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RBM

Eθ(v,h) = −
n∑

i=1

m∑
j=1

wijhivj −
n∑

i=1

cihi −
m∑
j=1

bjvj

(v,h) ∈ {0, 1}n+m

pRBM(v,h|θ) =
1

ZRBM

e−Eθ(v,h)
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RBM

pRBM(v|θ) =
∑
h

pRBM(v,h|θ) =
1

ZRBM

e−E(v|θ)

v : visible states → physical states
h : hidden states → additional degrees of freedom

pRBM(hi = 1|v, θ) = sig

∑
j

wijvj + ci


pRBM(vj = 1|h, θ) = sig

(∑
i

wijhi + bj

)

sig(x) =
1

1 + e−x
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Training of an RBM

Identify each v with one physical state s and construct the
log-likelihood

S = {s1, s2, .., sn} → {v1, v2, .., vn}

L (θ|S) =
∏
i

pRBM(vi |θ)

logL (θ|S) =
∑
i

log pRBM(vi |θ)

θn+1 = θn + λ∂θ (logL)
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Derivatives of the log-likelihood

1

|S |
∑
v∈S

(
∂ logL(θ|v)

∂wij

)
= ...

=
1

|S |
∑
v∈S

p(hi = 1|v; θ)vj −
〈
p(hi = 1|v′; θ)v ′j

〉
pRBM(v′)

= Edata [p(hi = 1|v; θ)vj ]

ok..

− Emodel

[
p(hi = 1|v′; θ)v ′j

]
???
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Gibbs sampling

Build a MC which converges to the target distribution pRBM(v,h|θ).

Use pRBM(hi = 1|v, θ) and pRBM(vj = 1|h, θ) to build

v0 → h0 → v1 → h1 → ....→ vk → hk

At some point (v,h) will be sampled according to pRBM(v,h|θ)

usually k = 1 is enough
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Estimation of the log-likelihood

How to estimate the loglikelihood to monitor the training?

logL (θ|S) =
1

|S |
∑
i∈S

log pRBM(vi |θ) = −〈E(v|θ)〉S − logZRBM

Choose a proposal distribution p0(v) = p∗0(v)/Z0 whose partition
function is known exactly.

Compute

ZRBM =

∫
dv p∗RBM (v) = Z0

∫
dv p0 (v)

p∗RBM (v)

p∗0 (v)
' Z0

m

m∑
i

p∗RBM
(
v(i)
)

p∗0
(
v(i)
)

Get

ZRBM/Z0 =
1

m

m∑
i

p∗RBM
(
v(i)
)

p∗0
(
v(i)
) with v(i) ∝ p0 (v)
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Annealing importance sampling

p∗RBM ∝ e−βE β = 1
p∗0 ∝ e−β0E β0 = 0→ Z0 = 2N

Introduce intermediate closer distribution pβ0 , pβ1 , · · · , pβn
such that 0 = β0 < β1 < · · · < βn−1 < β = 1.

Estimate ZRBM/Z0 using

ZRBM

Z0
=

Zβ1
Z0

Zβ2
Zβ1
· · ·

Zβn−2

Zβn−1

Z1

Zβn−1

=
n−1∏
j=0

Zβj+1

Zβj
,

24 / 46



Annealing importance sampling

p∗RBM ∝ e−βE β = 1
p∗0 ∝ e−β0E β0 = 0→ Z0 = 2N

Introduce intermediate closer distribution pβ0 , pβ1 , · · · , pβn
such that 0 = β0 < β1 < · · · < βn−1 < β = 1.

Estimate ZRBM/Z0 using

ZRBM

Z0
=

Zβ1
Z0

Zβ2
Zβ1
· · ·

Zβn−2

Zβn−1

Z1

Zβn−1

=
n−1∏
j=0

Zβj+1

Zβj
,

25 / 46



Annealing importance sampling

p∗RBM ∝ e−βE β = 1
p∗0 ∝ e−β0E β0 = 0→ Z0 = 2N

Introduce intermediate closer distribution pβ0 , pβ1 , · · · , pβn
such that 0 = β0 < β1 < · · · < βn−1 < β = 1.

Estimate ZRBM/Z0 using

ZRBM

Z0
=

Zβ1
Z0

Zβ2
Zβ1
· · ·

Zβn−2

Zβn−1

Z1

Zβn−1

=
n−1∏
j=0

Zβj+1

Zβj
,

26 / 46



Ising model

Generate a sample D = {s1, s2, . . .}, ND ∼ 105, according to

pD(s) =
1

Z (J, h)
e−HJ,h(s)

HJ,h = −
∑
i ,j

Jijsi sj −
∑
i

hi si , Z (J, h) =
∑
s

e−HJ,h(s)

Train the machine
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Validation: Ising in 1 dimension

0 10 20 30 40 50 60
ising configurations

10 5
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10 1

Learned distribution vs target

target distribution
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Ising in 2 dimensions

Contrastive Divergence steps k = 1, 5

Learning parameter α = 0.1, 0.01, 0.0001

Batch size 200

Training epochs 3000,1000,1000
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2D Ising Observables

Use the trained RBM to generate the spin configurations via
Gibbs/Metropolis sampling

〈m〉 =
1

L2

〈∣∣∣∣∣∣
L2∑
i=1

si

∣∣∣∣∣∣
〉
,

〈χ〉 =
L2

T

〈〈
m2
〉
− 〈m〉2

〉
,

〈E 〉 = − 1

L2

〈∑
〈i ,j〉

si sj

〉
,

〈cv 〉 =
L2

T 2

〈〈
E 2
〉
− 〈E 〉2

〉
·
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Results: Magnetisation and energy

L = 8,T = 2.2
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Results: Susceptibility and heat capacity

L = 8,T = 2.2
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Results: Observables vs Temperature
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Extracting the couplings

Cumulant generating function:

Ki (t) := log
∑
hi

qi (hi )e
tihi =

∑
n

κ
(n)
i

tn

n!
, κ

(n)
i = ∂nt Ki |t=0

Let qi (hi ) = ebihi/Z , then the h-marginalised energy:

E(v) =−
∑
j

bjvj −
∑
i

Ki

∑
j

Wijvj


=−

∑
j

bjvj −
∑
j

(∑
i

κ
(1)
i Wij

)
vj

−1

2

∑
jk

(∑
i

κ
(2)
i WikWij

)
vjvk + · · ·
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Summary

we have implemented a binary RBM

we have trained it over a set of Ising states at different
temperatures

we have computed the log-likelihood along the training and
tuned the hiperparameters involved in the training to ensure a
monotonic behaviour

we have computed the moments of the learnt distribution
sampling states from it

we have derived closed expressions for the couplings in the
hamiltonian in terms of the parameters of the trained machine
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Couplings

Hj1j2 =
1

8

∑
i

ln
(1 + eci+Wij1

+Wij2 )(1 + eci )

(1 + eci+Wij1 )(1 + eci+Wij2 )
(1)

Hj1..jN =
1

N!

N∑
l=0

(−1)l
∑

α1<...<αN−l

Ki (Wi ,jα1
+ . . .+ Wi ,jαN−l

) (2)
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