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Data Analysis 
Lecture 4: Statistical tests
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In this lecture
Hypothesis testing

Goodness-of-fit tests

p-value

Claiming discoveries
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Reminder

1. Determining the “best fit” 
parameters of a curve

2. Determining the errors on 
the parameters

3. Judging the goodness of a 
fit
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Example: histogram fitting

Physicists

1. Point estimation

2. Confidence interval 
estimation

3. Goodness-of-fit testing

Statisticians

Adopted from [Baker, Cousins, 1984]
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Example: results of the fit
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Goodnes-of-fit tests
We are now interested in 
this kind of questions

Is the fit good or not?
How significant is 
discrepancy between 
data and obtained 
functional form?
How well does the vector 
of measurements in the 
histogram n = (n1, ..., nk) 
compare with predicted 
values n = E[n] = (n1,..., nk)?

These questions can be answered with a goodnes-of-fit test
Which is itself a part of a so called HYPOTHESIS TESTING 
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Hypothesis testing: courtroom trial
Consider a criminal trial

There is one simple rule: a defendant is considered not guilty as long 
as his guilt is not proven

The prosecutor tries to prove the guilt of the defendant
Only when there is enough evidence the defendant is convicted

We start with two hypotheses:
H0: the defendant is not guilty à NULL HYPOTHESIS
H1: the defendant is guilty à ALTERNATIVE HYPOTHESIS

Null hypothesis is considered accepted for time being

Common sense: the hypothesis of innocence is rejected only if the 
error if very unlikely

We don’t want to convinct innocent person!
This is called Error of the first kind and we want it to be small

Error of the second kind: liberating someone who indeed committed 
the crime 

This one can be large, but we also want it to be small
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Adapted from Wikipedia
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Hypothesis testing: errors
True state

H0 is true
(he is not guilty)

H1 is true
(he is guilty)

Decision

Accept H0
(acquittal)

Right decision
Probability = 1-α

(significance level)

Wrong decison 
Type II error
Probability = β

(power) 

Reject H0
(conviction)

Wrong decision
Type I error
Probability = α

Right decision
Probability = 1-β
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Testing procedure
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Reject the null hypohesis if tobs is in the rejection region

Compute the observed value of the test statistic

Divide the distribution in two regions:
a) where H0 is rejected, 1-a) where H0 is not rejected

Derive the distribution of the test statistic under statistical assumptions

Find relevant test statistic t

Consider statistical assumptions
Statistical independence? Underlying distributions

Deciding about hypotheses
Choose null (mandatory) and alternative hypotheses (not mandatory)1
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Goodnes-of-fit tests
In our case 

NULL hypothesis H0 is: 

The functional form (or
predicted values) describes 
well our data!

The form (i.e. the parameters 
that form depends on) is 
found by one of the methods 
for parameter estimation 
(moments, ML, chi-square)

We are now looking for a statistic t
(usually a single number) whose value 
reflects an agreement between the data 
and the hypothesis

The most commonly used statistic is 
the            
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Distribution of the test statistic t
Imagine we have many (M) experiments (i.e. data samples) 
trying to test the null hypothesis H0

We would then obtain a probability distribution function (PDF) 
of the test statistic, giving the H0 is true, g(t|H0)
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Data sample Parameter estimation
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Finally: observed test statistic tobs
Now divide the distribution in two regions: 

a) where H0 is rejected
1-a) where H0 is not rejected

Very important!!!
We should decide about two regions before looking at the observed 
value of the test statistics

Now we can calculate the observed test statistic tobs

At the end
If tobs > tcritical: reject H0
If tobs < tcritical: do not reject H0

11

5

g(t|H0)

ttcritical

a
1-a

α = g(t | H0 )dt
tcritical

∞

∫

Please note:
tcritical is the value of test statistis diving two regions
a is an integral:

We talk only about rejecting the null hypothesis H0, 
not about accepting any hypothesis
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p-value
So, our problem is to make the final conclusion based on only 
one number, the observed test statistic!

Let’s say the value of test statistic for our experiment is tobs

And let’s suppose that large value of t suggest larger 
discrepancy of the H0 with observed data (usually the case)

Now, having g(t|H0) we can for example answer to the question 

What is the probability to obtain the value of t equall or 
greater than the value tobs we observed?
The answer is simple an integral of the g(t|H0):
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• This probability is so called p-value
• From PDG: “... p-value is defined as the 

probability to find t in the region of 
equal and lesser compatibility with H0
than the level of compatibility observed 
with actual data ...”
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c2(ndf) distribution
Well, this is all nice, but: as we don’t have so many experiments, 
how do we get the PDF for the test statistics, g(t|H0)?

For once, it turns out that we are ‘lucky’: most commonly used 
statistics fo GOF testing are distributed as a c2 distribution!

That’s actually the reason why they are so often used J
For example: when fitting histograms with N bins, with the function 

depending on p parameters, then the       obtained in the fit, is 
distributed according to the c2(N-p) function

(N-p) is called number of degrees of freedom (ndf)

If we are not so ‘lucky’ than we can use so called “Toy Monte 
Carlo” to generate g(t|H0) from assumed distribution (describing 
the null hypothesis)

We “just” generate Monte Carlo experiments, find t for each of them 
and make a distribution g(t|H0)
We can even directly study the properties of the estimators (like 
bias, variance) as we can construct their distributions from MC 
experiments
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Reminder - c2 distribution
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GOF - overview
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Data sample

Parameter estim.
(ML, chi-square)

test statistic t
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Example: histogram fitting
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V Decision about H0
If p << try with 

new fit
If (p < a) reject 

H0 at CL 1-a
Very often use 
just common 
sense

or

ROOT TMath::Prob
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Our example
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Discrete data
If the data x are discrete

And the statistic t = t(x�

Let’s assume that larger values of t mean worse 
compatibility with hypothesis being tested

If we measure x�and then the test statistic is t�= 
t(x��

The p-value is then equal to
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p = P x | H0( )
x:t>t0

∑
Courtesy of A. Heikkinen
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Converting p-values to significances
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p-value Zscore / 
significance Area ±ns Probability of outcome: 1 

in ...

0.159 1 0.68268949 3.15

0.023 2 0.95449974 22.0

1.35E-03 3 0.99730020 370

3.17E-05 4 0.99993666 15,787

2.87E-07 5 0.99999943 1,744,278
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When do we claim a discovery?
Claiming discovery is a serious issue

It should stay with us for a long long time (if not forever J)

So, when do we claim a discovery?
When we are sure.
But we are never sure!
That’s right, but we can be pretty sure J
‘Pretty’ is not a scientific term!?
That’s right, therefore we addopted some kind of a 
convention:

Make a hypothesis that the result you obtain is due to the 
fluctuation of the background (i.e. already know processes)
Calculate a probability for that hypothesis
Reject the hypothesis if that probability is smaller than 
0.000000287 (significance > 5)
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Accepting or rejecting theories?
Image we make an experiment and obtain data

Theory 1 agrees with data
Theory 2 also agrees
Theory 3 also agrees
...
Theory n also agrees
Than the statement that “Theory 1 is acceptable” is not so 
strong

Not wrong neither

But imagine this scenario
Theory 1 gives precise prediction
Experiment doesn’t quite agree with that prediction
Than the statement “Theory 1 is not acceptable” is rather 
strong
Therefore we better reject than accept theories

20





I. Puljak: Data Analysis CSC2019 15 – 28 September !"#9, Cluj-Napoca

Scalar (SM) vs pseudoscalar
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