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Multiple choice problem

¥ many possible choices for relational clocks ! inequivalent quantum dynamics

Kuchar (1992):
 ÒThe multiple choice problem is one of an embarrassment of riches: out of many
inequivalent options, one does not know which one to select.Ó

Isham (1993): 
ÒCan these different quantum theories be seen to be part of an overall scheme that is covariant?É 

It seems most unlikely that a single Hilbert space can be used for all possible 
choices of an internal time function.Ó

vs. ! (a)a(! )e.g.



ÒAll the laws of physics are the same in all reference frames.Ó
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Towards quantum general covariance

How to make sense of general covariance when frames are quantum?
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AIM: 
unifying framework for switches of  

temporal and spatial  
quantum reference systems

symmetry principle

how?

redundancy (constraints)

perspective-neutral framework
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TA!B = 'B � '�1

A

'A

'B

HA

description of physics relative

to the perspective of quantum

reference system A
(reduced Hilbert space)

HB

description of physics relative

to the perspective of quantum

reference system B

(reduced Hilbert space)

Hphys

perspective-neutral physical

Hilbert space

(of Dirac quantization)

Result will be:

quantum symmetry reduction maps
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Symmetry & perspective-neutral structure

C

gauge orbits

perspective-neutral 
constraint surface

C

constraint surface encodes all frame choices at once

gauge symmetry    constraints=)
canon. form.
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Toy model: relative motion in 1D

Legendre tr.

P = pA + pE + pF ⇡ 0

L =
1

2

�
q̇2A + q̇2E + q̇2F

�
� 1

6
(q̇A + q̇E + q̇F )� V ({qa � qb})

L invar. under translations

H =
1

2

�
p
2
A + p

2
E + p

2
F

�
+ V ({qa � qb}) + �P

qa, q̇a 7! qa + f(t), q̇a + f 0(t)

arbitrary

Localization in Newtonian  
space unphysical,  

only relational motion

Ecm
kin

Constraint translation generator

qqA qE qF

2



Redundancy

gauge symmetry: qa(t) not physical

gauge inv. observables: (qE � qA), (qF � qA), (qE � qF ), pA, pE , pF

) commute with P = pA + pE + pF

perspective-neutral description

) but redundant (only 4 indep. gauge inv. obs)



From perspective-neutral to perspectival

C

gauge orbits

perspective-neutral 
constraint surface

C

Classical reduction: 

1. Choose reference system (e.g. A) 
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Frame choice as gauge

GA

CC

A-perspective 
(gauge Þxing surface)

gauge orbits

perspective-neutral 
constraint surface

C
gauge Þx

perspective-neutral

C

Classical reduction: 

1. Choose reference system (e.g. A) 

2. Gauge Þx 
 16
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Choosing perspective = choosing gauge

gauge symmetry: qa(t) not physical

gauge inv. observables: (qE � qA), (qF � qA), (qE � qF ), pA, pE , pF

) commute with P = pA + pE + pF

perspective-neutral description

) but redundant (only 4 indep. gauge inv. obs)

¥ Þx symmetry, take A perspective  qA = 0 (Þxes                  so that                )q̇A = 0� = �pA

(qE,F � qA) 7! qE,F become rel. distance to A



Frame choice as gauge

GA

CC

A-perspective 
(gauge Þxing surface)

gauge orbits

perspective-neutral 
constraint surface

A-perspective (reduced phase space)

C

proj.

gauge Þx

perspective-neutral

C

Classical reduction: 

1. Choose reference system (e.g. A) 

2. Gauge Þx 

3. remove AÕs redundant DoFs  18
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Choosing perspective = choosing gauge

gauge symmetry: qa(t) not physical

gauge inv. observables: (qE � qA), (qF � qA), (qE � qF ), pA, pE , pF

) commute with P = pA + pE + pF

perspective-neutral description

) but redundant (only 4 indep. gauge inv. obs)

¥ Þx symmetry, take A perspective  qA = 0 (Þxes                  so that                )q̇A = 0� = �pA

(qE,F � qA) 7! qE,F become rel. distance to A

¥ Hamiltonian reduces to

HEF |A = p
2
E + p

2
F + pEpF + V (qE , qF )



Change of frame perspective
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A-perspective 
(gauge Þxing surface)
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(gauge Þxing surface)

gauge orbits

perspective-neutral 
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C

proj.proj.

gauge Þx gauge Þx
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C
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A-perspective (reduced phase space)

PA

GF
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qA = 0
qF = 0
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Change of frame perspective

GB GA

C

GA

CC

A-perspective 
(gauge Þxing surface)

F-perspective 
(gauge Þxing surface)

gauge orbits

perspective-neutral 
constraint surface

F-perspective (reduced phase space) A-perspective (reduced phase space)

C

persp. change

gauge tr.

gauge Þx

perspective-neutral

C
C! GA

GA

'A
GF

C \ GF

PF

! ! 1
F

PA

qA = 0
qF = 0

gauge Þx

TF!A = ! A ! gauge tr. ! ! �1
F



Quantum reference 
frame switches



Reduced quantization: QT in a frame 
perspective

1. Solve constraints classically 

2. Quantize



Reduced quantization: QT in A-perspective

¥ quantize reduced class. model in A-perspective

[öqE,F , öpE,F ] = i on

|! !EF |A =
!

dpE dpF ! EF |A (pE , pF ) |pE , pF !

öHEF |A = öp2
E + öp2

F + öpE öpF + V(öqE , öqF )

with Hamiltonian

H red
A = L 2(R2)



Dirac quantization - perspective-neutral

1. Quantize all DoFs 

2. Solve Constraint in QT



Dirac quantization - perspective-neutral

quantize 1st on H kin = L 2(R3) solve constraint in QT

öP|! ! phys = (öpA + öpE + öpF )|! ! phys = 0



Dirac quantization - perspective-neutral

quantize 1st on H kin = L 2(R3) solve constraint in QT

öP|! ! phys = (öpA + öpE + öpF )|! ! phys = 0

! : H kin ! H phys

|! ! kim =
!

dpA dpE dpF ! kin (pA , pE , pF )|pA , pE , pF !

!" |! #phys =
!

dpE dpF ! kin ($ pE $ pF , pE , pF ) | $ pE $ pF , pE , pF #

Projection

=
!

dpA dpF ! kin (pA , ! pA ! pF , pF ) |pA , ! pA ! pF , pF "



Dirac quantization - perspective-neutral

quantize 1st on H kin = L 2(R3) solve constraint in QT

öP|! ! phys = (öpA + öpE + öpF )|! ! phys = 0

! : H kin ! H phys

|! ! kim =
!

dpA dpE dpF ! kin (pA , pE , pF )|pA , pE , pF !

!" |! #phys =
!

dpE dpF ! kin ($ pE $ pF , pE , pF ) | $ pE $ pF , pE , pF #

H phys [ öO, öP] = 0

Projection

¥ observables on e.g. öqa ! öqb, öpa

=
!

dpA dpF ! kin (pA , ! pA ! pF , pF ) |pA , ! pA ! pF , pF "



original phase space R6 PA

H kin

H phys H red
A

P = qA =0

Dirac quantization

reduced quantization

!

perspective-neutral A perspective

Summary so far:



Quantum reference frame switches?

¥ debate on relation reduced vs Dirac quantization 

¥ no gauge Þxing in QT

quantum reduction procedure?

 32



Perspective-neutral quantum structure

perspective-neutral

H phys

Dirac quantized theory
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Perspective-neutral to perspectival in the QT

perspective-neutral

H phys

1. Choose reference system (e.g. A) 
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Quantum reduction

perspective-neutral

constraint trivialization

H phys

1. Choose reference system (e.g. A) 

2. Trivialize constraints to reference system 

 35

H triv
A



Go to A-perspective in QT

¥ remove redundant A-variables with isometry to red. QT

TA := ei öqA (öpE +öpF )

! |! !A,EF := TA |! ! phys = |p = 0 !A "
!

dpE dpF ! kin (# pE # pF , pE , pF )|pE , pF !

:= |! !EF |A

! trivializes constraint to A TA öP T  
A = öpA



Quantum reduction

perspective-neutral

reduced QT in A-perspective

constraint trivialization

projection on class. gauge Þxing 

H phys

1. Choose reference system (e.g. A) 

2. Trivialize constraints to reference system 

3. Project onto classical gauge Þxing condition
 37

H triv
A

H red
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Quantum reduction

perspective-neutral

reduced QT in A-perspective

constraint trivialization

projection on class. gauge Þxing 

H phys quantum reduction

1. Choose reference system (e.g. A) 

2. Trivialize constraints to reference system 

3. Project onto classical gauge Þxing condition

Vanrietvelde, PH, Giacomini, Castro Ruiz Õ18 
Vanrietvelde, PH, Giacomini Õ18 

PH, Vanrietvelde Õ18 
PH Ô18
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Go to A-perspective in QT

¥ remove redundant A-variables with isometry to red. QT

TA := ei öqA (öpE +öpF )

! |! !A,EF := TA |! ! phys = |p = 0 !A "
!

dpE dpF ! kin (# pE # pF , pE , pF )|pE , pF !

:= |! !EF |A

! trivializes constraint to A TA öP T  
A = öpA

project out redundancy with 
!

2! "qA = 0 |



Go to A-perspective in QT

¥ remove redundant A-variables with isometry to red. QT

TA := ei öqA (öpE +öpF )

! |! !A,EF := TA |! ! phys = |p = 0 !A "
!

dpE dpF ! kin (# pE # pF , pE , pF )|pE , pF !

:= |! !EF |A

! trivializes constraint to A TA öP T  
A = öpA

project out redundancy with 
!

2! "qA = 0 |

¥ observables transform correctly

TA (öqE,F ! öqA ) T  
A = öqE,F TA öpE,F T  

A = öpE,F

! deÞnes isometry to A-perspective

TA öH T  
A = öHEF |A = öp2

E + öp2
F + öpE öpF + V(öqE , öqF )



Switch from F- to A-perspective in QT

perspective-neutral

reduced QT in A-perspective

constraint trivialization

projection on class. gauge Þxing 

H phys quantum reduction

H triv
A

H red
A

! A

invert F-reduction        , concatenate  
with A-reduction

! ! 1
F

! A



Switch from F- to A-perspective in QT

perspective-neutral

reduced QT in F-perspective reduced QT in A-perspective

Vanrietvelde, PH, Giacomini, Castro Ruiz Õ18 
Vanrietvelde, PH, Giacomini Õ18 

PH, Vanrietvelde Õ18 
PH Ô18

constraint trivialization

projection on class. gauge Þxing 

H phys

append ref. DoFs, restore gauge inv.

untrivialize
quantum reduction

H triv
A

H red
A

! A

H triv
F

H red
F

! ! 1
F

invert F-reduction        , concatenate  
with A-reduction

! ! 1
F

! A

TF ! A = ! A ! ! " 1
F



Go to A-perspective in QT

¥ remove redundant A-variables with isometry to red. QT

TA := ei öqA (öpE +öpF )

! |! !A,EF := TA |! ! phys = |p = 0 !A "
!

dpE dpF ! kin (# pE # pF , pE , pF )|pE , pF !

:= |! !EF |A

! trivializes constraint to A TA öP T  
A = öpA

project out redundancy with 
!

2! "qA = 0 |

¥ observables transform correctly

TA (öqE,F ! öqA ) T  
A = öqE,F TA öpE,F T  

A = öpE,F

! deÞnes isometry to A-perspective

TA öH T  
A = öHEF |A = öp2

E + öp2
F + öpE öpF + V(öqE , öqF )



Switch from F- to A-perspective in QT

perspective-neutral

reduced QT in F-perspective reduced QT in A-perspective

H phys quantum reduction

H triv
A

H red
A

! A

H triv
F

H red
F

! ! 1
F

TF ! A = ! A ! ! " 1
F

T  
F

|p = 0 !F "

TA

p
2⇡ Ahq = 0|

TF!A =
p
2⇡ Ahq = 0|TA T †

F |p = 0iF⌦
= PAF eiq̂A p̂E

concretely

parity swap

) recover QRF transf. proposed by Giacomini, Castro-Ruiz, Brukner (arXiv:1712.07207)  

Vanrietvelde, PH, Giacomini, Castro-Ruiz, arXiv:1809.00556



Operational consequences   (stolen from GC-RB paper)

see Giacomini, Castro-Ruiz, Brukner arXiv:1712.07207 



Generalize to 3D with ÒMach principleÓ

¥ incl. also rotational invar.

H =
!

a= A,E,F

!pa
2 + V ({|!qa � !qb|}) + !" !P + !µ !J

Ji =
X

a

✏ijk q
j
a p

k
awhere

¥ gauge inv. motion and observables |~qa � ~qb|, ~pa2

A

E

F

! gauge Þx to A-perspective

perspective-neutral

A: origin             
E: in z-direction 
F: in x-z-plane

Vanrietvelde, PH, Giacomini, arXiv:1809.05093 



Generalize to 3D with ÒMach principleÓ

¥ incl. also rotational invar.

H =
!

a= A,E,F

!pa
2 + V ({|!qa � !qb|}) + !" !P + !µ !J

Ji =
X

a

✏ijk q
j
a p

k
awhere

¥ gauge inv. motion and observables |~qa � ~qb|, ~pa2

A

E

F

! gauge Þx to A-perspective

perspective-neutral

A: origin             
E: in z-direction 
F: in x-z-plane

Vanrietvelde, PH, Giacomini, arXiv:1809.05093 

Gribov problem arises 

no global relational perspectives
!



Perspective switch

Hphys

H rot
A,EF

H rot
E,F |A

H red
E,F |A

H rot
F,AE

H red
E,A |F

H
rot
E,A|F

(⇡red
A )! 1

R ! 1
E,F

T  
A

TF

R E,A

! red
F

perspective neutral

reduced QT in A-perspective reduced QT in F-perspective

SA!F = ! F ! ! �1
A



TA!B = 'B � '�1

A

'A

'B

HA

description of physics relative

to the perspective of quantum

reference system A
(reduced Hilbert space)

HB

description of physics relative

to the perspective of quantum

reference system B

(reduced Hilbert space)

Hphys

perspective-neutral physical

Hilbert space

(of Dirac quantization)



Quantum clocks

2 clocks variables t, q

t(q) vs q(t)

What if t, q operators?

adress Òmultiple choice problemÓ (Kuchar Õ91; Isham Õ92)



Example: parametrized particle

S =
!

dt
m
2

úq2
Sext =

!
ds

m
2

"
q!

t !

# 2

t !

Hamiltonian constraint

extension

Legendre tr.

CH = pt +
p2

2m
= 0

reparametrization invariant

generates dynamics and symmetry 
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Example: parametrized particle

S =
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dt
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2
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Q(⌧) = q(s)
��
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time-of-arrival

on constraint surface



Example: parametrized particle

clock relational Dirac observable
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Example: parametrized particle

clock relational Dirac observable

t

q

Q(⌧) = q(s)
��
t(s)=⌧ = 2p(⌧ � t0) + q0

T(X ) = t(s)
!
!
q(s)= X = t0 +

X ! q0

2p

Getting rid of redundancy through gauge-Þxing

reduced observable

CH = pt +
p2

2m
=

1
2m

(p +
!

" pt )(p "
!

" pt )

T± (X ) = t !
X

2
"

# pt

Qred (! ) = 2 p! + q

on constraint surface

(t0 = 0)

(q0 = 0)

gauge Þxing:



Example: parametrized particle

clock relational Dirac observable

t

q

Q(⌧) = q(s)
��
t(s)=⌧ = 2p(⌧ � t0) + q0

T(X ) = t(s)
!
!
q(s)= X = t0 +

X ! q0

2p

Getting rid of redundancy through gauge-Þxing

reduced observable

CH = pt +
p2

2m
=

1
2m

(p +
!

" pt )(p "
!

" pt )

T± (X ) = t !
X

2
"

# pt

Qred (! ) = 2 p! + q

on constraint surface

(t0 = 0)

(q0 = 0)

gauge Þxing:

on reduced phase space



Example: parametrized particle

clock relational Dirac observable

t

q

Q(⌧) = q(s)
��
t(s)=⌧ = 2p(⌧ � t0) + q0

T(X ) = t(s)
!
!
q(s)= X = t0 +

X ! q0

2p

Getting rid of redundancy through gauge-Þxing

reduced observable

CH = pt +
p2

2m
=

1
2m

(p +
!

" pt )(p "
!

" pt )

T± (X ) = t !
X

2
"

# pt

Qred (! ) = 2 p! + q
evolution w.r.t t

evolution w.r.t q

on reduced phase spaceon constraint surface



original phase spaceR4

P+ P! H kin Pq|t

H + H !

H t |q
phys H phys H q|t

phys H q|t

C+ = q=0

C! = q=0
Dirac quantization CH = t =0

a!ne reduced quantization

! ( öCH ) canonical reduced quantization

q "q=0 |" ( ! öp)( ! öpt )
1
4

q "q=0 |" (öp)( ! öpt )
1
4

Tq Tt

t " t =0 |

Summary of steps for parametrized particle

PH, Vanrietvelde, arxiv:1810.04153



Quantum clock switch 

Tq± := exp
!

± i öq( !! " pt " ! )
"

" (# öp)Tq := Tq+ + Tq!

Tt := exp( i öt öp2/ 2m) = exp( i öt öH )

öSt ! q± !
"

2 öPq! t ! (# öp) !! |p|

clock-neutral

evolution w.r.t. qevolution w.r.t. t

H phys

H q(t )
phys H t (q)

phys

H q(t ) H ± t (q)

TqT  
t

2
!

! q "q=0 |" (# öp)( $ öpt )
1
4

öSt ! q±

|pt =0 %t

where

clock swap

PH, Vanrietvelde, arxiv:1810.04153



Quantum clock switch 
clock-neutral

evolution w.r.t. qevolution w.r.t. t

H phys

H q(t )
phys H t (q)

phys

H q(t ) H ± t (q)

TqT  
t

2
!

! q "q=0 |" (# öp)( $ öpt )
1
4

öSt ! q±

|pt =0 %t

observables transform correctly

Tt öQ(! )T  
t = öQred (! )

!(! pt )1/ 4 Tq öT! (X ) T ! 1
q

!(! pt )! 1/ 4 = öT!
+ (X ) ! (! öp) + öT!

! (X ) ! (öp)

PH, Vanrietvelde, arxiv:1810.04153



Regularization details: time-of-arrival

!(! pt )1/ 4 Tq öT! (X ) T ! 1
q

!(! pt )! 1/ 4 = öT!
+ (X ) ! (! öp) + öT!

! (X ) ! (öp)had:

öT! (X ) := öt! +
1
4

!
!(p)�1

! (X � öq) + ( X � öq) !(p)�1
!

"

öt� :=
1
2

⇣
öt öpt !(pt)! 1

� + öpt !(pt)! 1
�

öt
⌘

!(pt )! 1
! |pt ! :=

!
1
pt

|pt ! pt " # ! 2,

# 1
! 2 |pt ! # ! 2 < p t " 0 ,

öT !
± (X ) := öt! ± !

X
2

!(
"

# pt )! 1
!

öt ! ± :=
1
2

!
!(pt )! 1

!
öt + öt !(pt )! 1

!

"

!(
!

" pt )! 1
! |pt #± :=

!
1"
! pt

|pt #± pt $ " ! 2,
"

! pt
! 2 |pt #± " ! 2 < p t $ 0.

Dirac 
 quantization

AfÞne  
Reduced 

Quantization

afÞne reduced:Dirac:



http://nrumiano.free.fr/Ecosmo/cg_model.html

Relational dynamics in FRW
¥ homogeneous & isotropic universe

ds2 = ! dt2 + a(t)
!

dr2

1 ! kr 2 + r 2 d! 2
"

k = 0

k = ! 1

k = +1

¥ Hamiltonian constraint incl. homog. Þeld

CH = p2
! ! p2

" ! 4k e4" + 4m2! 2 e6" " 0

! = ln a

! time evol. generated is gauge transf.

ú! = { ! , CH } = 2p!

ú" = { " , CH } = ! 2p"

can go through 0, thus  
not necessarily monotonic

! want to use      or    as relational ÒclockÓ! !

http://nrumiano.free.fr/Ecosmo/cg_model.html


http://nrumiano.free.fr/Ecosmo/cg_model.html

Relational dynamics in FRW
¥ homogeneous & isotropic universe

ds2 = ! dt2 + a(t)
!

dr2

1 ! kr 2 + r 2 d! 2
"

k = 0

k = ! 1

k = +1

¥ Hamiltonian constraint incl. homog. Þeld

CH = p2
! ! p2

" ! 4k e4" + 4m2! 2 e6" " 0

! = ln a

! time evol. generated is gauge transf.

ú! = { ! , CH } = 2p!

ú" = { " , CH } = ! 2p"

! want to use      or    as relational ÒclockÓ! !

k = m = 0
set                     

k = m = 0

both monotonic

http://nrumiano.free.fr/Ecosmo/cg_model.html


k=0 FRW with massless scalar

CH = p2
! ! p2

" " 0

¥ Hamiltonian constraint of Klein-Gordon form

! ! (t) = 2 p! t + ! 0

" (t) = ! 2p" t + " 0

¥ choose  ! as ÒclockÓ and afÞne evolving 

! rel. Dirac observable

!

¥ get rid of redundant  ! , p!

p! = ±| p" | = ± H
generates fwd/bwd 

evol.

PH, arXiv:1811.00611

! = ! p!

! (! ) = ! p! (! ! " ) + !

! ± (! ) = ±| p! |! + !

on reduced phase space



p!

p"

contracting

expanding

ÔforwardÕÔbackwardÕ

C!
! " C "

!C!
! " C "

+

C!
+ " C "

!

C!
+ " C "

+

Positive and negative frequency sectors



Internal time switch in quantum cosmology

T! = T! + + T! !

where

clock-neutral

H phys

H ! (" )
phys H " ( ! )

phys

H ! (" )
+ H " ( ! )

±

T! ±T ! 1
" +

2
!

2# ! " ! =0 | $(# öp! )
!!
| öp" |

öS" + " ! ±

!
(
!

|p! |) ! 1 1
2 |p" = $ %%" &

T! ± = e± i ö! ( | öp! |! " ) ! (! öp! )

works the same way

evolution w.r.t.             

!

!

!

!

!

!

! evolution w.r.t.             !

PH, arXiv:1811.00611



Relational dynamics more generally

¥ can get arbitrarily complicated

CH = p2
! ! p2

" ! 4k e4" + 4m2! 2 e6" " 0

chaos for massive Þeld

see 
Bojowald, PH, Tsobanjan, CQG 28,035006, (2011) 
Bojowald, PH, Tsobanjan, PRD 83,125023 (2011)  
PH, Kubalova, Tsobanjan, PRD 86, 065014 (2012) 

Dittrich, PH, Koslowski, Nelson, PLB 769, 554 (2017)

interacting clocks,  
global problem of time, 

non-unitarity, transient clocks



New perspective on Òwave function of the 
universeÓ   PH arXiv:1811.00611

¥ no global operational state  Ñ>   global state perspective neutral 

¥  only relative operational states

ÒWave function of the universeÓ as a perspective-neutral state 

Operational interpretation from transformation to speciÞc reduced theory

PH, Quantum 1, 38 (2017) 
PH, JPCS 880, 012014 (2017)



TA!B = 'B � '�1

A

'A

'B

HA

description of physics relative

to the perspective of quantum

reference system A
(reduced Hilbert space)

HB

description of physics relative

to the perspective of quantum

reference system B

(reduced Hilbert space)

Hphys

perspective-neutral physical

Hilbert space

(of Dirac quantization)

Conclusions

systematic switches of quantum  
reference system perspectives

¥ new: quantum reduction method 

¥ both spatial and temporal !
reference systems 

! complete relational QT, admitting quantum general covariance:  
conjunction of Dirac and red. quantized theories

Not always global due to Gribov problem



TA!B = 'B � '�1

A

'A

'B

HA

description of physics relative

to the perspective of quantum

reference system A
(reduced Hilbert space)

HB

description of physics relative

to the perspective of quantum

reference system B

(reduced Hilbert space)

Hphys

perspective-neutral physical

Hilbert space

(of Dirac quantization)

Outlook

Systematic method for switching 
(spatial and temporal)  

quantum reference system perspectives

applications: 
¥ Field theory 
¥ Quantum general covariance in QG (multiple choice problem of time,É) 
¥ Measurement problem and WignerÕs friend paradox 
¥ Frame dependence of correlations in cosmology 
¥ Import QRF machinery from QI into QG


