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Introduction

Quantum Simulation of Fermionic Systems: towards a QCD-inspired method for

existing and near-term quantum computer devices.

It is important to emphasise that
whatever model /approximation
to QCD one favours, it should

0y, . obey to three conditions:

A meson is a "quantum circuit”

|U~A) @ It has to “contain”
[UN —E confinement,
@ It has to be chiral
Figure: Ry rotation by 6 on qubit 1, symmetric and, despite
followed by CNOT gate, and possibly a that,

B gate, corresponding to a basis
change, which is necessary for some
Pauli terms in the Hamiltonian

@ possess a mechanism for
spontaneous breaking of
chiral symmetry (SxSB).
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Introduction

Introduction

There is a class of models which can address, at one stroke, all the
three above conditions: they are chiral symmetric, they display
SxSB, and, on top, they allow for chiral restoration. This class of
models can be thought as to solve QCD in the Gaussian
approximation for gluonic cummulants. This approximation
becomes exact in the limit of heavy quarks.

This talk is divided into three section.

© A brief description of qubits and quantum gates;

@ an introduction to the Jordan-Wigner and Bravyi-Kitaev
transformations;

© a summary of the physics of quark quartic interactions and its
relation with SxSB;

@ a brief presentation of the actual quantum computation.
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Qubits and quantum gates Operators in the qubit space

General single qubits transformations

Qubits and quantum gates

© The state space for a single qubit is given by
{al0) + bJ1)}, [a* + [b]* = 1.

@ 2l0) + b|1) <> c{a|0) + b1)}, |c> =1 describe the same qubit;
{a|0) + b|1),a’|0) + b'|1)} with a/b = e'¥|a|/|b| represent two
different qubits;

@ the standard basis for n qubits is a 2" basis:
{]0,0...0,0...,0,1),10,...,1,0), |1, ..., 1} } & |0), |1}, ...[]2" — 1);

© to a single qubit corresponds one complex number. To a n-qubit we
have 2" — 1 complex numbers. Since 2" — 1 > n, most of n-qubits
cannot be described as a tensor product of separated n qubits

Definition

States that cannot be described by tensor products of n single
qubit states are called entangled states.
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Qubits and quantum gates

Operators in the qubit space
General single qubits transformations

For instance the entangled Bell state |¢7T),
1
V2

cannot be described by the tensor product of two separate single qubits.
The notion of entanglement is not absolute: a system of n-qubits can be
entangled in terms of some sub-registers and not in relation to others.
Example: |W) =

|oT) = {]00) + |11)} # {al]0) + a2|1)} ® {b1]0) + b2|1)}

(10)110)2[0)30)4 + 10)1]1)2[0)3[1)a + [1)1]0)2[1)3[0)a + |1)1]1)2[1)3[)4)

N~

)110)3 + [1)11)3) @ —=(10)2(0)a + [1)2[1)4) ,

1 1
= — O _
V2l V2
is separable in relation of sub-registers {1,3} and {2,4}but
entangled in relation to sub-registers {1,2} and {3,4}.
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Qubits and quantum gates O i dhe it gre

General single qubits transformations

b) is given by,

@ In the standard basis, the operator d

al0)(0] 4 b|0)(1]| + c|1){0] + d|1)(1]|.
@ Pauli operations: The Pauli transformations are the most commonly
used single-qubit transformations

(=l ma= (g 9)i x=wol+oal= (9 g):

1 0 1 0
v =i+ o= (g 9)i z=mo-mai= (5 %)
@ The Hadamard Transformation

H—mm+mm.wmmmu—(}fJ

@ The standard basis is |0) = B] , 1y = [ﬂ
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Qubits and quantum gates

Operators in the qubit space
General single qubits transformations

@ The C-NOT Gate (controlled not gate). If the first qubit is O leaves
the second qubit unchanged, flips the second qubit:

Cvor = [0)(0]@ 1+ [1)(1]® X

10){0 @ (|0){0] + [1)(1]) + [1)(L] @ (|1){0[ + [0){1[)
00)(00] +[01)(01| + [11)(10] + [10) (11

@ C-NOT entangles a system that was
separable

cNOT%(m +11)) @ [0) =

_ 1
V2

@ and because it is its own inverse it can

(100) +[11)),
Figure: Gate C-NOT

also disentangle an entangled state
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bit d ti t . .
Qubits and quantum gates Operators in the qubit space

General single qubits transformations

General single qubits transformations

e

@ In general we may have a C-Q gate:
9 AQ =10)(0] @ I + |1)(1| ® Q, so that
Cvor =N\X

Figure: Gate C-Q

@ All the single-qubit transformations can be written as
combinations of phase shifts e/ and,

[ cos(B) sin(5) (el 0
R(B) = <— sin(B) cos(ﬁ))’ T(e) = < 0 e"a>
@ Any Operator Q@ = e IT(a)R(B)T(7)



A Universal set of LFM gates

Mapping fermion occupation numbers and qubits
pping P q Jordan-Wigner and Bravyi-Kitaev operators

Mapping fermion occupation numbers and qubits

Local fermion modes

@ the fermion creation and annihilation operators act on local fermion
modes (LFM € the fock space F) as follows:
é\|n()7 o 7nj717 17 nj+17 R nm71> =
j—1
= (_1)25:0 |n05 U . 07 Njit1, -, nm—l>

§|n07"' >nj71707 nj+17' c 7nm71> =0

J
@ We can identify the LFM with a qubit Hilbert space H:

@ With the usual commutation rules {éT,ék} = 0jk, {dj,4k} =0

|ng, N1, -+ Nm—1) = [No) @ [Mm) ® -+ - ® |[nm—1), n = {0,1}

@ But it is different to operate on the qubit Hilbert space and on the
LFM Fock space: the order matters!
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A Universal set of LFM gates
Jordan-Wigner and Bravyi-Kitaev operators

Mapping fermion occupation numbers and qubits

@ Using 474 = (1 — 0,)/2, we can build the following transcriptions of
qubit operations into Fock space operators: /\e"p, /\O'ZI
@ It is a simple question of calculations to see that,

Ne'? — ((1) e(’?‘0> = exp {igoégéo},

1 0 0 O
|01 0 O . ata afa
No, = 001 0 :>exp{/7raoaoalal}
0 0 0 -1

o Ao, : |00) — |00), |10) — [10), |10) — [10), [11) — (—1)|11)

@ So a two LFM operator X {j, k} corresponds to a two qubit
operator X[}, k] as follows (D[/, m] = Ao,[I, m]):
X {j,k} = D[k —1,k]---D[j + 1, k] X[j, K]D[j + 1, k] - - - D[k — 1, k]
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pping P q Jordan-Wigner and Bravyi-Kitaev operators

Jordan-Wigner and Bravyi-Kitaev operators

Jordan-Wigner operators

° Cgubit creation and annihilatiorl operators can be described as,
Q= [1)(0] = 3(0x — ioy), |; @~ =10)(1] = 3(0x + ig,) These
operators act on local qubits and do not know about the Pauli
statistics. This information for a given @,- is stored in al qubits
i < j. This set is known as the Parity (I dislike this name) set P(/).
the set of qubits that determines the global commutation number

pi = >_;<; nj, with n; the LFM in site i: {0,1}. Then we have:
0 dl=0" ®j<i Ozi = 0 @ Oz ,(j); di=o" Rj<i Ozi = ot ® Ozp(i)

F=

@ {ot,07}=1.
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. . . . Jniversal se gates
Mapping fermion occupation numbers and qubits A Uil st @ (A peties

Jordan-Wigner and Bravyi-Kitaev operators

Bravyi-Kitaev operat

Bom—1 | 0
@ We look for a transformations,m = 0 DB =1
—1— Bym—1
. m 1]0
@ Example (4 qubits): 2" =4 5> m=2= [, =
1 1
1 0 0 0] [A a=f
1 1 0 o [B|_| @=fa+h
0 0 1 o ||| =~
1 1 1 1 fa G =fH+h+th+1fy

@ The update set U(j) = {g,}. n > j to be updated when we change
LFM f;. Ex: U(1) = {2,4} = & = 0f0X20X4.
UB)={4} = 83~ 0] 0x4 = 0.,05 x4 =

@ even q; . a = %(Uzlo'x2 + /0y2)0X47 a4 = %(UZ2UZ3JX4 + iay4)

@ odd g; Needs another set the Flip Set, the Flip Set C
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Il = Microscopic quark description of Hadrons o ed fermion propagators
Ecth( S'ilprt(r Equations

Il — Microscopic quark description of Hadrons

It is important to emphasise that whatever model/approximation
to QCD one favours to address hadronic states, it should obey to
three conditions:

@ It has to "contain” confinement,

@ It has to be chiral symmetric and, despite that,

@ possess a mechanism for spontaneous breaking of chiral
symmetry (SxSB). There is a class of models which can
address, at one stroke, all the three above conditions: they are
chiral symmetric, they display SxSB, and, on top, they allow
for chiral restoration. This class of models can be thought as
to address QCD in the Gaussian approximation for gluonic
cummulants.
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ibov Transformations
p Equation

Il = Microscopic quark description of Hadrons ed fermion propagators
Bethe-Salpeter Equations

@ the Hamiltonian we will be using, reads,

—_
Her /dxw x,t)(—ia -V + Bm) h(x, t) —
/dxdypﬂ x, )V (x — y)ph(y 1), (1)
@ with,
3 (x, t) = D(x, t) 1, 5 1(x, t), Vb (x — y) = 808,007 Vo(x — y|)
and,

Ur(xt) =) / (;:)3[us(k)bfcs(k)e"k°f+vs(k)df;( K)efot]elx,
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The Hamiltonian
Bogolioubov Transformations
Mass Gap Equation

Il = Microscopic quark description of Hadrons Renormalized fermion propagators
Bethe-Salpeter Equations

Bogolioubov Transformations

@ . can be thought as an inner product between a Fock space
F = {5 c?} and an Hilbert space H = {u, v}:

cos ¢ —sinpM_ b
R(¢) = - [ sinpM?*,  cos ¢ } l d+ 1 )

@ With, the 3Py Coupling (Parity +):

1 1 o 12 12 1 1. 1 1.
m m |O}X[ s s |ms klm/‘§a5><§75|

B
D+

S

My =—V8r ) [

myms
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The Hamiltonian
Bogolioubov Transformations
Gap Equation

Il = Microscopic quark description of Hadrons e lized fermion propagators
Bethe-Salpeter Equations

@ The new Vacuum is:
0>= l_fxp{éo+ _ @0} 0>
0 (®) =Y [ dpolp) M (5)b(9) 1 ()
cf
@ So the new spinors associated with the new Fock space must read

R bt IR

)

@ Therefore,

Yre(x, t) = Z/(2dﬂ|_()3[Us(k)BfCS(k)e—ikot_i_Vs(k)szs(_k)eikot]eik-x’
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miltonian
bov Transformations
Mass Gap Equation
Il = Microscopic quark description of Hadrons Renormalized fermion propagators
Bethe-Salpeter Equations

Mass Gap equation

@ In general, after Wick contractions, any quartic Hamiltonian
H= Hnormal[(b] + Hanomalous [QI)] with H|O >= Hanoma/ous [():HO >7£ 0.

© F frorman = | &P E(p) [Bp)bec(p) + A (—P)dic(~p)].
o with E(p) = A(p)sin ¢ + B(p) cos((p))
° ﬁz [anomalous] =

J #plAIPIS,) - BIPIC,] x [M b (p)
@ Find function [¢(p)], such that [A[p] sin(:
o A(p) = E(p)sin(¢(p)); B(p) = E(p) cos(y
o 5¢ = L

p—m—(A(p) —m) — (p— B(p)p

~~

(p)

Blp] cos(y)] = 0

di(-p) + hc]
) -
(0))

J.E.F.T. Ribeiro Quantum Simulation of Fermionic Systems



The Hamiltonian
olioubov Transformations
ass Gap Equation

Il = Microscopic quark description of Hadrons Renormalized fermion propagators
Bethe-Salpeter Equations

We have several ways of obtaining the mass Gap
© Variation in ¢,

It is the same as to cut the fermion §P @ + } =0
propagators Sy, ‘ ‘ A
< + C + :) - H 2 =0

@ The full propagator S(p) is given by the Dyson series

5 s s :SU * 50.50‘50 Tt e T . : 5
= JJ\‘{ - Jr\j'l\? + ... = —&
S S

S

© Ward identity i(p — p')*T'.(p, p') = S; 1 (p") — S; ' (p), with,

Fu(pp) = Yt [ 55 K(@)Q S (P +a)xTu(p '+, p+q)2S(p +4)
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amiltonian

ioubov Transformations
Nass Gap Equation
Renormalized fermion propagators

Il = Microscopic quark description of Hadrons
Bethe-Salpeter Equations

Bethe-Salpeter Equations

Using the diagrammatic blocks we can also construct
Bethe-Salpeter equations (BS) for the mesonic states, namely

2 (k)T ul, (k) 5
[+] _ /
o] (k,0)= S
4! M rr M V(- ) .0) )
=/ oy Solk ) Sal =k ,7—W)x .
s 7, (K') Tos v, (k) o
<[5 (R (K1) [75, (K1) av5 ()] >
iV(k— [+]
><[+IV(/< K’ )l ¢354(k ) ) 4,00 Tos 2, (8)

4! - - B i
f d21rk)4 q( k/77%+w) Sa(fk/77%7w)>< /\ Wk k) i

x[@8 ()T apvl (K1) [a2 (K1) 5vE (R)] dar >

2lL ()

—iV(k—k")] ol=] (k'
X[V k=k) 354( ) s a8, (V)T 02, (K)
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amiltonian
oubov Transformations
Equation

Il = Microscopic quark description of Hadrons Renormalized fermion propagators
Bethe-Salpeter Equations

@ If we integrate out the quark energles and then proceed to integrate
it, from the left, with [ 75 Ik ¢[+]5152(k,0) we get,

/ (5;1;3 |:¢[+]ilsz(k)(Eq(k) + Ez(k))otl, | (K)+

d3k d3k’
+f Nol+] AV
+/ (27T) (271_) CD slsz(k)V5152§S3S4(k7 k )d) 5354(k ):l - M

@ Sums in the spin indices are understood and Vs s,:55 (K, k7) stands
for [ag (KFapul (k")) [=iV(k—k")] [0 (K )Tysvd, ()]
@ Then, provided we define the constants,

U= (d3)3 [¢[+1;52(k)(Eq(k)+ Eq(k))¢[+]slsz(k):|

V = [ ks GO0 (K)Varmysys, (K, KO (K),

S152
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The Hamiltonian
Bogolioubov Transformations
Mass Gap Equation

Il = Microscopic quark description of Hadrons Renormalized fermion propagators
Bethe-Salpeter Equations

effective qubit equivalent Hamiltonian

@ we can build, in an abstract space of qubits |g1g...), an
Hamiltonian that for the sub-sector |g;, g2) has the same
eigenvalues than the Hamiltonian:

L1
H:EU(§I§1 438) + V(515,8)4,),

where 4{[0, g2) = |1, g2) and 411, g2) = |0, g2). A similar expression
for 4, with 4; acting as a representative for the quark and &; for
the antiquark.

@ We can substitute the integrals by a grid of sums which will be
tantamount to introduce a "grid pair of qubit operators”

@ Once this is done we can replace the qubit operators by, either
Jordan-Wigner operators or Bravyi-Kitaev operators and use, if

needed be, quantum computing to evaluate them.
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amiltonian
ioubov Transformations
Nass Gap Equation
Il = Microscopic quark description of Hadrons Renormalized fermion propagators
Bethe-Salpeter Equations

Example of a calculation

@ As a generic example Ielt's consider )
H™ = Heonst. + 5 Ve, (aial + agaz) + 5 Va, (ala4 + agaa) +

1
+§U (31313233 + 35323134) + Viross (31243332) + Viross (aialaga;) .
@ After a B-K transformation we get,
1
Hek = Heonst. + 5(2(U + 2( Vq1 + qu))_

— (U 42V, ) (021 + 021022) — (U + 2V, ) (023 + 022023024)+
+ U(021023 4+ 0,1023024)—
— Viross {(Ux10'220'><3 + 0x10x3024 + 0x10220x3024 + UXIUX3)_

—(0y,0220y3 4+ 0y,0y3024 + 0102203024 + 0y1‘7y3)})
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amiltonian

ioubov Transformations
Nass Gap Equation
Renormalized fermion propagators
Bethe-Salpeter Equations

Il = Microscopic quark description of Hadrons

@ qubits 2 and 4 are only acted upon by o,. Therefore these two
qubits can be removed and the Hamiltonian and eigenstate can be

simplified to:

~ 1
HBK = Hconst. + Z(U + 2( Vq1 + qu)

— (U+2Vq1) 071 — (U+2Vq2) 023 + U 021023
+ 2Viross (O'ylo'y:; - UX10X3))

with, |5) = a[00) + b[11), |af? + |bf? = 1

J.E.F.T. Ribeiro Quantum Simulation of Fermionic Systems



Quantum Computing

Qiskit Explanation

@ Let us choose a given 0, say, /6. Then |[¢y) = §|00> + 3[11)
(00]oz1 023]00) = (0|oz1]0)(0]oz3]0)) =

0}y —{ Ry () i (Wl ooaltty = 15 —121

|’U)>\> So in this case the average of the 8192 times will

|0>3 46 be 1 no matter what.

® 0,1 0x3 case (0, 0, case is similar). Let S = BT be the unitary
operator that changes basis from Z to X, then:
@DAIXIP) = (DaAl(SSHX(SST[Ea) = (PAIS(ST X S)STIhr) = (x|Z]4bx)

@ After B gate:
[hx) = 3100) + L1111y — 8 00) + ¥3=1|10) + ¥B=Ljo1) + LBy =

= 10a) = B3100) 0 + HY3=1110) + VB2 |00) 0 + YBH 11

<OOZZ|O'X1 O'X3|OOZZ> = <00XX|0'21 O'Z3|00XX> e
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Quantum Computing

Testing Quantum Computation

m Heonst. Vql VEZ u Veross
T 9.280 9.280 2.320 2.320 2.320 0.000
Br 6.155 9.280 0.759 2.320 1.540 4.919
o BF 5.312 9.280 0.250 2.320 1.285 5.571
J/v 3.038 9.280 0.759 0.759 0.759 7.293
DY 2.072 9.280 0.759 0.250 0.505 7.929
) 1.000 9.280 0.250 0.250 0.250 8.647

Table: Test parameters. They are not physical but merely used here
as a demonstration set for quantum computing.

@ By measuring this state in the appropriate basis several times, we
can determine the expectation value of each Pauli term in the
Hamiltonian, one at a time (we have the 5 terms 0,1, 0,3, 0,103,
0x10x3, and 0,,0,,Y). Each expected value was calculated using
8192 measurements. In order to minimize the necessary runs in the
quantum device, the same runs were used for all the particles
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Quantum Computing

Testing Quantum

50 Computation
12.5 Fig:
£ 100
15 (a) (H)(0) using the exact solution (lines), and the
501H «T «B; «Dj
25 B «jjw e experimental solution (points), for different
0.0 -
b 20 IT 1B 1B T 1D To particles. The black dashed line roughly indicates
s
1.5 .‘!jﬁfsx.. 1"::' the position of the expected minima. (b) Deviation
= IV e
e 10 i‘ ;i ' . 5 from exact result, with errorbars indicating the
3

standard deviation of (H)(0), associated with the

stochasticity of the measured results. (c)
Comparison of the exact (solid lines) and
experimental (points) results of the expected value

of each Pauli term composing the Hamiltonian.

The deviation can be mostly explained by the effect

of quantum device errors (dashed lines).
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