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Motivation

• Presence of magnetic fields in

compact stars and its effects in

the EoS and the structure.

• Anisotropic EoS featured by a

fermion system in an external

magnetic field B = Bẑ.

Phys. Rev. Lett. 84, 5261 (2000).

• Modeling in the literature:

arXiv:1307.5074 [astro-ph.SR]

• TOV avoiding (or neglecting) the anisotropy.

• Numerical relativity schemes: Maxwell equation (usually not

included in the EoS).
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Anisotropic magnetized EoS

Effects of an external magnetic field B = Bẑ acting on a fermions system:

• Quantization of the particle’s dispersion relation.

• Density of states:

2
∫ d3~p

(2π)3 → 2
∞

∑
l=0

(2− δl0)
∫ eB

(2π)2 dp3

• Anisotropic stress-energy tensor:

Tµ
ν = diag(−E, P⊥, P⊥, P‖)

E = Ω(B, µ, T) + µN(B, µ, T) + TS

P⊥ = −Ω(B, µ, T)− BM(B, µ, T)

P‖ = −Ω(B, µ, T)

Anisotropic EoS: E, P⊥, P‖.
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Anisotropic magnetized EoS

Ω(B, µ, T) = − eB
2π2

∫ ∞

0
dp3

∞

∑
l=0

gl

[
εl + T ln

(
1 + e−

εl−µ
T

)(
1 + e−

εl+µ
T

) ]
= Ωvac(B) + Ωst(B, µ, T)

εl =
√

p2
3 + 2|eB|l + m2

Vacuum term, after renormalization:

Ωvac
w (B) = − m4

90(2π)2

(
B
Bc

)4
, B < Bc;

Ωvac
s (B) =

m4

24π2

(
B
Bc

)2
ln

B
Bc

, B > Bc.

Bc = m2/e = 4.4× 1013 G
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Anisotropic magnetized EoS

Ω(B, µ, T) = − eB
2π2

∫ ∞

0
dp3

∞

∑
l=0

gl

[
εl + T ln

(
1 + e−

εl−µ
T

)(
1 + e−

εl+µ
T

) ]
= Ωvac(B) + Ωst(B, µ, T)

εl =
√

p2
3 + 2|eB|l + m2

Statistical contribution (T → 0):

Ωst(B, µ, 0) =
m2

4π2
B
Bc

lmax

∑
l=0

gl

[
µ pF − ε2

l ln
(

µ + pF
εl

)]

lmax = I[
µ2 −m2

2eB
], pF =

√
µ2 − ε2

l
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Anisotropic magnetized EoS in stellar equilibrium

E = Ω+µN+mN
A
Z

N+
B2

8π
, P‖ = −Ω− B2

8π
, P⊥ = −Ω−BM+

B2

8π

with Maxwell contribution.
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γ metric (or Zipoy-Voorhees)

• Static, axisymmetric and asymptotically flat family of solutions to

the Einstein equations in spherical coordinates,

ds2 = −∆γdt2 + ∆γ2−γ−1Σ1−γ2
dr2 + r2∆1−γΣ1−γ2

dθ2

+ r2 sin2 θ∆γ2−γdφ2,

∆ =

(
1− 2m

r

)
,

Σ =

(
1− 2m

r
+

m2

r2 sin2 θ

)
• Parameters:

m: related to the gravitational mass M = γm.

γ: related to the shape of the object, with the quadrupolar moment

Q = m3γ(1− γ2)/3

γ→ 0: Minkowski (M = Q = 0)

γ→ 1: Schwarszchild (Q = 0)
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γ metric: small deformations (γ ' 1)

ds2 = − [1− 2m(r)/r]γ dt2 + [1− 2m(r)/r]−γ dr2 + r2 sin θdφ2 + r2dθ2

• With isotropic energy momentum tensor:

dP
dr

= −
(E + P)

[
r
2 + 4πr3P− r

2

(
1− 2M

r

)γ]
r2
(

1− 2M
r

)γ

radius R defined at P(R) = 0

IJMP CS vol.45,1760029 (2017)

1504.03006 [astro-ph.SR]

AIP Conference Proceedings, vol. 751, 03 (2005)

Phys. Lett. B, vol. 58, p. 357–360, 09 1975

8



Modeling magnetized compact stars with γ metric

• Small deformations (γ ' 1)

• From the pressure anisotropy in the magnetized EoS:

• Spheroidal objects

• Parametrization z = γr
• P⊥(r) and P‖(z(r))

• γ =
P‖(r)
P⊥(r)

≈ P‖0
P⊥0

γ < 1, P‖ < P⊥ γ = 1, P‖ = P⊥ γ > 1, P‖ > P⊥
oblate spheroid sphere prolate spheroid

rr

z

r rr

z
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Modeling magnetized compact stars with γ metric

dM
dr

= 4πr2 (E‖ + E⊥)
2

γ,

dP⊥
dr

= − (E⊥ + P⊥)[ r
2 + 4πr3P⊥ − r

2 (1− 2M
r )γ]

r2(1− 2M
r )γ

,

dP‖
dz

=
1
γ

dP‖
dr

= −
(E‖ + P‖)[

r
2 + 4πr3P‖ − r

2 (1− 2M
r )γ]

γr2(1− 2M
r )γ

,

E‖ = E(P‖), E⊥ = E(P⊥)

Reduces to TOV equations at B = 0: γ = 1, P‖ = P⊥
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Results: White dwarfs (WDs)

TOV:

1.0e+03 1.0e+04

R [km]

0.0

0.5

1.0

1.5

M
 [

M
O.
]

0.0

0.5

1.0

1.5

M
 [

M
O.
]

B=0

P⊥ B=1012 G

P||  B=1012 G

P⊥ B=1013 G

P||  B=1013 G

P⊥ B=1014 G

P||  B=1014 G

without Maxwell term

with Maxwell term

our model:

0.0

0.5

1.0

1.5

M
 [

M
O.
]

1.0e+03 1.0e+04

R [km]

0.0

0.5

1.0

1.5

M
 [

M
O.
]

B=0

B=1012 G

B=1013 G

B=1014 G

without Maxwell term

with Maxwell term

11



Results: WDs. Stability and super-Chandrasekhar masses

• Stability determined by small deformations and M vs E0 minimum:

|E⊥(r)− E‖(r)|/E0 . 10−3 ⇒ P‖(r)/P⊥(r) ≈ P‖0/P⊥0
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• B > 1014 G: densities that yield stable objects are beyond WDs

density range. No super-Chandrasekhar masses.
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Results: BEC stars

our model:
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FIG. 4: The results of solving the �-structure equations for the EoS with Maxwell contribution. Upper panels: the total
mass and the equatorial and polar radii of the star as a function of the central mass density. Vertical line pinpoints ⇢nuc.
Lower left panel: mass-radii relations with the equatorial (solid lines) and the polar (dashed lines) radius. Lower right
panel: the parameter � as a function of the central mass density. The verticals lines signal the densities at which Pk = 0
and � ! 0. The vertical line in the inset signals ⇢nuc.

mass and size of the BEC stars is higher and easily noticeable for almost all densities. In this case Pk < P?,
therefore � < 1, the equatorial radius is always bigger than the polar one and the star is an oblate object. The
equatorial radius increases with decreasing density, while the polar radius diminishes, their di↵erence increases
up to four orders for B = 1017 G (see lower right panel of Fig. 4). This behavior, as well as the new peak in the
mass-central mass density curve, is related to the fact that when Pk0

! 0, � ! 0 as shows the lower right panel
of Fig. 4. The limit � ! 0 is outside the range of validity of the structure equations, and in fact, setting � = 0
in Eq. (14) transforms the � metric into the flat Minkowski space-time [41], therefore solutions of the structure
equations around this limit does not have physical interest.

B. Self-magnetized BEC stars and inner magnetic field profiles

In this subsection we solve Eqs. (15) for the EoS Eqs. (11) with the magnetic field given as a function of the
mass density through Eq. (13). The results are shown in Fig. 5. The curves corresponding to the self-magnetized
BEC stars almost perfectly overlaps with the B = 0 ones, and the influence of magnetic field on the mass, size
and shape of the star is really small (see the inset on upper left panel of Fig. 5). The reason for that comes from
the dependence of the self-generated magnetic field on the boson mass density, that diminish the anisotropy in
the EoS in a way that the instability region of the pressures never appears. As a consequence, the resulting

our model (self-generated magnetic

field):
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self-magnetized BEC stars deviates slightly from the spherical shape and their masses are barely diminished,
being � ⇠= 1 for all central mass densities.
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FIG. 5: The results of solving the �-structure equations for the EoS with self-generated magnetic field. Upper panels:
the total mass and the equatorial and and polar radii of the star as a function of the central mass density. Vertical line
signals ⇢nuc. Lower left panel: mass-radii relations with the equatorial (solid lines) and the polar (dashed lines) radius.
Lower right panel: the parameter � as a function of the central mass density.

The use of Eq. (13) along with the EoS, allows to compute the magnetic field intensity self-consistently during
the integration of the structure equations. The magnetic field profiles are depicted in Fig. 6 as a function of
the equatorial radius for various central mass densities. Left (right) panel of the figure shows the curves for the
case without (with) the inclusion of Maxwell contribution. At the center of the star the values of the magnetic
field are the same provided we have the same central mass density. But the decrease of the magnetic field at
the star surface is bigger when Maxwell contribution is included, the variation being around three (four) orders
for the EoS with (without) Maxwell term (see Table I). In both cases the values at center as well as the ones at
star surface are in the orders of those estimated for NS [18, 20, 21].

The results of this section validates the spin one bosons as a possible candidates for magnetic field source
not only in the case of magnetized BEC stars, but also for other models of NS where certain amount of them
are present. One of the merits of our scheme is, indeed, the fact that the vector boson gas can give rise
to a self-generated magnetic field consistent with astronomical observations. In addition, the magnetic field
profiles obtained within this framework stem naturally from the solution of the structure equations. By fixing
its orientation, the self-magnetized BEC star magnetic field is thus a first principle quantity, free from any
heuristic assumptions (e.g., at di↵erence with Ref. [37] approach).

Int.J.Mod.Phys. D28 (2019) no.10, 1950135
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Results: Strange quark stars

TOV:
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to appear in STARS/SMFNS 2019 Conference Proceedings
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Summary

• Model that describes the structure of a deformed compact star,

provided it is spheroidal.

• γ parameter relates the magnetic anisotropy on the EoS with the

geometric deformation. Reasonable results for small deformations

and TOV solutions when γ = 1.

• WDs:

• Magnetic field effects are relevant at low and intermediate density

regime with respect to B.

• Prolate (oblate) deformation without (with) Maxwell term for stable

compact stars with respect to the corresponding central densities

solutions at B = 0. Maximum masses not affected.

• Model dependence of the observables mass and radii. Need better

more realistic models.

Thank you for your attention.
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