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l. Introduction and Motivation

“Don’t modify gravity, understand it!”
- - - a big guy

“We understand gravity by modifying it.”
---ClL

Smash it, then understand it!
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Introduction and Motivation

Is GR unique?

According to Lovelock theorem, the answer is YES if we assume

© 3+1 dimensional space-time;

© metricity;

© 2nd order equation of motion;

@ space-time diffeomorphism — 8 first class constraints
However, if we assume

@ 3+1 dimensional space-time;

© metricity;

© 2nd order equation of motion;

© 8 first class constraints

Is GR still unique?
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Introduction and Motivation

The symmetries of space-time in GR

X' x4 e (t,x), t—t+E0(t,%)

what if ...

x' = x" € (t,%) + internal gauge symmetry?
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3+1 decomposition of space-time

ADM formalism
ds? = —N?dt? + h; (dx' + N'dt) (dx/ + W dt)

The Einstein-Hilbert action

— [ 4 Kil _ K2 ®)
sﬁ/de\/E KiKi — K2 + R +..

gradient term

Kinetic term

1 /.
'Constant time ﬁ (hij - ViNj - vjNi)
hypersurface ®)R : 3-d Ricdi scalar

L

where Kjj =

conjugate momenta 7/ = AL /dh;, 7y = AL/ON and m; = L/ON'
Legendre transformation

H = / d*x [NHo + N'H;]

All of constraints Hy =~ 0 and H,; ~ 0 are first class!
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Hamiltonian Analysis by P. Dirac @ 1950s~1960s

“l have an equation, do you
God created our universe ! have a2 one too ?”

P. A. Dirac, Can. J. Math. 2 129 (1950);
Proc. Roy. Soc. London, ser. A, 246, 326 (1958);

P. A. M. Dirac, Lectures on Quantum Mechanics (Yeshiva University, New York 1964).
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a simplified, less rigorous introduction of Hamiltonian Analysis

© Legendre transformation from action to Hamiltonian £ — H

@ Primary constraint: p' = 65 =0, include it in the Hamitonian

A=H-+XNp,
© Secondary constraint: constraint must hold throughout time evolution

; dp/
= = ~0 F.G}l= — — — — —

© total Hamiltonian if no tertiary constraints are generated,
Htot =H+ )\iPi + >\J¢ja

and a full set of constraints ¢* = (p', ¢;)

@ compute all of Poisson brackets {¢*, ¢B}
o ¢% is first class if all {¢%, ¢} ~ 0,
e The rest of constraints are second class.
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a simplified, less rigorous introduction of Hamiltonian Analysis

Why does first class constraint matter?

@ every constraint eliminates (at least) one degree in the phase space;

@ a first class constraint eliminates two degrees in phase space, i.e. one
degree in physical space-time;

@ 1st class constraints generate local gauge transformation;
Htot = oo0 TR )\ad)om

The consistency conditions

d (6%
% = {¢a7 Htot} ~0

do not fix coefficients A* : a gauge redundant!

OF = Mo {F, 0%}, generator of gauge transformation.

v
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a simplified, less rigorous introduction of Hamiltonian Analysis

Degree of Freedom Counting

The number of degrees of freedom

- Ncanonical pairs — 5 X N2nd class — let class

Example 1. L= %FWFW, Ay — Ay + 0,0

1
H = 57'(','77',' + (8,-Ajc‘),-Aj — 8,-Ajc’9jA,-) — Ap0;m; + Moo,

% =A =E electric field
0A;

T

Primary mp &~ 0 and Secondary 0;7; = 0 are first class: U(1) symmetry!

Therefore, a photon has 4 — 2 = 2 polarisations!
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introduction and motivation

2
Example 2:  General Relativity S = [ d*x\/—g [%R — /\}

sz/d“x/vx/ﬁ Kiki—Kk* + BR 4+
%/_/ v

Kinetic term gradient term

where Kjj = % (hu - ViN; — VJ-N,-)
G)R : 3-d Ricci scalar
Hamiltonian reads
H= /d3x [NHo + N'H; + Anmy + N
all these 8 constraints are 1st class — space-time diff invariance
x' = x4 €0(t,%), t— t+£9(t,x)

Therefore, a graviton has 10 — 8 = 2 polarisations!
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Introduction and Motivation

The symmetries of space-time in GR

X' x4 e(t,x),  t—t+E0(t,%)

what if ...

x' = x" 4+ €(t,%) + internal gauge symmetry?

reformulate our question:

Are there any gravity theories which are as good as GR, in the sense that
all constraints are 1st class?
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Il. a self-consistency condition
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a self-consistency condition

Hamiltonian analysis

We are interested in the theory linear in lapse,

S= /dtd3xxthF (Kij, Ry, Vi, b, 1)

d’F
det #0
OK;j0Ky

To perform the Hamiltonian analysis a la Dirac, We need Q;; and vl

where,

5= / d*xV/hN [F (Qy, Ry, Vi, b, £) + 0¥ (Q — Ky)] -

the momenta conjugate to (h;, N, N, Q;, v¥)

. oL 1 - oL oL
! = — = ——VhY, Ty =— =0, = — =
Ohj; 2 ON ON/
i oL oL
P = — =0, Uj = = =
0Qj; vl

Chunshan Lin (IFT, Uni. of Warsaw) workshop@UW January 22, 2019 14 / 33



a self-consistency condition

Hiot = /d3x [ACC + NH; + Ay + N + x5 P+ o Uy + Ay W7 + qs,-jcb"f} ,

where
o Ty~ T~ P~ Uj~ Wi~ 0 are 22 primary constraints;

@ there are 10 secondary constraints,

0 =~ %:{WN,H}:—C,
0 ~ Cf;;i:{ﬂ,-,H}:—H,',
0 ~ DT =PI H) = Noi,
where
d)’f':\/ﬁ(aagj—kv’j).
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a self-consistency condition

@ there are 7 first class constraints 7y ~ 0, ; =~ 0 and
HEN] = / d3x [F Ly + PTLAQy + U Lav" + iy LAN]
where Ly: Lie derivative along the vector A, and useful notation
O\ = / dPx0\0, O[N] = / d*x\NO;,
@ The complete set of other independent constraints is
C~0, Pixo0, Uj=~0, oI~0, Wixo0.
In total, we have 25 remaining constraints at each point,
¢.= (C,PY, Uy, ®¥, W)

where a=1,---,25 and (ij) = (11), (22), (33), (12), (23), (31).
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a self-consistency condition

key matrix Mp(x, y)

the infinite dimensional matrix

0 od uf

0s Osp 06,6

Map(x,y) = {da(x), dp(y)} = —u;  Ogp 06,6
06 7Air *316,6
—i, 0Oss —blgg

is very crucial!

o If DetM,p(x,y) # 0, all of ¢, =
44 —2x7—-25=5

the dimension of phase space is odd!

@ We have to demand DetM,,(x, y) = 0.

Og 03
A1 Oss
316,6 b16,6
O A
—A> A3

(C,P¥, Uy, ®7, W) are second class,

)

v
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A self-consistency condition

DetMap(x,y) = 0

1
C 5C
/ o [6/1;,-[([1]) Qu(x)alx) - 5;,,.,.[&]) Qv(x)/ﬂx)] ~0, for a(x), "A(x).
1
SF[Vh i 1 1
/d3x {SR[M\/(;O)[] R viivs [<Qj/hik - EQk/hij - 5thkhjl> ﬂ] —(a+ 6)} ~0,
1
oF _ . 1 1 / OF 1 1
,ﬁvj (Qi/hjk - Elehij - Ethkhil) + WV (ﬁ) - (lehik - EQk/h,-j — Ethkhj,> ~0.

forF = F (Q,-j, Ry, hi, r) .

S/SR,-J-: the functional derivative with respect to R;; when (R,-j, hij, a, B) are considered as

independent variables.
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I1l. Theories with 2 d.o.f
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Example |

Einstein's General Relativity

let us consider the simple ansatz,

F="Hf(Q)+ f(R), where Q= Q,-J-Q"f —-Q?,
Momentum constraints 4+ Consistency condition

FZCl(t)Q—|-C2(t)R—/\(t), Cl(t)#o, Cg(t)#o.
It is Einstein gravity if ¢c;, ¢, and A are constant.
@ If they are time dependent, then the theory is still equivalent to

Einstein gravity if

c1cp = constant, c¢;/\ = constant

o If cyco # constant then 0 ~ JCE /0t = OC /0t gives a tertiary

constraint. Both of Hamiltonian constraint and the tertiary constraint
are 2nd class.
Chunshan Lin (IFT, Uni. of Warsaw)
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Example Il

A square root gravity
Let's take another ansatz,
F=1f(Q)h(R)-At), f(Q)#0, f(R)#0

Momentum constraints 4+ Consistency condition

fi=vAQ+B(t), fh=+/C()R+D(t), Alt)#0, C(t)#0
where A, B, C and D are integration “constants” that may depend on time.
@ If all coefficients are constant, all constraints are 1st class — 2 d.o.f.
@ If they are time dependent, then Hamiltonian constraint is still 1st class if

constant - B

= W, AC = constant.

@ Otherwise, the time dependence generates a tertiary constraint (2nd class).

v
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Example Il

A square root gravity

it is illustrative to rewrite the action as

S= / d*xvVhN

gM(t)“\/(l + /\Cﬂl((tt))2 IC> (1 i /\C/IZ((tt))2 R> = /\(t)] :

where K = K;K7 — K2, ¢ = +1, M = (BD)Y/®8, ¢; = M?A/B and ¢; = M?>C/D.
In the weak field limit,

S~ /d‘*xfh/v {5/\/14 —A+ %/\/P(qic + oR) + ] .
The effective Planck mass and sound speed of GW

A —EMA
M2 = £c; M? 22 A= ———
p £C1 ) Cg a ) f §C1M2 )

We then demand that £M* — A ~ 0 to cancel out the bare cosmological constant.

v
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Example Il

Matter coupling

@ minimal coupling

S— / d*xVAN gM(t)“\/ <1 + %K) <1+ 3((:))2 R) _ )

R

However, algebra is not closed, inconsistent (s. Liberati et. al, 1802.02537)

{Clal,ClB]} # O

solution: novel type of matter coupling, with all constraints still being first

class. (arxiv:1811.02467, by CL.)

Chunshan Lin (IFT, Uni. of Warsaw) workshop@UW January 22, 2019 23 /33



Example Il

Matter coupling

@ Novel matter coupling

4 . 1 1/2 2 )
= —¢,vhBY/? [CR+ D (Hmj = Eﬂz)} +Vvhu <%¢,v,~¢v’¢,¢> :

self-consistency condition

{Cle], C[B]} = 0,

B2 c\Y* | =3 1 )
u=£m<7> ch’+Zv,-¢v'¢+A,

1
£ = VhNE {M4\/<1+ %}C) (1+ %R) - J [ %M“ - % (6- Nf‘a,-¢)2] (%v,-qsviqsw\)} .

v
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Example Il

The cosmology of square root gravity

We take FLRW ansatz,

ds® = —N?dt? + a%dx’ .
we obtain the Friedmann equations of the form

14% + V(9)
1+ V(p)/ M+’

2o~ gt

3 M2H? = 2y M= — T
14 2V(¢)/ M4

and E.o.M for scalar field,

<1+2v)q§+3H<1+2v) 1 i o+ (1 ¢ avio
M4 M4 M4 M) e
H(t) @'(t)/M?

0487

0.6}
0.4]
0.2]

—10000 —=5000 5000 10006
=0.2]

0000 -04 (on going, with D. Yeom)

=10000 =5000 5000
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Example Il

Multi matter fields

@ multi scalar fields

B2c\/* w2 1
Uu=¢— L+ —v,¢vi A.
£<A> ;(CIthcl ] ¢/>+

1/2
__ 2yt - S wNae)? | (S Ly
L= &ﬂNN:M > (4 N8,d>/)} <;Clv,d>,vm+/\>

1

1/2

@ Is it compatible with gauge symmetry in SM?

B2c\ V4 [ wivmhhy 1 P . i i i
U =¢vh (T) % + EF,-J-F” 4 Tl + 72 + 2eA; (¢>1v’¢2 - ¢2v’¢1) + Vi1 Vi

2 1/2
+Vi62V 92 + (m + EAAT) (8] +93) + X+ VixVix+ VOO + A] :

Scalar QED, all 842 constraints are 1st class

v
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generalisation

@ The explicit time dependences of parameters A, B, C, D and ( satisfy

dc ocC oc

dt
This condition gives us
a_,  NAO) _ . oA _ 2 (DV/ATC)
ot ot 7 ot ot '

@ Generalise to the whole class of theories

cn—[creD- 2 (wim;— 1a2)] 4 /\+cﬁ’+lvf¢v-¢n
Ap \T T T h¢ ’

We recover the results of square root gravity if n =1/2, and we recover GR
if n=1.
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Example Il

Exponential gravity
We take the following ansatz,

F=f(Q) +explaR + H(Q)].
Momentum constraints 4+ Consistency condition + Hamiltonian constraint

F

2Acs K + A+ cpexp [ R + 3K

1
= Ao+ 2A\s+ o)L+ aaR+ ECZ(CIR + C3IC)2 + -

We then demand A + ¢ ~ 0 to cancel out the bare cosmological constant.
@ If all coefficients are constant, then Hamiltonian constraint is 1st class;

@ If they are time dependent, the HC is still 1st class if

In(=A
C1C3/\2 = constant, "(Cil/q) — constant.
@ Otherwise, they generate a tertiary constraint (2nd class).
v
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Example IV

Lapse independent term

The theories that we just found in previous subsections can be extended to

§— /dtd3xx/F [NF + G (Ry, Vi, hU,t)]

where F is the theories satisfies our consistency condition.

@ See Ref. arXiv:1711.10472 by CL, J. Quintin and R. H. Brandenberger,
resolving two of main problems of a matter bounce senario.
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Conclusion

remarks:

@ Searching for the theory in which all constraints are 1st class is very
interesting problem!

@ self-consistency condition for the theory linear in lapse.

@ examples:

Einstein’s gravity;

@ a square root gravity;

@ an exponential gravity;

e extension to the one with lapse independent term;
e more solutions?
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Thank you!
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Appendix

A very basic question:

Law of physics — EoM with no more than two time derivatives
e.g. F=mx

WHY? Have you ever thought about it?

D 4o CARTOONSTOCK
i
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Appendix

Ostrogradsky theorem
Consider an action

5:/&ﬁ$—vwﬂ
The canonical variables

Qi =gq, @R =4q,
and their conjugate momenta

oL doL

Plzafq.—aaqu 2_3q

The Hamiltonian
1
H=PiQ+ 5P+ V(Q)

unbounded from below.
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Mikhail Vasilyevich Ostrogradsky
Sept. 24, 1801 - Jan. 1, 1862
Ukrainian mathematician in the Russian Empire.
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