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Introduction: personal history

An optional course on the “Fusion power” at school (1997-1998 yrs?):

One of the questions in a test:
 Which interactions are crucial for the neutron stars?

My answer:
* Nuclear, gravitational and (after some thinking) electromagnetic

Teacher:
* It’s not true. Electromagnetic interactions are not important,
because neutron stars consist of neutral neutrons.

4 )
This talk is about the role of the electrostatic

interactions in the neutron star crust
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Part |: crust as a solid body

Some key questions

[from INT workshop INT-18-71W, Astro-Solids, Dense Matter, and Gravitational Waves, April 16-20, 2018]

( )

- What is the minimum, typical, and
maximum ellipticity one should expect?

> What is the strength (breaking strain) of the <

crust?

- How does strain evolve in the crust and

\_ how does it break? )

KWhat are the implications of observed \
upper limits on the ellipticity?

- At what point do upper limits become
“interesting” (e.g. constrain theory)?

- What are possible mountain building

mechanisms (such as asymmetric accretion,
Qemperature gradients, magnetic stress...)? /
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Introduction: Theory of Elasticity

5(7') = €Y€y ]
— Deformation: 7 — 7 +§(7)
| Displacement =~ _ 0&;
: . o=
| gradient 7 Oz,
Lagrangian strain parameters
— Nij = Nji = 5 (Wij + uji + )
Forces f _ 80ij
(to volume element from nearby elements) ¢ 8xj

In the crust O-ijj;P(Sij —+ (SO'ij

EOS \[Elastic part]

(electrons+neutrons+undeformed lattice) 004 (uw)




Elastic part of stress tensor

Microphysics: 60'2']' — (50'7;3' (”U,?;j, .. )

[50'7;3' g 10_3P6 ]

Reminder: Traditional case P =0

1 1
52 = 5 VigkiTij Mkl = §Sijkluijukl

£ — oo
B

Density at not deformed state, Energy per unit mass at given deformation
i.e. corresponding to

520 :nij:uijz()

[ Generally, £ is not equal to the energy density ]




Elastic part of stress tensor

Microphysics: 60'2']' — (50'7;3' (”U,?;j, .. )

[5% <1073P, ]

Reminder: Traditional case P =0

1 1
s g = 5 ikl Mkl = §Sijkluijukl
1
Oij = §Bijkl (ugr + wik)

P=0= [Cijkl = Sijkl = Bijki J

Voigt symmetry:  Cliiki = Cjikt = Chkiij - up to 21 coefficients



Elastic part of stress tensor

Microphysics: 60'2']' — (50'7;3' (’U,ij, .. )

[5% <1073P, ]

Reminder: Traditional case P =0

1 1
s g = 5 ikl Mkl = isijkluijukl
1
Oij = §Bijkl (ugr + wik)

For cubic crystal 3 independent coefficients:

C11 — Csca::cwa C12 — C:z::r;yya Cq4 — Ca:y:cy

. . 2
Isotropic material: 62 E = v (u@k — %5ikjull) + %Uz?z



Elastic part of stress tensor

Microphysics: 60'2']' — (50'7;]‘ (uij, .. )

[5% <1073P, ]

Neutron star crust: P # 0 [Wallace (1967), Baiko (2011), see also Marcus & Qiu (2009)]

1 1
0&E :-+ §Cijkl77ij77kl — _P(Sijuij - §Sz’jk:luz'jukl

1
00;; = §Bijkl (gt + wig)

P+#0= [Cik:lm # Sikim 7 Bik:lm}

Voigt symmetry: Cijkl = Cjikl = Cklij - up to 21 coefficients
Biixi = Bjiki = Brii;




Elastic part of stress tensor

Microphysics: 60'2']' — (50'7;]‘ (uij, .. )

[5% <1073P, ]

Neutron star crust: P # 0 [Wallace (1967), Baiko (2011), see also Marcus & Qiu (2009)]

1 1
0&E :-+ §Cijkl77ij77kl — _P(Sijuij - §Sz’jk:luz'jukl

1
00;; = §Bijkl (gt + wig)

P+#0= [Cik:lm # Sikim 7 Bik:lm}

Why the theory becomes so complicated and should we care for it?



Elasticity under finite pressure

[Wallace (1967), Baiko (2011), see also Marcus & Qiu (2009)]

1 1
§C¢jkl?77;j77kl — —P5ijuij + §Sijkl“ijukl

o0& =

Associated with 0F = —P6V

P#0=  Siki = Cijki {— P(Sikéjl]
T

Associated with the second order term in the definition
of the Lagrangian strain parameters

nij = 5 (wij + uj; +wguy)

P ?é 0 » The leading order for energy is linear over displacements
The elastistic energy is of the next-to-leading order




Elasticity under finite pressure

[Wallace (1967), Baiko (2011), see also Marcus & Qiu (2009)]

1 1
o0& =-+ §Cijkl77ij77kl = —Pd;u;; + §Sijkluz'jukl
1
00;; = §Bijkl (urr + wig)

Bijki = Sijki

X

Associated with —Ps@Vy
i.e. change of the volume (compression) in
the second order of strain




Elasticity under finite pressure

[Wallace (1967), Baiko (2011), see also Marcus & Qiu (2009)]

1 1
OF =-+ icz'jkmij??kz = —Po;u;; + §Sijkluijukl

1
00;; = §Bijkl (wpr + i)

P #0= DBijr = Siji — P (0u0jr — 0ij01)

Bijki + Bitkj = Sijri + Sijki




Elasticity under finite pressure
Example: barotropic material P = P(p)

e 1 5(1)‘/
K d_—f —[/06—, 5(1) = Vo Ui = odin = (5(1)P = —K
oV =1 | Vo

= —Ku;

1
—5(1)P(57;j — (50@-3- — iBijkl (’UJM + ulk) :>[Bf,;jkz — K(Sz’jfskl]

The first order variation of energy:

(1)

Vo ‘\ Vo
/ Energy per unit mass in deformed state

Volume per unit mass in non deformed state

1

00:70



Elasticity under finite pressure
Example: barotropic material P = P(p)

e P 5(1)V
K dIf —Voa—, 5(1)V = VO Ui — Vodin = (5(1)P = —K
oV Vo

= —Ku;

1
—5(1)P(57;j — (50@-3- — iBijkl (’UJM + ulk) :>[Bf,;jkz — K&L’jékl]

The second order variation of energy:

a D
1 1 K 2
5 Sigkitiijup = 0E = — (—P5(2>V 5 (5<1>V) )
| - Y
Vo+oV
5(2)V = VO ((57;153';@ — 5ij5kl) Usj Ukl —/V ’ s pav
Siiki = —P (0405 — 04;0k1) + K00k

- —P (5il5j]{; — 5ij5kl) T B’ijkl



Elasticity under finite pressure
Example: isotropic elastic material

Bijii = K0ii0k + 1 (0ix0j1 + 011055 — 26,5011

The same form as for P =0

Siiki = Bk + P (0:10% — 04;0k1)
(K — P) 00k + 10104

2
+ (/J/ + P) 52'1(5]']4; — ?M&L'jékl



Elasticity under finite pressure
Example: isotropic elastic material

Bijii = K60k + p (0ix0j1 + 6i0jk — 20i50k1)

B° Ll Seems to be the most useful for neutron star applications
(% :
(allows to calculate stresses, but not the energies!!!)

S@J kl Is useful for microphysical calculations [e.g. Baiko 2011]



Basic model and scaling

[one component crust — all ions are equal]

Point charges, TF screening: a = (47m,/3)—1/3

lons form BCC lattice

<

=

Beyond scope: Realistic (Jancovici 1962) electron screening [Baiko 2002]
Effects of free neutrons: induced interactions [Kobyakov&Pethick 2016]




Small deformations: Monocrystal

Fuchs (1936) (neglecting screening): —

Volume conserving tension:

Allows to calculate 7
3 B ” e
2 tJ
Upy = €+ +« | because T

U Uy, = ——€ T VY2
vy zz 9 Ly=L,=1L, = V1/3 Ly =L, = (L_)

i~ A
[N i
I : N

.

Along cube diagonal [111] Along cube edge [100]

00 1

00y




Hidden symmetry of elasticity tensor

Uniform deformation at microphysical level
R—>R,:R—|—€(R), fi:uinj

Change in energy (ion-ion interaction for example)

/ 1 Z ) 1 1 Agrees with
0E; 0, = = ZoZpe ( — ) numerical results by
2 ions ‘R T £(R)| ’R‘ Kozhberov (2019)

R; 3R, R;, — R*0;;, 3R; Ry, — R0y,
@@' + 75 &k =| —2— +[ 7 Rj Rju;jup
f
/' Contributesto S;,z; , butnote: |
After summation over ions “ S.... = () R
lead to term tjt)

0 For any Coulomb crystal
—0; ij V() ”LLU = —PdV (arbitrary structure and composition),
(if nondeformed lattice had symmetric stress tensor) \ neglecting ion motion /




Hidden symmetry of elasticity tensor

Uniform deformation at microphysical level
R—>R,:R—|—€(R), fi:uinj

Change in energy (ion-ion interaction for example)

/ 1 Z ) 1 1 Agrees with
0E; 0, = = ZoZpe ( — ) numerical results by
2 ions /R T £(R)| ’R‘ Kozhberov (2019)
R; 3R; Ry — R%6; 3R; Ry, — R*0;
@@' + 75 Eilk = —5a Wi + 7 Rj Rju;jup
f
/' Contributesto S;,z; , butnote: |
After summation over ions “ Bi:i. = 5.... = () A
lead to term 3t tjtj

0 For any Coulomb crystal
—0; ij V() ”LLU = —PdV (arbitrary structure and composition),
(if nondeformed lattice had symmetric stress tensor) \ neglecting ion motion /




Large deformations: Monocrystal

[Baiko&Kozhberov 2017]
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Stress is strongly nonlinear (at certain directions)
Breaking stress is anisotropic (note the difference in scales)
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Small deformatlons Polycrystal

Polycrystalline matter, made of
large number of single crystals,
should be isotropic.

2 e -
50-?:_]' — Heff (uzk + Uy — gézjull) + Kullé’ij 7 <

/ /

Shear modulus Compression modulus

N\
2.2 O\gf
Ogata&Ichimaru (1990): UV — 0.120 € ‘:L
(Uniform deformation=Voigt average ) eft a iy
2.2 C%Q
—
Kobyakov&Pethick (2015): /J’Z(f:f — 0.093 Z7e g
(self consistent theory by Eshelby 1961) a 8



Polycrystalline crust: Voigt average

Assumptions:
(1) uniform distribution of crystallite orientations
(2) uniform deformation within whole polycrystalline matter

V. V.
2 Vv
§2e =" 5 ‘c/sq;cjklu’ijukl =) ﬁsmnoprmRﬁn ko TUpWijukt = Sk Wij Ukl
C C
‘ (" Rotation matrix, )

[ R¢ RS RS RS required to rotate
g < mnopTtm T tn ko lp) crystal axis to the lab

)
system
J

\_

& RiRi =6

Following convolutions are invariants (see, e.g. D. Blaschke 2017)

ngj — <SmnopRimRinRjoij> — <Smnop6mn50p> — S’iijj
Sf};@j — <SmnopRiijnRioij> — (Smnopamoénp> — S’ijij

Voigt average gives an upper limit for elastic tensor
(nonunifrom deformation of crystallites, in principle, can reduce the energy)




Polycrystalline crust: Voigt average

Assumptions:
(1) uniform distribution of crystallite orientations
(2) uniform deformation within polycrystalline

‘/C C ‘/YC C C C C
6(2)8 = Z QVSijklu@'jukl = Z ﬁs’mnOpRszgn koRlpuijukl = S,;;kluijukg

C
‘ (" Rotation matrix, )
Szgkl <SmnopRiijanoRlp> requweq to rotate
crystal axis to the lab

system
‘ RivRi =01 - /

Following convolutions are invariants (see, e.g. D. Blaschke 2017)

ngj — <SmnopRimRinRjoij> — <Smnop6mn50p> — S’iijj
Sf};@j — <SmnopRiijnRioij> — (Smnopamoénp> — S’ijij

-
Sijis — 0 = Szm =0

[ For Coulomb crystals (neglecting ion motion):
(

can be also shown in the same way as for monocrystal, by uniform deformation of polycrystal)

]




Polycrystalline crust: Voigt average

Isotropic elastic tensor:

2
B%jkl Aéijékl - 2ﬂc‘a/ff (5ik5jl o 5’i15jk) , K= A+ 3”;/&
!
By =3\ + 12u0
For Coulomb crystals (neglecting ion motion):
10
vV _ _ V. _ |4
zgzg S@j%j 0 = A=-4 Heff s K = _glueff
1 dP 4
EMocﬁocn/ = P=-F, K=n—=—-EM
Qe 3 dn 9

Vo _ _EEM For any Coulomb crystal
Heft — 15 (arbitrary structure and composition)




Small deformations: Polycrystal

722 1/3
lon sphere model: EM = _ D zre n, a= 3
10 a 41n

‘22 2 9
3 Z<e Z“e
v
— = 0.12
Heft 25a,n a,n

Multicomponent crystal: Linear mixing rule

M 922,?/36:2% ) _( 3 )1/3

10 - Qe 4mn,




Small deformations: Polycrystal

v 2 For any Coulomb crystal
Heff = 15 (arbitrary structure and composition)
72 e? 3\ /3
bcc lattice: EM=_—(¢Z—n, a= (—) . ¢ =0.89592925568
a dmn
\ 4 0;194572 [Baiko 2011]
9 ZQ 2 22 2
WY = 282 0119457234002
15 a a

Two component ordered crystal with BCC lattice

Z}e? 3 \"° 7? 7
= —Cm n, a=/|-— . Cp =0.3492518 ( 1 + — | +0. 197425 =%
4mn 22 7o

[Kozhberov, 2019]

/ 2,2 2,2
7% Zy | Zie 2Cp Z7e
\Y% 1 1| 4 M
= 10.0465669 ( 1 0.0263234 =
Mo [ ( + 222> + 22] - n 5 4 n




Small deformations: Polycrystal

Numerical experiment: MD simulations by Horowitz&Kadau (2009)

for shear deformations

—_
X

[W—
o

Shear stress (MeV/fm3)

— bee (100)[010]
-~ fee (100)[010]
bee (110)[001]

—- bcc (100)[010] defect
bee (110)[001] defect

— bcc polycrystal
- fee (112)[111]

L I L
0.1
Shear strain

Movie and original figure
from Horowitz&Kadau (2009)

Shear stress is almost linear for monocrystal
Effective shear modulus is rather uncertain
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Breaking strain&stress

Numerical experiment: MD simulations by Horowitz&Kadau (2009)
[shear deformations]

| IbC(I: (1'005[()'10]'

Shear strain

Fractures and voids does

not appear
(Horowitz&Kadau, 2009)

Monocrystal

[Breakingstrain: )
€, ~ 0.1

Breaking stress:

Aoy, ~ cyu€
% b 44bj

Polycrystal: breaking strain and stress are moderately reduced



Breaking strain&stress

Semianalitic approach: appearance of the unstable modes
[Baiko&Kozhberov 2017, Baiko&AIC 2018]

1.6 —m——— 1T T 0.9 —m———T———T T
- elongation '
. : —_— T/
1.4 F .
:'_) +
01.3 | 1 T o.9F -
up el #=0
1.2 F .
p=m/4
= | contraction
=0 ' :
o b 0.85 "t
0.0 0.2 0.4 0.6 0.8 1.0 c.o 0.2 04 0.6 0.8 1.0
0 0

Critical deformation of perfect crystals is strongly anisotropic
(the same holds true for critical stress tensor and elastic energy)



gcrit

Breaking strain&stress

Semianalitical approach: appearance of the unstable modes
[Baiko&Kozhberov 2017, Baiko&AIC 2018]

- elongation

Ecr it

0.95 ————t—r———1—————————————

0.85 t———
0.0

== p=7/4 |

contraction

0.2

0.4 0.6 0.8 1.0
0

[

Polycrystalline matter should break when
crystallite at the weakest orientation breaks

€erit < 0.04 ]




b= Part I: Summary

1. The stress-strain relation can be described by tensor Biji.
It has Voigt symmetry Biiki = Bjiki = Bruij

2. Elasticity tensor for Coulomb system have additional symmetry
Bikik = Sikik = 0
3./Elastic properties of polycrystalline matter are rather uncertain )
(~28% difference). The upper limit is given by the Voigt averaged
shear modulus, which depends only on Coulomb (Madelung)
energy. 9 75/3 2
1Y = —1—5EM ~0.12) “i—n,
: a
A\ i 4
4. Uniform compression/expansion does not lead to breaking.
Critical deformation is strongly anisotropic for monocristals.
Critical deformation for polycrystalline matter




Part II: Nuclear reaction in strongly coupled plasmas

A+B—-0"—=C+D
\

Required for astrophysical
applications

Well studied in literature
[Salpeter (1954), ...]

The reaction rate

= What is the reaction rate for
Rarno |~ (EEEMOIRS 5o

A+B—->C+D

In a stellar conditions?
Enhancement factor .
(in strongly coupled plasmas)
Thermonuclear reaction rate ?
(in rarefied plasma)

A bit of terminology: The enhancement some times referred as ‘electron screening’,
but the main contribution is associated with correlations between ions




Nuclear reaction in strongly coupled plasmas

A+B—-0"—=C+D

Rate of the reactions via compound nucleus

[RA+B—>O*] [bO*—>C—|—D]: Rat+B—c+D

Well studied in literature \ ,
[Salpeter (1954) ... The branching factor
) Obviously unaffected by plasma screening
Raypoor = FjCiB_;o* RE4+B_>O* (as far as nuclear scales are much shorter than plasma scales)
R — ) scr Rth
A+B—-C+D — O*—=C+D H'A+B—-O*tYA4+B—0O*
L SCr th
— FA—|—B—>O* RA—|—B—>C—|—D

It is highly likely, that the resulting enhancement factor is the
same as for formation of the compound nucleus



Nuclear reaction in strongly coupled plasmas

A+B—-0"—=C+D

Rate of the reactions via compound nucleus

Raipo+ box—scarp = Raip-ciD
Calder et al. (2007) [AplJ, 656, 313]:

These reaction rates leads to violation of nuclear statistical
equilibrium (detailed balance)...

“Patch” solution:

“A favored reaction direction must be chosen and the reverse
rate computed from its screened rate. The choice is apparent
in the case of photodisintegrating reverse reactions ...”

That is the reason of the problem? Is the patch applicable?




Nuclear reaction in strongly coupled plasmas
The detailed balance

A+B—-0"—=C+D
Rate of the reactions via compound nucleus

[RA+B—>O*] [bO*—>C—|—D]: Rat+B—c+D

| T

The branching factor
Obviously unaffected by plasma screening

(as far as nuclear scales are much shorter than plasma scales)

Studied in “plasma
enhancement” literature

SCr

_ th
Ratp—or = FA—|—B—>O*RA+B—>O*

[ ??? Which factor is wrong ??? J




Nuclear reaction in strongly coupled plasmas
The detailed balance

A+B—-0"—=C+D
Rate of the reactions via compound nucleus

[RA—I—B—>O*J [bO*—>C—|—DJ: Ra+B—c+D

| i

Studied in “plasma The branching factor

enhancement” literature Obwousli unaffected bi ilasma screening




Nuclear reaction in strongly coupled plasmas
The detailed balance

A+B—-0"—=C+D

The branching factor
Obviously unaffected by plasma screening

- (asfar as nuclear scales are much shorter than plasma scales)
L2C0+1C, p=5x10° g/em™3, T =10% K

The plasma scale: a = (%)1/3 ~ 100 tm

The largest nuclear scale :

2 2 72 \ 1/3
The tunneling length for Apk = (2h 26 4 5 ) ~ 100 fm
Gamow peak ions = pd

[ The branching factor can be affected by plasmal! ]




Why the branching factor can be affected?

The plasma screening affects the The tunneling probability is
internuclear potential o affected

T =10° K

without screening

U [MeV]

- -5 -0.05
0 100 200 300 400 3500 0 100 200 300 400 500 0 100 200 300 400 500
r [fm] r [fm] r [fm]

[from AIC & DeWitt 2009]



How to calculate branching factor correctly?

[

the reaction channels,
. applying the same formalism as for compound nucleus formation

\
Take into account the plasma screening while calculating the widths of

J

The width of the n-th decay Yn = 3%
charnel of compound 7” I The plasma correction factor for
nucleus

tunneling probability

Total width [ = Z% — I Z 5
- n
" n

Branching factor

b =/T wp  f, =5,/T

Reaction rate A+B—-0"=C+D

- scr th
[ Ra+Bsc+D = - FA—|—B—>O* RA—|—B—>O*]




The enhancement factor for nuclear reaction rates
Kushnir, Waxman & Chugunov [MNRAS 486 (2019), 449; arXiv:1805.08788 ]

A+ B—-0"—=C+D

SCTI

RayBpsc+p = bomco+p FA+B—>O*RA—I—B—>O*
SCr
FA—|—B—>O* — fA—I—B—>O* fA—|—B—>O*

Va N

Classical enhancement factor Quantum correction
(increase of number of close encounters, | (Plasma effect on the
screening in classically allowed region) tunneling probability,
[Salpeter (1954), Dewitt et al. (1973), ...] screening at classically
uC(A) + pu°(B) — pC(0)] forbidden region)
farpor0 = o [ T ] farposor = forays
chiB—erD = fi+poo-fiisocip  Inagreement with the
q q il I detailed balance
Jaspoctp = Josarploocing principle




The enhancement factor for nuclear reaction rates

[simplified version for strongly exothermic reactions]

A+B—-0"—=C+D

Only one channel (n=0) is associated with long tunneling
[for example, reaction with high Q value]

Neglect quantum q ~ ) 7 ~ q
correction for other fn ~1l & Wm=m AZ?O ~ fO bO
channels > » b, =~ b,
Long distance tunneling ~ ~
. < ~
leads to small width for 70 Tn y I' =~ T
n=0 channel
q q q I q
fA~|—B<—>C+D — fO*—>A+BfO*—>G+Df ~ fO*—>A+B
Jrser _ fcl fq ~_ J7Scr
A+B—-C+D — A+B—-0O*J A+ B« C+D —~ H A+B—O*
‘ D

The enhancement factor for high-Q reactions is the same as
for reaction of compound nucleus formation

\_ (NOTE: it is not holds true for reverse reaction) )




Part Il: Summary
* Plasma screening affects internuclear potential and thus tunneling

probability. This effect should be included into calculations
consistently: not only for formation of compound nucleus, but also
for decay rates and branching factors.

* The enhancement factor should be consistent with thermodynamic

mod e| [Kushnir, Waxman & AIC, MNRAS 486 (2019), 449]

CA C’B_C‘O
o —exp | ( Hu:(r) e ( )]

* For strongly exothermic reactions

scr ~ SCr
FA—|—B—>O—|—D ~ FA—|—B—>O*
SCTr I
FC’—|—D—>A-|—B — fC’+D—>O*fA—|—B—>O*
# FSCI‘
C+D—O*

10

loglo p [g Cm—s]
[from AIC, DeWitt & Yakovlev (2007)]

12



Takeaway messages N

Elastic properties of polycrystalline matter are rather uncertain
(~28% difference). The upper limit is given by the Voigt averaged
shear modulus, which depends only on Coulomb (Madelung)

energy. 5/362

2
Vv M
— ——F" ~0.12 E
Heft 15 : (e

(]

Uniform compression/expansion does not lead to breaking. Critical
deformation for polycrystalline matter

Ecrit < (.04 (Baiko & AIC, 2018]
The enhancement factor for nuclear reactions should be consistent

with thermodynamic model [kushnir, waxman & Aic (2019)). FOr exothermic
reactions:

Uz

scr ~ SCr

FA-|—B—>O—|—D ~ FA—|—B—>O*

SCr

FO—|—D—>A-|—B — fC—I—D—>O*fA—|—B—>O*

SCr




