (Brown, Roberts, Swingle, Susskind & Zhao)

23t navabisdersadtestmeotsdume b YK BB goatch

interior (at arbltrarlly late t@f@y en %ﬂﬁfﬁédary) (Couch, Fischler & Nguyen)
N




Holographic Complexity:

Complexity = Volume Complexity = Action

11 o //“—tR

 connection of complexity=volume to AdS/MERA

* [inear growth (at late times) (d = boundary dimension)
dCV 81 dC 2M
v — M A — 27
dt lt—o d—1 (planar) dt lt—c T

» “switchback” effect (out of time-order correlators)



. . Shira Chapman, Hugo Marrochio & RCM
Complexity of Formation: P ;

'TFD) = 2712y e P/ |E,) | Ea) R

 additional complexity involved in forming thermofield double state
compared to preparing two copies of vacuum state? (Brown et al)

AC = C(|TFD)) — (|0}  |0))




[ ' Shira Ch , Hugo Marrochio & RCM
Complexity of Formation: =~ e R

 additional complexity involved in forming thermofield double state
compared to preparing two copies of vacuum state?

AC = C(|TFD)) - €(|0) @ [0))

AC 4 —cot(d) S + -

d C

\_' J T '\ curvature corrections

thermal/ent. entropy

O(1/d) R
(d—2)T(1+ 1
ACV_4\/_- a f)SJr-- C
TG +3)
\ J
!
4+ O(1/d)



Questions?
* What is “holographic complexity”?
» what is boundary dual of these gravitational observables?
» QFT/path integral description of “complexity” in boundary CFT?

* is there a privileged role for (states on) null Cauchy surfaces?
» provide distinguished reference states?

*is there a/

> Wwha of F)
* ambiguit
» con ary?

* more boundary terms: higher codim. intersections; “complex” joint
contributions; boundary “counterterms”

* why is complexity of formation positive?

* Ca contribution of spacetime singularity? * subregion complexity?



Complexity in Quantum Field Theory??

e computational complexity: how difficult is it to implement a task? eg,
how difficult is it to prepare a particular state?

e quantum circuit model:

) = U |tho)

unitary operator—J L simple reference state

built from set of €8 100000 - --0)
simple gates
Py
X1 - D, j ®, % Y tolerance:
X> —1'/ N J] Y, ‘ ’15) — ‘¢>Target |2 S 3
Xs IRe % — s | _E
X, I — Ys

e complexity = minimum number of gates required to prepare
the desired target state (ie, need to find optimal circuit)



Quantum Field Theory:
o fre endaila faehd y lod mogu(hed $parcebinie aiolatsions)
H = ;/dd_lm {W(ZC)Q + V(z)? + m2qb(:c)2}

X 2 "
- 17 B®F o %[ (Wm)x(ﬁﬁ\(ﬁ%)ﬂz'#mﬁ&ﬁ)z

2 4 1

p(r) = £ “2Yn)

x(R) = £*A(n)
M = 1=t




~ 1 X .
Reference state:  Ag(xj)" ?@@??.?z!g X2

Gates/Uiitadesed Gaussian:2PRRtice sites disentangled
* natural operatolr!sg Xj + i)@i;v'afﬂ}(xj) =0 [xi;pl=i%
—> Qij = expli2xip] (16]) “shift X; by € x;” (entangling)

L= exp (X P+ P X
Qi p >Xi P+ P ) “rescale x; to e€x;” (scaling)

=e” exp[l Xi pi]
Target state: infinitesim@P 2?2727
arameter .
—> ground state,c 1 thermofield double state
/ Jefferson w/ Chapman,.Eisert, Heller, Jefferson,
Iw o we find opti fc'rl&gr'#d io & Pastawski

s wklelle QZ,_(ﬁe o Ya u, Yapg & Zhang)
* follow ap éejs‘t ﬁmﬂ e@;LHa honéﬁh(&yntrol theory)
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“What is the minimal size quantum circuit required to exactly implement
a specified n-qubit unitary operation, U, without the use of ancilla qubits?”

Nielsen approach:

» work with smooth functions on a smooth space (rather than discrete)

As _=L€ J F bon/off

ARO(EX X F U ABRXX %)  with U =(Plxp  dsY'(s)O
0

shi-to-left—2
right-to-left s: position label

i
where QO = 5 (Xip + P Xi)

e consider trajectories:
“~s

U(s) = P exp dsY'(9)M;  where U(s=0)=1; U(s= 1) = Uy
0

velocity: Y'(s) = Tr @U(s) Ui }(s)M,



“What is the minimal size quantum circuit required to exactly implement
a specified n-qubit unitary operation, U, without the use of ancilla qubits?”

Nielsen approach:

» work with smooth functions on a smooth space (rather than discrete)

 consider trajectories:
“'s

U(s) = P exp dsY'(9)M;  where U(s=0)=1; U(s= 1) = Uy,
0

velocity: Y'(s)= Tr “@U(s) Ui Y(s) M, )

* analogy with motion of a particle determined by minimizing an action
L 1 S

minimizing the cost function/action: |D=/ dSZf\|Yd(}9)fr'(S)YJ(S)
0 A R—
[Fl - FZ ]_) Fq ]

—> extremal path U(s) is geodesic in a Riemannian geometry

Calculate, Calculate, Calculate, ...



Ground state complexity:
- 1 ,X . .
Rrlx)' ep izl xi® —> Ar0g)" exp |

where for periodic square N X N X N X --- |attice:
4 X VK

12=m?+ —  sSin°___: ki = O:1: ¢¢¢: N ;




Complexity of Formation:
AC = C(|TFD)) — 2Cypqc

e thermofield double state: jTFDi' & ™ '«Zjn i jngir
kK Nk
ya _ v = —o |l
ddi 1k 1+ e '«
—> |¢C=V ——o —
[ @371 Iie !Rzz]
- i ¢ 2d . 1
¢ Groo = VTU 1 gs 120 11 (di D2(d) = —5—Sm=c

* compare to holography: AC « S > 0; UV finite; independent of w,
butind = 2, AC,,,—g X RT vs ACy,, X C

e consider massive theory:

2d: 1 F m2 !
C'l Sm 1+ # —p+ 00¢

¢ G =



Chapman, Eisert, Hackel, Heller, Marrochio & RCM
Complexity of Time-dependent TFD:

* time-dependent TFD (with t; = tp = t/2):

I /\

] . Y 1 .
kK Nk saturates with
I 2 2
o C~eVatt~eV
08}
\ § i
3 22+ | os)
= I
= S
- Q
I 20L S ol
4
E sl 00 0.5 10 15 \2.0
5 - \ tT_dC=d;' M
i J— .
e compat Free: state remains Gaussian ]
VS 3.0

Holography: explore full Hilbert space (chaotic) wo and @)



Conclusions/Questions:

e complexity model for free scalar shows surprising similarities to
holographic proposals for complexity of boundary CFT states
* possible extensions of QFT model:
» complexity for excited QFT states? in interacting QFT’s?

» appropriate gate set? appropriate cost functions?

e geometry of “states” versus geometry of “unitaries”?
Chapman, Heller, Marrochio & Pastawski (1707.08582)

e complexity for gauge theories? Hashimoto, lizuka & Sugishita (1707.03840)
e concrete connection to “holographic complexity”?
» QFT/path integral description of “complexity” in boundary CFT?
» what is boundary dual of these gravitational observables?
* need/want a better idea?
build pg — S = =2 A\, logh, —> Replica Trick
build optimal U — C = # gates —> 222727

—> preliminary suggestions:
Caputa et al (1703.00456; 1706.07056); Czech (1706.00965)



Path Integral Complexity(??):

z=¢ X,
* optimize resources/geometry
for path integral construction
of CFT states 7 o =
—> cost functional =
Liouville action for d=2 CFTs
7=0°

« network elements # unitaries | at Space Hyperbolic Space

Bhattacharyya, Caputa, Das, Kundu, Miyaji, Takayanagi, Watanabe
(1703.00456; 1706.07056; 1804.01999)

 similar optimization trading between “euclideons” and scaling unitaries
Czech (1706.00965); Sully & Vidal (unpublished)

* holographic spacetimes = “quantum circuits” based on path-integrals

Takayanagi (1808.09072)
see also: Milsted & Vidal (1807.02501, 1812.00529)



Conclusions/Questions:

e complexity model for free scalar shows surprising similarities to
holographic proposals for complexity of boundary CFT states
* possible extensions of QFT model:
» complexity for excited QFT states? in interacting QFT’s?

» appropriate gate set? appropriate cost functions?

e geometry of “states” versus geometry of “unitaries”?
Chapman, Heller, Marrochio & Pastawski (1707.08582)

e complexit 707.03840)

* concrete
> QFT/p
> what i

* need/want a better idea?

build pg — Spr = =X\, log, —> Replica Trick
build optimal U — C = # gates —> 222272

—> preliminary suggestions:
Caputa et al (1703.00456; 1706.07056); Czech (1706.00965)

ry CFT?
S?



