Data Analysis

Lecture 2: Distributions, estimators
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Properties of distributions
@ Probability density function (PDF) = fx)
@ Expectation

® Expectation of any random function g(x):
E(g)=[g(x)f(x)dx

® Expectation of x = mean of the f(x) = expected value of x :

ExX)=u =)?:<x> =Ixf(x)dx

9 Variance
V(x)=0" = El(x—p)*|= EG*) ~ 12 = [ (x— p)* f(x)dx
® G is called the standard deviation
@ E(x) is a measure of the location of the distribution

@ V(x)is a mesure of the spread of the distribution
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In this lecture

@ Distributions
® Properties
® Main distributions

@ Point (parameter) estimation
® Maximum likelihood method
® |Least-squares method
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Moments
u, =Ex") is the n™ algebraic moment
V. =E{[x"—E(x)]"} isthen™ central moment
w=E(x")) is the n™ absolute moment
V'=E{|x"—E(x)|"} isthen™ absolute central moment

£

@ The coefficient of skewness "= e
A measure of the skewness of the distribution 2

@ The coefficient of kurtosis Y, = ﬂ_3
A measure of the "peakedness of the distribution *? V22
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Covariances and correlations

@ Joint PDF for two random variables = f{x,y)

@ The mean and the variance of x and y:
u=E@) = [[xfGeyyddy = E)=[[f (v, y)dxdy

ol =El-ny] ol =Ely-ny]
© Covariance ;) E|(x— p )y —u1,)|= E(xy) ~ E(x)~ E(»)

cov(x,
@ Correlation coefficient corr(x,y)=p(x,y)=p,, = #

X7y

@ Covariance/Variance/Error matrix:

{cov(x, x) cov(x, y)} o £,0,0,

2
cov(x,y) cov(y,»)| |p,0.0, o,
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Binomial distribution
Variable r, positive integer < N o
Parameters N, positive integer; p, 0 <p <1 o
Probability N, - 2 46 81012 14
function P(V;N,p)=(rjp 1-p)" ° r
Mean E(r) = Np o3} N =:)55
p=0.
Variance V(r) = Np([.p) 02k
Usage example |Example - Z decay: ot
-p = BR(Z>ee) = 3%
- P(5;80,0.03) = 6% probability to el il
find exactly 5 ee events out of 80 Z e
.3 =
decays 0 b o
Comment P(r;N,p) is a probability of finding ozr
exactly » sucesses in N trials, when otk
probability of sucess in each single
trial is a constant, p 0246810121
Figure from http://nedwww.ipac.caltech.edullevel5/Leo/Figures/figure1.jpeg r
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Correlations - illustration
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Multinomial distribution

Variable r, i=1, ..k positive integers <N

Parameters N, positive integer
k, positive integer Zk: _q
p;20i=1 ..k <7

Probability function N!

P(’i’---srk;N3pl""7pk): ' 'pl”l___pk’/k
l/i'...rk‘
Mean E(r) = Np,
Variance V(r) = Np;(1-p;)

Usage example Histogram containing N events distributed in k&

bins, with r; events in the i bin

Comment » Multinomial distribution is the generalization of
the binomial distribution to the case of more

than two possible outcomes of an experiment
» When p; <<l (many bins) V(r,) ~ Np;=r;
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Poisson distribution Poisson distribution
Variable 7, positive integer . S ]
) — @ For a large p Poisson distribution converges towards a Gaussian
Parameters |, positive real number ! distribution . Nes )
- P o = - Pois(r; ) —=— Gauss(r; it,c" = )
Probability e ™
function P(r;p) = . P(r;p) g
7! @ Sum of Poisson 07 ]
Mean _ distributed random o 1=0.1 E
- E(r) =4 L A variables also follows ] E
Variance Vir) = u S ado, a rI?oisson distritbut_ion s :
Usage Number of events 7 collected after integrated luminosity ;vun(?]soefpt?]léame eris 04/ =1 ]
examele JLdt. Expected number of events is 1 = o/Ldt. ois the component o_sf\ L 1
cross section. parameters 8 \< 43 5 :
02} M= —= ]
Comments |e P(r,u) expresses the probability of a number of events occurring X, ~ Pois(r; 1) m;y V—\ ”11_:\1 avy ]
in a fixed period of time if these events occur with a known 7\ / SN 3
average rate and indepedently of the time since the last event Y= ZX:' ~ POiS(”;Zﬂi) ol2 S o J
0 2 4 6 10 12 14 16 18 20
* urepresents expected number of events in a given time interval i i ,
» Time between two sucessive events is exponentially distributed . :
» Poisson distribution is also called Poissonian ® F.g. When combining signal (s) and background (b)
P(r;s,b) ~ Pois(r,s+b)
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Normal or Gaussian distribution Gaussian - some properties
Variable X, positive real number n
Parameters 44, real number X 1 0.682689492137
o, real number 2 0.954499736104
Probability N s 1 1 (x— )’ ; The 3 0.997300203937
H H = =— - Carl Friedrich Gauss
density function Jx)=N(u,07) o2 P Ty Friedrich & Normal 4 0.999936657516
Distribution
Mean Ex)=pu . 5 0.999999426697
Variance Vix) = o i
Cumulative e 1 e
distribution F(x)_¢( o ] H2)= o Jer ar
Comments » The most important distribution in statistics Probability of Case
n portions of the curve
* The half-width at half-height is 1.176 o
* N(0,1) is called standard Normal density g Sevisy 4o 30 20 -lo 0 +10 +20 +30 +o
+ Any linear combination of the x; is also Normal Cumulative 1% 23 ' ' ' p
Z Scores -4.0 ~3’.O ~2I0 -1‘0 (; «1’0 +2IO ~3I0 +4.0
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Why is Gauss Normal?

@ Central limit theorem:

If we have a set of N independent variables x;, each from a
distribution with mean p; and variance o;-z, then the distribution
of the sum X = X'x;

a) has a mean <X> =Xy,
b) has a variance V(X) = X o7,
c) becomes Gaussian as N 2.

@ Therefore, no matter what the distributions of original variables
may have been, their sum will be Gaussian in a large N limit

® Example: measurements errors
@ Example (adopted from Barlow):

“Human heights are well described by a Gaussian distribution, as many other
anatomical measurements, as these are due to the combined effects of many
genetic and environmental factors.”
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Multivariate Gaussian

9@ Multivariate Gaussian for the vector X = (x(l),x(z),...,x(m))

P = b = (=) V)|

@ x and p are column vectors, while xT and pu7 are row vectors
Uy =E(x) V; =covlx,,x ]
@ Case of two variables (m = 2)

S Gy Xys Hays iz 01y O ) =

-1
2
1 1 o PO1O ) Xy ~ Hay
T XeXp _E[xm_ﬂ(l) X2y T My 2 — -
2716,,6 5\ 1= p PO1H0 2 [eS) Xo) T Ho)

2 2
%x expl — 1 . X0~ Hay i Xo) T Ho Y Xy “Ho | Yo " Hoe
276,01 P 2(1-p%) o oo o O

CSC2019
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More than two variables

@ Let's say that each event measure three quantities A, B and C
@ We than have three random variables x, y and z

@ Vector of measurements is now a matrix:

Event A B Cc
@ Introducing new notation 1 X v, z
= 2
(X,y,Z) —)(x(l),x(z),x(3)):x =X X2 Y2 Z3
(£s s 1) = (Hpys Mgy M) ) = = M
x> My M2 @3 N Xy oy -
Mean-> y7e 1, i

9 In case of m variables X = (X, X5+ X))

@ Please note: this multivariate vector x is a vector of m variables
for one event, while in the case of one variable x is a vector of
values of one variable for N events

ADVANCED
2D Gaussian: iso-probability curves
x 1
P1D PZD

1o 0.6827 |0.3934
26 0.9545 |0.8647
30 0.9973 |0.9889

200, / X

=S 15156 0.6827
-9 / / 2.4860 0.9545
3.439¢ 0.9973

/ X

Remember (roughly)
this values, we’ll use

/ them later in errors

%w estimates!
20y

¢is a measure of the correlation (more details later)

Adopted from L. Lista
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Chi-square distribution
Variable X, positive real number
Parameters N, positive integer (number of “degrees of freedom”)
Probability N
function 1( X\ 5 N
=| —| — I —
70975 [ 2 j ‘ ( 2 ]
Mean Ex)=N
Variance Vix) = 2N
Usage example |Chi-square test for goodness of fit
Comments « If x; are k independent, normally distributed random variables
with mean 0 and variance 1, then the random variable
QO = 3x7 is distributed according to the chi-square
distribution with k degrees of freedom
» The chi-square distribution is a special case of the gamma
distribution.

|
Some other distributions

@ Student’s r~distribution
® Used for hypothesis testing

® First published in 1908 by W. S. Gosset,
while he worked at a Guinness Brewery, under
the pseudonym Student

9 Beta distribution PE),
® Used in Bayesian statistics B

GUINNESS

DRAUGHT

@ Gamma distribution
® Probability model for waiting time P

@ Cauchy or Lorentz or
Breit-Wigner distribution

® A solution to the differential equation
describing a resonance M-L M M+

® Energy distribution of a resonance 1
S PO~ o
@ Log-Normal distribution
® Used when including systematic errors in the analysis
e If x is Log-Normally distributed, than /og(x) is Normally distributed

CSC2019

I. Puljak: Data Analysis 15 - 28 September 2019, Cluj-Napoca 19

Chi-square distribution
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All roads lead to Rome

p2>0Np=u

Binomial Poissonian } :

N>

Chi-

Multinomial square

U—> o
N — o N>
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General picture

O

Results

@
» parameter estimates
« confidence limits

* hypothesis tests
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Sampling a reality e(W

Experiment

11 W, \
Physical

' phenomena ~
Described by, a theory

Described by PDFs,
depending on p uknown

Data sample
true true true true
X =(X,Xy,.005Xy) 0" =(6",0,",....0,")

For example:

true __ true true true
0" =(my",Am™, ..., 00

For example:
x = (event,,...,event,,)

In statistics x is a multivariate random variable (each
event has many properties, all potential variables)
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parameters with true values

From $ROOTSY S/tutorials/fit/FittingDemo.C

Example: mass measurement
Histogram: default representation

histo->Draw();
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1 1.5 2 25

Mass (GeV/c?)
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bins
CSC2019

Physicists and statisticians

@ Example: histogram fitting

Physicists

1. Determining the “best fit”
parameters of a curve

.

p

2. Determining the errors on
the parameters

.

3. Judging the goodness of a
fit

.
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Statisticians

1. Point estimation

2. Confidence interval
estimation

3. Goodness-of-fit
(Hypothesis) testing

Adopted from [Baker, Cousins, 1984]
15 - 28 September 2019, Cluj-Napoca 22

From $ROOTSY S/tutorials/fit/FittingDemo.C

Example: mass measurement

Histogram: points with errors

histo->Draw(“ep”);

s 90F =
S F i
= %F * E
rop -
60 | .
Vi =36 {05 TR 3
0, =36 =6 L =
- 0> It T’l ottt L 3
E > 1| Iu"ltl l 4 TII Tlrl E
30F +H R IITI'+TI :
ot i ITRE
TR t
1of 44
E ! E
0 I § T | N I 1 I I S
0 0.5 \1 2 25 3
2
bin: x,, €[0.60,0.65] Mass (GeV/c%)
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From $ROOTSY S/tutorials/fit/FittingDemo.C

Example: mass measurements

@ Therefore we have
® a set of precisely known values x = (Xy,...,Xn) - histograms bins

® At each X;

¢ a measured value y; - number of events in a given bin
¢ a corresponding error on measured value o

EI: 1 .
a o A function ] Physical
70E =
] t) / ] phenomena
: Ny : theory)
“of At W T Described by a function,
E /+/.+ + + MTTH T”'HTTH\ E| .
CE owait TR TN depending on p uknown
EaMt "y parameters with true values
% 3 true true  pytrue true
05" 05 1 15 25 E H = (01 ’02 ""76[7 )
Mass (GeV/c?)

@ What we want is to estimate the values of Hi’”‘“
@ This is what we call the parameter ESTIMATOR: éi
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From $ROOTSY S/tutorials/fit/FittingDemo.C

Experiment: sampling the reality

@ Physical phenomena

» T
T T T ] £ oof

RN (2)_ S N} datasample -
: /”\ \Z “Experiment > %'fl
50; I\ Quadratic :7 B +
N /= E of b T b b
30§ / x 30§ *.“ |H+ + H +”TI|I T|+I 3
= S \Lorenzian ; 2 +++I+H Tt ”+};
0/ . E 12;.#3 ]

* * ’ M”;{Gew <) o ' " Massz(zle\//cz)

Lorenzian = L(x;D,T,M) ~ C o

M 1025 Quadratic = Q(x;A,B,C) ~ A+ Bx +Cx*

@ Underlying phenomena depends on 6 unknown parameters:

F(x;D,I',M,A,B,C)=L(x;D,I',M)+Q(x;A,B,C) = F(x;0)
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Properties of a good estimator

@ Consistent

® Estimate coverges to the true
value as amount of data increases

@ Unbiased
® Bias is the difference between expected

é N increases Htrue
S,

@ Efficient
® Cramér-Rao bound for the minimum
E 0 1 ;0
variance reaches the lower bound @Z nfx;
9 Robust . . )

value of the estimator and the true value b= E@)-0" =0
of the parameter
2
5]
of the variance of estimator: V(é) - 00
® Estimator is efficient when its
® Insensitive to departures from
assumptions in the PDF

Fisher information
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From $ROOTSY S/tutorials/fit/FittingDemo.C

Data analysis: estimating parameters
” _ . : ” Entries fisto 60
o I ) i B i N [ .
2 80F - x/n X
N ot \_ Data analysis » /i Mo T
! E f II L E| 3 |// , '\ p§ -13.32+0.98
: T I L.
RN VS T AR (TR S T
: ARSI FUINA R T TUUEA I : ti TR
E “ ++H [ I ||TI+TI E g H I | I IITI I g
E%H t "t st / "t
B4 El P E
0" 05 1 15 25 0 05 i 15 25 E
Mass (GeV/c?) Mass (GeV/c?)
@ From data sample we are looking for the function that
describes the measurements the best
@ The parameters of that function are estimators of uknown
parameters
F(x;D,1,M,A,B,C)= L(x; D,1.M)+Q(x;A,B,C) = F(x:0)
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Statistic

@ Be carefull: statistic is not statisticS!

@ Any new random variable (f.g. T), defined as a function of a
measured sample x is called a statistic

T=T(x,...,xy)
@ For example, the sample mean _ 1 &
X=—>x -
N5 is a statistic!
@ A statistic used to estimate a parameter is called an estimator

@ For instance, the sample mean is a statistic and an estimator for
the population mean, which is an uknown parameter

o Estimator is a function of the data

o Estimate, a value of estimator, is our “best” guess for the true
value of parameter

@ Some other example of statistics: sample median, variance,
standard deviation, quartiles, percentiles, t-statistic, chi-square
statistic, kurtosis, skewness etc.
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Estimators in ROOT - display

@ Estimators display in the statistic box
® Drawn by default; can be eleminated by TH1: :SetStats(kFALSE)

@ gStyle->SetOptStat(mode)allows to select the type of
displayed information
e mode = ksiourmen (default = 000001111)

' # %8 1" C&)* W,9)-." (4, /11580
& # W& 11.(28. )* &15.44,

'# & (&1 3"11&

(G e (&"! "10 (&"!&..). 37118,
T# & .))$ (&"! ,61".87189:;
.5 %& 89: "1089: &..).

17# %8 11(2&. )* 110&.%)<,

)" # W& 11(28. )*)3&. )<,

P H & 15871 )* 241,

,# W8 ,=8<1&,,

.5 & ,=&<1&,, "10 %& ,=&<I¢&,, &..).
=TH W& =1.9),+,

=75 & =1.5),+, "0 %& =1.9),1, &..).
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Estimators in ROOT - values

Mean RMS
(it's actually 5, name RMS is historic)
1Y RMS 1 & ,  RMS
= Xt —— = () =
N ; NN N ; N2N

Skewness Kurtosis

e O AN L X O s
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©

Total number of events N is only in the currently defined range

From the ROOT Reference Manual

“Note that the mean value/RMS is computed using the bins in
the currently defined range (see TAxis::SetRange). By
default the range includes all bins from 1 to nbins
included, excluding underflows and overflows. To force the
underflows and overflows in the computation, one must call
the static function THI1::StatOverflows (kTRUE) before filling
the histogram.”

©
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Estimators in ROOT - example

H#BHT ()it (+7 S0 Q) S+ QO (+)1*-.

‘g - hpt_3
s 12 Entries\5 3351
2 - Mean 0.3+ 0.4228
%S 100 RMS 24.41+ 0.299
e - Underflow 0
g B Overflow 19
[= 80— Integral 3332
3 B Skewness 2.156 + 0.04243
z I Kurtosis  6.241+ 0.08487

60—

40—

20—

) I—— P IR IR MR senpiLnflnn s
0 20 40 60 80 100 120 140 160 180 200

Electron pT (GeV/C)
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How to find a good estimator?

U (87)0% " <A,

- L [0/+1827 +, ], i#+83+ (83,4754 4/2366457+8/3 , # (5, 4/ 349,

- 7&$39#$+ - &$3 5 $#))/2/#+&$3 , $&"#$*3 ;/*7*$6/<#6/" w-w ($
#,473#,

- =527 OHOH (SI+SL, 24T o

148063 5 /2 7§ I<H#il " (%6 ™

- 8, "SLI0M+182" +, |, 3+ (53, 475" U2364$7+8/3 , #($
#,0%36"9,

- @I(H487 , # (5859320245

VU H#§>H3,SABT 39, $%#L" ™ (LD [EABT73%#F

- L [0+182% +, ] d+iS# 43479
- >[+#39%52"[E, B73%#8# , 4/ 34" %/ ,87+8/3, #(
- GO#BTH+AST , #(8+8"",47 193*9)/ig/+1
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Maximum likelihood method

9@ Reminder: the probability that all N independent events will happen is
given by the likelihood function wsrere= W §oHE1"

@ The principle of maximum likelihood (ML) sr;ys:

The maximum likelihood estimator ‘ is the value of

I for which the likelihood is a maximum!

@ In words of R. J. Barlow: “You determine the value of 7 that makes the

probability of the actual results obtained, 1" &4 (, as large as it can
possible be.”

@ In practice it's easier to maximizg the log-likelihood function
%S e = N 48 §$#41"
@ For ) parameters we get a set 0f=) likelihood equations

1O #1804 _
1

$ t=HTIE

@ It is often more convenient the minimize 1!""""for §%!""*"*
® Minimization with MINUIT/MIGRAD or FUMILI in ROOT

15 — 28 September !"#9, Cluj-Napoca
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Likelihood function

@ Assume that observations (events) are independent
® With the PDF depending on parameters f : ##"" I

@ The probability that all ! events will happen, i.e. the PDF
of " is, by independence, a product of all single events PDFs
]

%S V1" = 0ok W k4, 41" = W §SH#41"

@ When the variable " is replaced by the observed data "#, then !
is no longer a PDF

@ It is usual to denote it by ' and call "#$* % the likelihood
function

® Which is now a function of f only TN Y Y

@ Often in the literature, and through this lectures, it’s convenient
to keep $ as a variable and continue to use notation "#$% .’$%

15 — 28 September !"#9, Cluj-Napoca

Maximum Likelihood - comments

@ ML estimator is consistent

@ ML estimate is approximately unbiased and efficient for large
samples

® Still usefull for small samples, but with extra care!

@ ML estimate is invariant
® A transformation of parameter won’t change the answer

@ ML estimate is not the most likely value of parameter; it is the
estimate that makes your data the most likely!

@ What was presented up to now is sometimes called
unbinned maximum likelihood

@ Binned maximum likelihood: when data are organized in bins
® See “ML fit of a histogram” later on

@ Extra care to be taken when the best value of parameters are near
imposed limits

@ ML has many advantages, but a few drawbacks too
® F.g. goodness-of-fit for ML is non-trivial issue, still open and debated
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Example: results of the fit
histo
Entries 60
@  FTT T T T T T T Mean 1.56
g 90F RMS 0.7277
> soF x2 1 ndf 58.93 /54
= = po A -0.8647 + 0.8879
70E p1 B 45.84 +2.64
E p2 -13.32+0.98
60F p3 D 13.81+2.21
= \I I p4 i 0.1723 £ 0.0372
50 P5 0.9873 +0.0113
: ML Lt 3T,
40 ) ey fsrkd] 1 T =
- 4 3 4 - -
- o YT (e
S0E " [ LR Al NE
201 el
10:# t
; E
% 0.5 1 15 2 2.5 3
Mass (GeV/c?)

CSC2019
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Example — ML fit of a histogram (1/2)

@ Suppose one has
® ! events in a histogram with ! bins
® ".in the # bin ¥ vector of data ! &'(")"#"",

® Expected number of events in each bin depend on uknown
parameters F#"(1,'&'("{4 ",

® Given ", probability to have ", is -(".. ",
¢ Usually probability is Poissonlan. ,..!#.._,!
$$II!#- 'II e =1 -
N
N
@ The likelihood function is  ggrz1n= § 7L7

@ To find best estimate of 7 we have to maximize
“#/(1.”, based on the contents of the bins
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HBUHE " ($

Example — ML fit of a histogram (2/2)

@ In can be shown that this procedure is equivalent to
maximizing the likelihood ratio
L3 B3 Y |

LE:3 R

L B3 1)
LES RN Y

"H1 =

e Where 1 1'#$4""{'$) are true (uknown) values of "
® Best bin-to-bin model independent maximum likelihood estimate
of 1 is actually "'
@ Maximizing /(") is equivalent to minimizing

ash =gl %) B+ 4 $%)

"=1

® Which is now much easier to implement then maximizing !""*#"+#)

@ In case where ,_!"., last term in eq. above is zero

CsC2019

Extended maximum likelihood

@ In the usual maximum likelihood method
® Parameter relevant to the shapes of distributions are determined
® Absolute normalization is equal to the observed number of events

@ If we want to estimate the absolute normalization the so called
“Extended maximum likelihood method” is used

@ Example: From the vector of measurements ! 1'#$,1""$)'we want to
estimate number of signal events (*), number of background events
(+) and a vector of parameters f 1'"#1,{""'{ 1)

@ Likelihood function is
#$+#I|' PR | é $

181" = #i..$!"+’:&#%,$!"%

@ To obtain *, + and 7 we maximize (or mimimize -./01) Constant

$ hd

I/
ISEHIEN'S I =115+ #$%i#gn%".&!!+—#$%".&! !ﬁ Ligh 1"l
> h+$ h+$ #
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Least squares method

@ Suppose we have
® A set of precisely known values ! 1'#,§"'1$)"
1 For example histograms bins
e Ateach $.

¢ a measured value +
' For example number of events in the given histogram bin

¢ corresponding error on measured value 7,

¢ predicted value of measurement that depends on parameters
") we want to estimate: —-#$.. ")

® Suppose that measurements are independent
@ To find best estimate of " we minimize the suitably weighted
summ of squared differences between measured and predicted
values ¥ so called “least squares” or

“chi-square” . ' Sy T4)
o= g (bS] $#/ff¢$'#)
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Least squares method
@ If 1. are Gaussian distributed with variances /,

(= -%-w: VRV D (1 + S
i=, #

[ HIUS&S™ % () *+$,- . /012)™" }

[ #0338 (U5 (,86246+557)!""# }
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-
Pearson’s vs Neyman’s chi-square

@ If I.are Poissonian distributed, there are two choices
® Reminder first: for Poissonian variance = mean value (¥ $iy)
® So called Pearson’s chi-square (or “chi-square”)
v b (oSS 1E) ¢ But now /, depends on " which
# W= H!' W complicates the minimization
So called Neyman'’s chi-square (or “modified chi-square”)

(4 u$814)
#

#ui=1

® Minimization simpler

® Easier to combine data with different basic accuracies
® Problem with . =0

¢ For example in ROOT this bin ignored

¢ For small samples better use ML

@ The best values of parameters "$% "())("++ are found by solving
* equations 1A

1

#o"="unn
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