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Two Questions:

1. How does v2 depends on multiplicity?

2. At what multiplicity does hydro set in?



A typical pPb event (figure G. Roland)

Gunther Roland RBRC Workshop, Apr 15-17, 2013 
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Somewhat rare event 3% (figure G. Roland)

Gunther Roland RBRC Workshop, Apr 15-17, 2013 
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Rare event – one in 20 thousand (figure G. Roland)

Gunther Roland RBRC Workshop, Apr 15-17, 2013 
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Want to understand this transition!
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Can extract a v2 and a v3 from these data . . . (CMS Data)

blue circles: Hv282<LPbPb, rscl
red triangles: Hv282<LpPb
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The v3 are really the same!
Is the mechanism for the correlation the same in pPb and PbPb?

Is hydrodynamics/kinetics the origin of pPb correlations?
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Flow in pA and AA from hydro and kinetics:

v2︸︷︷︸
Measured E by E flow

= k2︸︷︷︸
Response coefficient

× ε2︸︷︷︸
geometry

1. Are the response coefficients the same?

2. Is the geometry or ε2 the same? ε3?
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What is the `mfp/R in high multiplicity p+A and A+A?

February 1, 2008 20:44 WSPC/Trim Size: 9in x 6in for Review Volume QGP3˙final˙web

The Color Glass Condensate and High Energy Scattering in QCD 11
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Fig. 6. Saturation of gluons in a hadron. A view of a hadron head on as x decreases.

tions, the parton distribution functions at fixed Q2 saturate, in the sense

of showing only a slow, logarithmic, increase with 1/x11,12,13,14,15,16.

(See also Refs. 17,18,19,20 for recent reviews and more references.) For a
given Q2, this saturation occurs if x is low enough, lower than some crit-
ical value xs(Q

2). Converserly, for given x, saturation occurs for trans-
verse momenta below some critical value Q2

s(x), defined as

Q2
s(x) = !sNc

1

"R2

dN

dy
, (1.8)

where dN/dy is the gluon distribution at y = yhadron ! ln(1/x). Only
gluons are included, since, at high energy, the gluon density grows much
faster than the quark density, and is the driving force towards saturation.
This explains why in the following we shall focus primarily on the gluons.
In Eq. (1.8), "R2 is the hadron area in the impact parameter space (or
transverse plane). This is well defined provided the wavelength of the
probe is small compared to R, which we assume throughout. Finally,
!sNc is the color charge squared of a single gluon. Thus, the “saturation
scale” (1.8) has the meaning of the average color charge squared of the
gluons per unit transverse area per unit rapidity.

Since the gluon distribution increases rapidly with the energy, as
the HERA data suggests, so does the saturation scale. For high enough
energy, or small enough x,

Q2
s(x) " !2

QCD , (1.9)

1. Throw Nclust clusters in in the transverse plane:
- This defines a momentum scale (the saturation momentum)

Q2
s ∝

Nclust

πR2
(R = transverse size)

2. Assume Qs is the only scale for the 1D expansion, 1/Qs � τ � R

`mfp ∝
1

Qs
∝ 1

To
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What is the `mfp/R in high multiplicity p+A and A+A?
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Fig. 6. Saturation of gluons in a hadron. A view of a hadron head on as x decreases.

tions, the parton distribution functions at fixed Q2 saturate, in the sense

of showing only a slow, logarithmic, increase with 1/x11,12,13,14,15,16.

(See also Refs. 17,18,19,20 for recent reviews and more references.) For a
given Q2, this saturation occurs if x is low enough, lower than some crit-
ical value xs(Q

2). Converserly, for given x, saturation occurs for trans-
verse momenta below some critical value Q2

s(x), defined as

Q2
s(x) = !sNc

1

"R2

dN

dy
, (1.8)

where dN/dy is the gluon distribution at y = yhadron ! ln(1/x). Only
gluons are included, since, at high energy, the gluon density grows much
faster than the quark density, and is the driving force towards saturation.
This explains why in the following we shall focus primarily on the gluons.
In Eq. (1.8), "R2 is the hadron area in the impact parameter space (or
transverse plane). This is well defined provided the wavelength of the
probe is small compared to R, which we assume throughout. Finally,
!sNc is the color charge squared of a single gluon. Thus, the “saturation
scale” (1.8) has the meaning of the average color charge squared of the
gluons per unit transverse area per unit rapidity.

Since the gluon distribution increases rapidly with the energy, as
the HERA data suggests, so does the saturation scale. For high enough
energy, or small enough x,

Q2
s(x) " !2

QCD , (1.9)

3. Assume the multiplicity is proportional to the number of clusters

dN

dy
∝ Nclust

4. Find that `mfp/R (at early time) is fixed by dN/dy

`mfp

R
∝ 1

ToR
∝ 1

QsR
∝ 1√

dN/dy

`mfp

R
is the same in pA and AA at fixed multiplicity!
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What is the `mfp/R when the flow develops?

1. Need to estimate `mfp/R when the flow develops, 1/Qs � τ ∼ R

τ ∼ R

cs
⇐ elliptic flow develops at this time

2. Using the Bjorken estimate:

`mfp ∝
1

T (τ)
∝ 1

To

(
τ

τo

)1/3

Find:
1

w(R)
≡ `mfp

R

∣∣∣∣
τ∼R
∝ 1
(
dN
dy

)1/3

Again
`mfp

R
is the same in pA and AA at fixed multiplicity
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Flow in pA and AA from hydro and kinetics:

v2︸︷︷︸
Measured E by E flow

= k2︸︷︷︸
Response coefficient

× ε2︸︷︷︸
geometry

1. Are the response coefficients the same?

Yes. The `mfp/R is the same at fixed multiplicity

2. Is the geometry or ε2 the same? ε3?
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Understanding the fluctuating geometry in AA: Bhalerao and Ollitrault ’06
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Eccentricity fluctuations and elliptic flow at RHIC

Rajeev S. Bhalerao1 and Jean-Yves Ollitrault2
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Fluctuations in nucleon positions can a!ect the spatial eccentricity of the overlap zone in nucleus-
nucleus collisions. We show that elliptic flow should be scaled by di!erent eccentricities depending
on which method is used for the flow analysis. These eccentricities are estimated semi-analytically.
When v2 is analyzed from 4-particle cumulants, or using the event plane from directed flow in a
zero-degree calorimeter, the result is shown to be insensitive to eccentricity fluctuations.

PACS numbers: 25.75.Ld, 24.10.Nz

1. Introduction
Elliptic flow, v2, is one of the key observables in

nucleus-nucleus collisions at RHIC [1]. It originates
from the almond shape of the overlap zone (see Fig. 1)
which produces, through unequal pressure gradients, an
anisotropy in the transverse momentum distribution [2],
the so-called v2 ! "cos 2!#, where !’s are the azimuthal
angles of the detected particles with respect to the reac-
tion plane.

Preliminary analyses of v2 in Cu-Cu collisions at RHIC
[3, 4, 5], presented at the QM’2005 conference, reported
values surprisingly large compared to theoretical expec-
tations, almost as large as in Au-Au collisions. It was
shown by the PHOBOS collaboration [4] that fluctua-
tions in nucleon positions provide a natural explanation
for this large magnitude. The idea is the following: The
time scale of the nucleus-nucleus collision at RHIC is so
short that each nucleus sees the nucleus coming in the op-
posite direction in a frozen configuration, with nucleons
located at positions whose probabilities are determined
according to the nuclear wave function. Fluctuations in
the nucleon positions result in fluctuations in the almond
shape and orientation (see Fig. 1), and hence in larger
values of v2.

In this Letter, we discuss various definitions of the ec-
centricity of the overlap zone. We show that estimates
of v2 using di!erent methods should be scaled by appro-
priate choices of the eccentricity. We then compute the
e!ect of fluctuations on the eccentricity semi-analytically
to leading order in 1/N , where N is the mean number
of participants at a given centrality. A similar study was
recently performed by S. Voloshin on the basis of Monte-
Carlo Glauber calculations [6].

2. Eccentricity scaling and fluctuations
Elliptic flow is determined by the initial density pro-

file. Although its precise value depends on the detailed
shape of the profile, most of the relevant information is
encoded in three quantities: 1) the initial eccentricity of
the overlap zone, ", which will be defined more precisely
below; 2) the density n, which determines pressure gradi-
ents through the equation of state (by density, we mean
the particle density, n, at the time when elliptic flow de-

x

y

x’

y’

FIG. 1: Schematic view of a collision of two identical nuclei,
in the plane transverse to the beam direction (z-axis). The
x- and y-axes are drawn as per the standard convention. The
dots indicate the positions of participant nucleons. Due to
fluctuations, the overlap zone could be shifted and tilted with
respect to the (x, y) frame. x! and y! are the principal axes
of inertia of the dots.

velops; this time is of the order of the transverse size R.
Quite remarkably, the density thus defined varies little
with centrality, and has almost the same value in Au-Au
and Cu-Cu collisions at the same colliding energy per
nucleon [7]); 3) the system transverse size R, which de-
termines the number of collisions per particle. v2 scales
like " for small ", that is, v2 = "f(n, R).

This proportionality relation is only approximate.
However, hydrodynamical calculations [7] show that it is
a very good approximation in practice for nucleus-nucleus
collisions. Eccentricity scaling holds for integrated flow
as well as for the di!erential flow of identified particles.
In the latter case, the function f(n, R) also depends on
the mass, transverse momentum and rapidity of the par-
ticle.

Eccentricity scaling of v2 is generally believed to be a
specific prediction of relativistic hydrodynamics. In the
form above, the scaling is expected to be more general: it
does not require thermalization, as implicitly assumed by
hydrodynamics. If thermalization is achieved, that is, if
the system size R is much larger than the mean free path
#, then the scaling is stronger: v2/" no longer depends
on R, but only on the density n [7].

I Throw Nclust sampled from the average/smooth geometry

I Calculate ε2{2} =
√〈

ε22
〉

〈
ε22
〉
AA

= ε2s︸︷︷︸
ave. geometry

+
〈
δε22
〉

︸ ︷︷ ︸
fluctuations

〈δε22〉AA ≡
〈
r4
〉
AA

Nclust 〈r2〉2AA

Reproduces the results of more complex Glauber models
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Understanding the fluctuating geometry in p+A:

I In pA the average geometric eccentricity is zero, εs = 0

〈
ε22
〉2

pA︸ ︷︷ ︸
only flucts

= 〈δε22〉pA︸ ︷︷ ︸
only flucts

≡
〈
r4
〉
pA

Nclust 〈r2〉2pA

I So to compare to pA, we scale out the average geometry out of the
AA system

(v2{2})PbPb,rscl︸ ︷︷ ︸
only flucts

≡
√

1− ε2s〈
ε22
〉
AA

(v2{2})PbPb .

I With this rescaling we expect

(v2{2})PbPb,rscl ≡k2

√〈
δε22
〉
AA

(v2{2})pA ≡k2

√〈
δε22
〉
pA

Lets compare (v2{2})PbPb,rscl to (v2{2})pPb . . .
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Comparing fluctuation driven v2 . . . (CMS Data)

blue circles: Hv282<LPbPb, rscl
red triangles: Hv282<LpPb
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Fluctuation driven v2’s are equal to 5% accuracy!
Strong indication that v2 is a response to geometry in p+ A
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Ratio of fluctuation v2’s and eccentricities

I Fluctuation driven v2

(v2{2})pPb

(v2{2})PbPb
=
k2

k2

√
〈δε22〉pA
〈δε22〉AA

=

√
(〈r4〉 / 〈r2〉2)pA

(〈r4〉 / 〈r2〉2)AA

I Don’t know the radial profile in pA:

But, it doesn’t it matter:

I Ratio of fluct-driven v2 is determined by a root of a double ratio!
I Very different profiles give the almost same answer√

〈δε22〉hard−sphere

〈δε22〉Gaussian
≈ 0.85
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Flow in pA and AA from hydro and kinetics:

v2︸︷︷︸
Measured E by E flow

= k2︸︷︷︸
Response coefficient

× ε2︸︷︷︸
geometry

1. Are the response coefficients the same? Yes.

2. Is the fluctuating geometry is the same? Yes.

v2 scales with multiplicity as:

v2 ∝
(
dN

dy

)1/3

︸ ︷︷ ︸
response

×
(
dN

dy

)−1/2

︸ ︷︷ ︸
geometry

∝
(
dN

dy

)−1/6

v2 from fluctuations slowly increases with decreasing multiplicity
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Two Questions:

1. How does v2 depends on multiplicity ?

2. At what multiplicity does hydro set in?

I Studied the approach to hydro in AA



Mapping the CGC fluctuating initial conditions to hydro

⌧0 ⇠ 1/Qs

⌧hydro ⇠ 1 fm

Rnuc Rprot `mfp

CGC

Hydro

Use QCD kinetic theory to map the CGC initial state to hydrodynamics

Rnuc � Rprot ∼ `mfp � 1/Qs
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Mapping the CGC fluctuating initial conditions to hydro

⌧0 ⇠ 1/Qs

⌧hydro ⇠ 1 fm

Rnuc Rprot `mfp

2 c (⌧ � ⌧0)

CGC

Hydro

causal circle

Causality limits the equilibration dynamics within a causal circle

Rnuc � Rprot ∼ `mfp ∼ cτhydro � 1/Qs
19 / 39



An approximation scheme for the equilibration dynamics:

2 c (⌧ � ⌧0)

look in causal circle

-1 1

average

e
n
e
rg

y
 d

e
n
s
it
y
 i
n
 c

a
u
s
a
l 
c
ir
c
le

 x / c(τ - τo)

e(τ) + δe(τ,x)

1. Determine the evolution of the average (homogeneous) background

Bottom-Up Thermalization!

2. Construct a Green function to propagate the linearized fluctuations.

δe(τ,x)

e(τ)︸ ︷︷ ︸
final energy perturb

=

∫
d2x′G(x− x′; τ, τo)

δe(τ0,x
′)

e(τ0)︸ ︷︷ ︸
initial energy perturb
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How to compute the background and perturbations:

∂τf +
p

|p| · ∇f −
pz
τ
∂pzf

︸ ︷︷ ︸
Bjorken expansion

= −C2↔2[f ]︸ ︷︷ ︸− C1↔2[f ]︸ ︷︷ ︸ ,

Gluon distribution function for background and perturbations

f = f̄p︸︷︷︸
uniform background

+ δfk⊥,pe
ik⊥·x⊥

︸ ︷︷ ︸
transverse perturbations

.

(∂τ −
pz
τ
∂pz)f̄p = −C[f̄ ] background

(∂τ −
pz
τ
∂pz +

ip⊥ · k⊥
p

)δfk⊥,p = −δC[f̄ , δf ] perturbation

We will discuss the background and perturbations separately
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The background and “bottom-up” thermalization
Baier, Mueller, Schiff, Son
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FIG. 1. A typical entropy density profile (times �init) for a
single event used as an initial condition in current hydrody-
namic simulations at the LHC for a 0-5% centrality class [21].
An event averaged initial condition is shown by the dashed
line. Often the initial flow velocity is set to zero. The di�erent
scales are discussed in the text.

for the initial energy profile to hydrodynamics, the weak
coupling approximations made in the IP-glasma model
lead naturally to e�ective kinetic theory.

Fig. 1 shows a typical transverse (entropy) profile that
is used in current hydrodynamic simulations [21]. Clearly
during the equilibration process the profile will change
and generate intial flow. The equilibration time, c⌧init, is
short compared to the nuclear radius, R. For this reason
the prethermal evolution is insensitive to the global col-
lision geometry. Indeed, we may decompose the trans-
verse plane into causally disconnected patches of size
c⌧init � R whose prethermal evolution can be separately
determined. In these patches, the global nuclear geom-
etry determines a small gradient that can be considered
as a linear perturbation over a translationally invariant
background. Thus, corrections to initial conditions for
hydrodynamics from the global geometry are of order
c⌧init/R [22]. In addition to the global geometry, the ini-
tial energy density profile includes event-by-event fluc-
tuations at smaller scales set by the nucleon size Rp,
which is comparable to the causal horizon Rp ⇠ c⌧init.
Event-by-event fluctuations at these length scales are
suppressed by 1/

�
Npart where Npart is the number of

participating nucleons in the event, Npart ⇠ 100 � 300.
Therefore, such fluctuations can also be treated in a lin-
earized way as fluctuations over a translationally invari-
ant background. The structure of the initial profile at
even smaller scales is less well known, but in models based
on CGC, one expects fluctuations to subnuclear scales of
order the saturation momentum, Q�1

s ⇠ 0.1 fm.

Finally, an important scale is set by the mean free path,
which in a weakly coupled theory is of order 1/�2Te�

for states not too far from equilibrium. In practice, this
length scale is comparable, though slightly shorter than
the causal horizon and the nucleon scales. Without the
scale separation, the medium prethermal response to ini-
tial perturbations in the transverse plane can only be
computed by a calculation within the EKT. Fortunately,
as discussed above linearized kinetic theory is su�cient
to determine this response.

To summarize, our strategy is to use linearized ki-
netic theory to follow the hydrodynamization of pertur-
bations on top of a far-from-equilibrium Bjorken back-
ground with translational symmetry in the transverse di-
rections. This determines the stress tensor for hydrody-
namics at the initialization time. The length scales of
relevance are the nuclear-geometry, the nucleonic scale,
the causal horizon c⌧init, and the mean free path

R � Rp ⇠ c⌧init ⇠
1

�2Te�
.

By linearizing the problem and solving for the response,
we will determine a Green function describing how an
energy fluctuation at the earliest moments, ⌧ ⇠ 1/Qs,
evolves during the equilibration process to the hydrody-
namic fields, i.e. the energy and momentum densities,
�T 00(⌧init,x�) and �T 0i(⌧init,x�) respectively. We will
verify that the subsequent evolution is described by sec-
ond order hydrodynamics to certifiable precision.

In Section II we outline the linearized EKT, and study
the linear response of the EKT in equilibrium. In Sec-
tion III we systematically study the approach to equi-
librium of Fourier modes of specified k, starting with
a far from equilibrium initial state. In Section IV we
Fourier transform these results and determine a coor-
dinate space Green function which produces the appro-
priate initial conditions for hydrodynamics at ⌧init when
convolved with a specified initial state. We also analyze
the long wavelength limit of these Green functions, mak-
ing contact and providing additional insight into previous
work on preflow [22]. Finally, we discuss our conclusions
in Section V.

II. LINEARIZED KINETIC THEORY

A. Setup

At weak coupling the non-equilibrium evolution of the
boost invariant color and spin averaged gluon distribu-
tion function is described in terms of an e�ective kinetic
equation [14]

��fx�,p +
p

|p| · �x�fx�,p � pz

⌧
�pz

fx�,p = �C[fx�,p],

(1)

where the e�ective collision kernel C[f ] incorporates the
elastic 2 � 2 and inelastic 1 � 2 processes as required
for a leading order description in the coupling constant

IP  Glasma A+A Glauber

2⌧init

Many scales are the same:

R � c⌧init ⇠ Rp ⇠ `mfp � 1

Qs

Need kinetics !
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pT pT pT

Classical Fields Kinetic theory

Under the spell of “bottom-up” thermalization Baier, Mueller, Schiff, Son

Minijet parton shower
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FIG. 1. A typical entropy density profile (times �init) for a
single event used as an initial condition in current hydrody-
namic simulations at the LHC for a 0-5% centrality class [21].
An event averaged initial condition is shown by the dashed
line. Often the initial flow velocity is set to zero. The di�erent
scales are discussed in the text.

for the initial energy profile to hydrodynamics, the weak
coupling approximations made in the IP-glasma model
lead naturally to e�ective kinetic theory.

Fig. 1 shows a typical transverse (entropy) profile that
is used in current hydrodynamic simulations [21]. Clearly
during the equilibration process the profile will change
and generate intial flow. The equilibration time, c⌧init, is
short compared to the nuclear radius, R. For this reason
the prethermal evolution is insensitive to the global col-
lision geometry. Indeed, we may decompose the trans-
verse plane into causally disconnected patches of size
c⌧init � R whose prethermal evolution can be separately
determined. In these patches, the global nuclear geom-
etry determines a small gradient that can be considered
as a linear perturbation over a translationally invariant
background. Thus, corrections to initial conditions for
hydrodynamics from the global geometry are of order
c⌧init/R [22]. In addition to the global geometry, the ini-
tial energy density profile includes event-by-event fluc-
tuations at smaller scales set by the nucleon size Rp,
which is comparable to the causal horizon Rp ⇠ c⌧init.
Event-by-event fluctuations at these length scales are
suppressed by 1/

�
Npart where Npart is the number of

participating nucleons in the event, Npart ⇠ 100 � 300.
Therefore, such fluctuations can also be treated in a lin-
earized way as fluctuations over a translationally invari-
ant background. The structure of the initial profile at
even smaller scales is less well known, but in models based
on CGC, one expects fluctuations to subnuclear scales of
order the saturation momentum, Q�1

s ⇠ 0.1 fm.

Finally, an important scale is set by the mean free path,
which in a weakly coupled theory is of order 1/�2Te�

for states not too far from equilibrium. In practice, this
length scale is comparable, though slightly shorter than
the causal horizon and the nucleon scales. Without the
scale separation, the medium prethermal response to ini-
tial perturbations in the transverse plane can only be
computed by a calculation within the EKT. Fortunately,
as discussed above linearized kinetic theory is su�cient
to determine this response.

To summarize, our strategy is to use linearized ki-
netic theory to follow the hydrodynamization of pertur-
bations on top of a far-from-equilibrium Bjorken back-
ground with translational symmetry in the transverse di-
rections. This determines the stress tensor for hydrody-
namics at the initialization time. The length scales of
relevance are the nuclear-geometry, the nucleonic scale,
the causal horizon c⌧init, and the mean free path

R � Rp ⇠ c⌧init ⇠
1

�2Te�
.

By linearizing the problem and solving for the response,
we will determine a Green function describing how an
energy fluctuation at the earliest moments, ⌧ ⇠ 1/Qs,
evolves during the equilibration process to the hydrody-
namic fields, i.e. the energy and momentum densities,
�T 00(⌧init,x�) and �T 0i(⌧init,x�) respectively. We will
verify that the subsequent evolution is described by sec-
ond order hydrodynamics to certifiable precision.

In Section II we outline the linearized EKT, and study
the linear response of the EKT in equilibrium. In Sec-
tion III we systematically study the approach to equi-
librium of Fourier modes of specified k, starting with
a far from equilibrium initial state. In Section IV we
Fourier transform these results and determine a coor-
dinate space Green function which produces the appro-
priate initial conditions for hydrodynamics at ⌧init when
convolved with a specified initial state. We also analyze
the long wavelength limit of these Green functions, mak-
ing contact and providing additional insight into previous
work on preflow [22]. Finally, we discuss our conclusions
in Section V.

II. LINEARIZED KINETIC THEORY

A. Setup

At weak coupling the non-equilibrium evolution of the
boost invariant color and spin averaged gluon distribu-
tion function is described in terms of an e�ective kinetic
equation [14]

��fx�,p +
p

|p| · �x�fx�,p � pz

⌧
�pz

fx�,p = �C[fx�,p],

(1)

where the e�ective collision kernel C[f ] incorporates the
elastic 2 � 2 and inelastic 1 � 2 processes as required
for a leading order description in the coupling constant

IP  Glasma A+A Glauber

2⌧init

Many scales are the same:

R � c⌧init ⇠ Rp ⇠ `mfp � 1

Qs

Need kinetics !

Plasma
instabilities
dominate
screening

pzpz pz

pT pT pT

Classical Fields Kinetic theory

Soft Stabalization Mini-jet parton 
shower

Reach a thermal state in τhydro ∼ 1/(α
13/5
s Qs)

22 / 39



A numerical realization of bottom-up

I Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 1 anisotropic

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists version of αs = 0.3

corresponding to

η

s
= 0.6 =

7.5

4π

We see “Bottom-Up” in the computer code.
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A numerical realization of bottom-up

I Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 5 soft 
stabilization

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists version of αs = 0.3

corresponding to

η

s
= 0.6 =

7.5

4π

We see “Bottom-Up” in the computer code.
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A numerical realization of bottom-up

I Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 20 minijet 
quenching

then

hydro

Qs⌧ ⇠ ↵�13/5
s

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists version of αs = 0.3

corresponding to

η

s
= 0.6 =

7.5

4π

We see “Bottom-Up” in the computer code.
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A numerical realization of bottom-up

I Builds upon the first numerical realization Kurkela, Zhu PRL (2015)

p2f(p⊥, pz)

pz

p
⊥

Qs⌧ = 500 isotropic
and 

cooling down

Initialization:

1. Partons are initialized with:

〈
p2
⊥
〉
∼ Q2

s

〈
p2
z

〉
' 0

2. Take a coupling of αs = 0.3

λ ≡ 4παsNc = 10︸ ︷︷ ︸
theorists version of αs = 0.3

corresponding to

η

s
= 0.6 =

7.5

4π

We see “Bottom-Up” in the computer code.
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When does the stress tensor approach 2nd order hydrodynamics?
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FIG. 3: Background energy density matching with hydrodynamic evolution.need to change

labels

Thanks to the scaling of the background evolution with ⌘/s, the same fitted kinetic theory

curve can be used for di↵erent values of ⌘/s in the scaling regime and di↵erent values of the

initial energy density.

In Appendix A we give the parametrization of universal background evolution curve E(x)

and describe the details of the mapping procedure.

III. RESPONSE FUNCTIONS

We now discuss the calculation of the response functions describing the linearized evo-

lution of energy-momentum perturbations. We will consider boost invariant perturba-

tions only, and focus on the energy-momentum response to perturbations of the conserved

charges—initial energy-density �T ⌧⌧ and initial momentum density �T ⌧ i. By normalizing

the perturbations to the background energy density T
⌧⌧

(⌧,x), the evolution of energy-

11

Different values of coupling
give different       

In terms of eta/s, all couplings
thermalize at same scaled time

Gives a basis for interpolating 
from  weak coupling results to 

 stronger coupling

Keegan, Kurkela, Romatschke,Schee, Zhu

⌘/s

Hydro regime

Measure time in a physical relaxation time given by τR ≡ 4πη/sTeff(τ):

τ

τR
≡ τTeff(τ)

4πη/s
with TId ≡ Teff(τ) ≡ ΛT /(ΛT τ)1/3

Can start hydro when τTeff(τ)/4πη/s ∼ 1
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Translating earliest hydro starting time into physical units:

I At late times the dynamics is ideal hydro: Teff(τ) = ΛT /(ΛT τ)1/3

I Hydro fits to multiplicity give:

〈τs〉|τ=1.2 fm = 4.1 GeV2 ∝ Λ2
T︸ ︷︷ ︸

highly constrained by dN
dy !

I The estimate for τhydro:

τhydroTeff(τhydro)

4π(η/s)
= 1

Find that hydrodynamics is applicable for times later than:

τhydro ≈ 1.1 fm

(
4π(η/s)

2

) 3
2
(

4.1 GeV

〈τs〉

)−1/2 (νeff

40

)1/2
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Estimate for the applicability of hydro for system of radius R:

I For a hydrodynamic regime the system should equilibrate by τ ∼ R:

R/`mfp at time R: w(R) ≡ τTid(τ)

4π(η/s)

∣∣∣∣
τ=R

> 1

I Since T ∼ (dN/dy)/R1/3, then w(R) ∝ RT is independent of R.

w(R) =

(
4π(η/s)

2

)−1(
dNch/dη

63

)1/3

> 1

- We used the EOS to relate dS/dy to measured dNch/dy

I Corrections to ideal hydro response coefficients come in powers of w(R)−1.

k2(w) = kideal
2

(
1− C1

w(R)︸ ︷︷ ︸
first order hydro

− C2

w(R)2

︸ ︷︷ ︸
second order

+ . . .
)
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Two Questions with Answers:

1. How does v2 in small systems depends on multiplicity ?

v2 ∝
(
dN

dy

)−1/6

2. At what multiplicity does hydro set in?

(
dN

dy

)

hydro

= 63

(
4π(η/s)

2

)3



Changes during the equilibration process: increase in multiplicity
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⌧
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(n
⌧
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⌧Tid./(4⇡⌘/s)
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� = 25(⌘/s ⇡ 0.16)

FIG. 6: a) Boltzmann entropy production. During the kinetic pre-equilibrium stage

⌧Tid.

⌘/s
< 1 about ⇠ 40�55% of final entropy is produced b) number of gluons relative to the

final gluon density. During the kinetic pre-equilibrium stage ⌧Tid.

⌘/s
< 1, the number of

gluons increase by a factor ⇠ 1.7�1.9

21

n⌧ =
1

A

dN

dy

The final gluon multiplicity is 2.5 times the initial gluon multiplicity
independent of the coupling or η/s!
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Multiplicity increase in peripheral collisions:

Centrality dependence of the charged-particle multiplicity ALICE Collaboration

Centrality dNch/dh hNparti (dNch/dh)/
�
hNparti/2

�

0–5% 1601±60 382.8±3.1 8.4±0.3
5–10% 1294±49 329.7±4.6 7.9±0.3
10–20% 966±37 260.5±4.4 7.4±0.3
20–30% 649±23 186.4±3.9 7.0±0.3
30–40% 426±15 128.9±3.3 6.6±0.3
40–50% 261±9 85.0±2.6 6.1±0.3
50–60% 149±6 52.8±2.0 5.7±0.3
60–70% 76±4 30.0±1.3 5.1±0.3
70–80% 35±2 15.8±0.6 4.4±0.4

Table 1: dNch/dh and (dNch/dh)/
�
hNparti/2

�
values measured in |h | < 0.5 for nine centrality classes. The

hNparti obtained with the Glauber model are given.

Fig. 2: Dependence of (dNch/dh)/
�
hNparti/2

�
on the number of participants for Pb–Pb collisions at

p
sNN =

2.76 TeV and Au–Au collisions at
p

sNN = 0.2 TeV (RHIC average) [7]. The scale for the lower-energy data is
shown on the right-hand side and differs from the scale for the higher-energy data on the left-hand side by a factor
of 2.1. For the Pb–Pb data, uncorrelated uncertainties are indicated by the error bars, while correlated uncertainties
are shown as the grey band. Statistical errors are negligible. The open circles show the values obtained for centrality
classes obtained by dividing the 0–10% most central collisions into four, rather than two classes. The values for
non-single-diffractive and inelastic pp collisions are the results of interpolating between data at 2.36 [19, 23] and
7 TeV [24].

model, and are listed in Table 1. The systematic uncertainty in the hNparti values is obtained by varying
the parameters entering the Glauber calculation as described above. The geometrical hNparti values are
consistent within uncertainties with the values extracted from the Glauber fit in each centrality class, and
agree to better than 1% except for the 70–80% class where the difference is 3.5%.

Figure 2 presents (dNch/dh)/
�
hNparti/2

�
as a function of the number of participants. Point-to-point,

uncorrelated uncertainties are indicated by the error bars, while correlated uncertainties are shown as the
grey band. Statistical errors are negligible. The charged-particle density per participant pair increases
with hNparti, from 4.4±0.4 for the most peripheral to 8.4±0.3 for the most central class. The values for
Au–Au collisions at

p
sNN = 0.2 TeV, averaged over the RHIC experiments [7], are shown in the same

5

The equilibration process 
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Changes during the equilibration process: change in chemistry

I Kurkela and Mazeliauskas:1811.03040
3
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QCD fermions
YM gluons

1st order hydro

FIG. 2. The total energy density evolution in QCD kinetic
theory (red solid line) scaled by ideal asymptotics eid. =
⇡2

30
(⌫g+ 7

8
⌫g)T 4

id. for (⌘/s)QCD(� = 10) ⇡ 1.0. The gluonic and
fermionic energy components are shown by green dotted and
blue dashed lines correspondingly. In addition energy evolu-
tion in Yang-Mills kinetic theory for the same initial condi-
tions are shown by grey dash-dotted line ((⌘/s)YM ⇡ 0.62).

The total energy density in a multi-component plasma
is given by a sum of its parts

e(⌧) =

Z
d3p

(2⇡)3
p0(⌫gfg + 2Nf⌫qfq) = eg + eq, (6)

where ⌫g = 2(N2
c � 1) and ⌫q = 2Nc. In chemical equi-

librium the fermion content of the plasma constitutes
rq ⇡ 0.66 fraction of the total density, i.e. eq,eq ⌘ rqe,
where r�1

q = 1 +
⌫g

2Nf⌫q

8
7 . We study how the equilibrium

fermion energy fraction is reached in Fig. 1 for di↵erent
values of the coupling constant �. We see that express-
ing time in units of kinetic relaxation time ⌧/⌧R reduces
the vast separation of equilibration timescales as shown
in the inset plot. For coupling constants � = 5, 10, 20
corresponding to ↵s ⇡ 0.1 � 0.5, the chemical equilibra-
tion becomes approximately universal. At these mod-
erate couplings, the 90% of fermion equilibrium energy
fraction is reached at time ⌧ ⇡ 1.2⌧R, which we take as
our somewhat arbitrary definition of the chemical equili-
bration time, i.e.,

����1 � eq(⌧chem)

eq,eq

���� = 0.1, with ⌧chem = 1.2⌧R. (7)

To quantify the approach to thermal equilibrium and
hydrodynamization we define two additional timescales
⌧therm and ⌧hydro, similarly to Eq. (7), by requiring the
combined gluon and fermion energy density e = eg +
eq to be within 10% of ideal and viscous hydrodynamic
estimates of energy density

����1 � e(⌧therm)

eid.

���� = 0.1,

����1 � e(⌧hydro)

e1st

���� = 0.1 . (8)

Here eid. = ⇡2

30 (⌫g + 7
8⌫q2Nf )T 4

id is the ideal estimate

of the energy density, and e1st = ⇡2

30 (⌫g + 7
8⌫q2Nf )T 4

1st,
where T1st is the 1st order viscous hydrodynamic solution
of longitudinally expanding system [69, 70]

T1st(⌧) = Tid(⌧)

✓
1 � 2

12⇡

⌧R

⌧

◆
. (9)

In Fig. 2 we show the evolution of the total energy den-
sity for full QCD kinetic theory (solid red line) for � = 10
(↵s ⇡ 0.26) as a fraction of ideal energy density eid.(⌧).
We see that the system rapidly approaches hydrodynamic
behaviour and at ⌧hydro ⇡ 0.46⌧R the total energy density
is within 10% of energy density given by viscous hydrody-
namic evolution (black dotted line) [71]. The ideal limit
is approached only very slowly and thermalization takes
place at much later times ⌧therm ⇡ 2. In the meantime
the chemical composition of plasma undergoes a rapid
conversion and the energy density stored in quark de-
grees of freedom (blue dashed line) quickly overtakes the
gluonic component (green dotted line). This results in
the following ordering of equilibration time-scales

⌧hydro < ⌧chem < ⌧therm, (10)

according to the criteria given by Eqs. (7) and (8).
We also compare the total energy density evolution

in QCD and pure Yang-Mills kinetic theory (grey dashed
line) in Fig. 2. After rescaling with corresponding kinetic
relaxation time ⌧R and temperature Tid., the total energy
density evolution is rather similar in both Yang-Mills and
QCD kinetic theories. This justifies a posteriori the use
of pure gauge theory in modelling of the hydrodynamiza-
tion in nuclear collisions in [63, 64]. Finally, we comment
in passing that starting with small, but non-zero initial
fermion density, does not change the chemical equilibra-
tion time as demonstrated by a grey dotted line in Fig. 1
for initial fermion to gluon energy fraction eq/eg = 0.3.
Discussion: As seen in Fig. 1, the process of chemical
equilibration becomes insensitive to the value of the cou-
pling constant when measured in properly scaled units.
We may use this insensitivity to extrapolate our results
to conditions expected to take place in physical colli-
sions at hadron colliders. By taking realistic values of
(⌧1/3T )

��
1 and ⌘/s estimated from hydrodynamical anal-

ysis, we convert dimensionless time ⌧/⌧R into fm/c. This
gives us a unique prediction based on first principle QCD
kinetic theory for the early time evolution where the fluid
dynamical description is not valid. It is a non-trivial
question whether such pre-equilibrium evolution will be
consistent with the subsequent fluid dynamical evolution
of thermally and chemically equilibrated QGP.

Following the procedure presented in [64], the asymp-
totic constant (⌧1/3T )

��
1 in kinetic theory can be fixed

by the averaged entropy density per rapidity in hydrody-
namic simulations

(⌧T 3)
��
1 = hs⌧i/

⇣
4⇡2

90 ⌫e↵

⌘
, (11)

During the first one or two relaxation times
the energy density becomes more than half quarks
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Chemical changes:
Enhanced production of multi-strange hadrons in high-multiplicity pp ALICE Collaboration
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Fig. 2: pT-integrated yield ratios to pions (p+ + p�) as a function of hdNch/dhi measured in |y| < 0.5. The
error bars show the statistical uncertainty, whereas the empty and dark-shaded boxes show the total systematic
uncertainty and the contribution uncorrelated across multiplicity bins, respectively. The values are compared to
calculations from MC models [30–32] and to results obtained in p–Pb and Pb–Pb collisions at the LHC [6, 10, 11].
For Pb–Pb results the ratio 2L / (p+ +p�) is shown. The indicated uncertainties all represent standard deviations.

The pT-integrated yields are computed from the data in the measured ranges and using extrapolations
to the unmeasured regions. In order to extrapolate to the unmeasured region, the data were fitted with
a Tsallis-Lévy [10] parametrization, which gives the best description of the individual spectra for all
particles and all event classes over the full pT range (Figure 1). Several other fit functions (Boltzmann,
mT-exponential, pT-exponential, blast-wave, Fermi-Dirac, Bose-Einstein) are employed to estimate the
corresponding systematic uncertainties. The fraction of the extrapolated yield for the highest(lowest)
multiplicity event class is about 10(25)%, 16(36)%, 27(47)% for L, X and W, respectively, and is negli-
gible for K0

S. The uncertainty on the extrapolation amounts to about 2(6)%, 3(10)%, 4(13)% of the total
yield for L, X and W, respectively, and it is negligible for K0

S. The total systematic uncertainty on the
pT-integrated yields amounts to 5(9)%, 7(12)%, 6(14)% and 9(18)% for K0

S, L, X and W, respectively. A
significant fraction of this uncertainty is common to all multiplicity classes and it is estimated to be about
5%, 6%, 6% and 9% for K0

S, L, X and W, respectively. In Figure 2, the ratios of the yields of K0
S, L, X

and W to the pion (p+ +p�) yield as a function of hdNch/dhi are compared to p–Pb and Pb–Pb results at
the LHC [6, 10, 11]. A significant enhancement of strange to non-strange hadron production is observed
with increasing particle multiplicity in pp collisions. The behaviour observed in pp collisions resembles
that of p–Pb collisions at a slightly lower centre-of-mass energy [11], in terms of both the values of the
ratios and their evolution with multiplicity. As no significant dependence on the centre-of-mass energy

4

Strangeness enhancement

Alice: 1606.07424

transition
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A practical algorithm for pre-hydro evolution in A+A:

⌧0 ⇠ 0.1 fm

⌧hydro ⇠ 1.2 fm

causal circle
Implemented for

TRENTO and
IP-Glasma

(i) For each point, average the energy in causal circle:
? Determine τhydro in units of the scaled time, τhydro/τR
? Evolve the background in scaled time.

(ii) Propagate background and perturbations in scaled time
? Sometimes need to regulate the response
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Do hydro results depend on τhydro ?

1. Implementation in TRENTO. η/s = 2/4π. Central LHC.

2. Kinetics runs from τ0 = 0.1 up to τhydro, then hydro up to τout.

Energy 
Density

0

1
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τout = 2.00 fm
τ
e3

/
4
G

eV
2

x fm

τhydro = 0.4 fm
τhydro = 0.6 fm
τhydro = 0.8 fm
τhydro = 1.0 fm
τhydro = 1.2 fm

Remarkably insensitive to τhydro as we want !
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Are the constitutive relations are satisfied at late times?

I For times sufficiently late times Navier-Stokes should be valid:

πµν = −ησµν︸ ︷︷ ︸
navier stokes

for
τTeff

4πη/s
> 1

0
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e
ff
/
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/
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τhydro = 0.8 fm
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Expect the cells near
the line to be equilibrated

and obey constitutive equations

Scaling
variable

37 / 39



Are the constitutive relations are satisfied at late times?

I For times sufficiently late times Navier-Stokes should be valid:

πµν = −ησµν︸ ︷︷ ︸
navier stokes

for
τTeff

4πη/s
> 1
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τhydro = 0.8 fm
τhydro = 1.0 fm
τhydro = 1.2 fm
∼ η(σxx + σyy)

Black lines 
are navier

stokes.

Color lines
are kinetics  

Constitutive
relations are satisfied!

⇡µ⌫
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Summary:

I Want to see a transition to flow:
I Counter productive to only study flow, and to ignore non-flow
I Can become impossible to define them separately

I At what multiplicity does hydro set in?

(
dN

dy

)

hydro

= 63

(
4π(η/s)

2

)3

I Equilibration leaves fingerprints on multiplicities and strangeness

I For the AA system we have constructed a useful tool for pre-flow.
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