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Gradient-based optimization

Gradient descent:
X1 — X5 — OéVf(Xz)
Applications:

e Function minimization

e Backpropagation for machine learning

e Fitting models to data
[Wikipedia, Gradient descent]
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What is automatic differentiation [1/2]

e Creates a function that computes the derivative(s) for you

e Alternative to numerical differentiation f’(w) ~ flz+h)—f(z)
h

double f(double x) { m double f_darg@(double x) {

return x * Xx; return 1#*x + x*1;



What is automatic differentiation [2/2]

e Benefits: without additional precision loss

e Benefits: not limited to closed-form expressions

e Benefits: can take derivatives of algorithms (conditionals, loops, recursion)

o  Without inefficiently long expressions

e Implementations based on operator overloading/source transformation
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Clad and its goals

Clad* enables automatic differentiation (AD) for C++. It is based on LLVM
compiler infrastructure and is a plugin for Clang compiler.
e Improve numerical stability and correctness
e Replace iterative algorithms computing gradients with a single function call
(of an interpreter-generated routine)
e Provide an alternative way of gradient computations in ROOT'’s fitting

algorithms

* https://github.com/vgvassilev/clad
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https://en.wikipedia.org/wiki/Automatic_differentiation
http://clang.llvm.org/

What Clad does

e Clad performs automatic differentiation on C++ functions
e For a C++ function, creates another C++ function that computes its

derivative(s)

double f(double x) { double f_darg@(double x) {
return x * x * x: m return 1T * X * x + x * 1T * x +
} X * X * 1;
}
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How Clad works

FunctionDecl f 'double (double)'
double f(double x) { e
. *-ReturnStmt
return X * X! ‘-BinaryOperator 'double' '*'
|-ImplicitCastExpr 'double' <LValueToRValue>
} | “-DeclRefExpr 'double’ lvalue ParmVar 'x' 'double’
‘-ImplicitCastExpr 'double' <LValueToRValue>
‘-DeclRefExpr 'double' lvalue ParmVar ‘'x' 'double’

e C(ladis a Clang compiler plugin

e Performs C++ source code transformation

® Operates on Clang AST (Clang Abstract Syntax Tree) double f_dargé(double x) {

. . o return 1*x + x*1;
e AST transformation with clang: :StmtVisitor
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Forward mode clad: :differentiate

e Forward mode AD algorithm computes derivatives w.r.t. any (single) variable

f(x1, x2) .
% ik f(z1,x2) = sin(xy) + z1 22
¢ [Wikipedia, Automatic differentiation]
5

Forward propagation
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clad::differentiate

clad::differentiate
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Reverse mOde clad: :gradient

Reverse mode AD computes gradients (w.r.t to all inputs at once)

[=
% 0 f(z1,22) = sin(z1) + 2129
S
m . . . . ] ] .
g » [Wikipedia, Automatic differentiation]
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clad::gradient {

void f cubed addl grad (double a,

double _tO0;

double ti1;
double t2;

double t3;
double f cubed addl (double a, double _t4;
- - double t5;
double t6;
dOU-ble b) { double :t7,'
S t20 =gy
return a * a * a + b * b * b; oA
_t3 = _t2 * ti1;
_t0 = a;
} “t6 = b;
_E5 = 19g
t7 = t6 * _t5;
t4 = Db;

double f cubed addl return
goto labelO;

_labelO:
{
double r0 =1 * t0;
double rl = r0 * tl;
_result[0UL] += rl;
double r2 = t2 * r0;
. r 1 L] += r2;
clad::gradient Gowle xh = i e 1
_result[OUL] += r3;
double r4 =1 * t4;
double r5 = r4 * t5;
_result[1UL] += r5;
double r6 = t6 * r4;
_result[1UL] += r6;
double _r7 = _t7 * 1;

}
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_result[1UL] += r7;

double b, double * result)

€3 % t0 + t7 * _t4;
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What can be differentiated

e Built-in C/C++ scalar types (e.g. double, float, int)
e Built-in C input arrays

e Functions that have an arbitrary number of inputs
e Functions that return a single value

e Loops

e Conditionals
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Benchmarks: in ROOT

TF1* form = new TF1(“f1”, “formula”);

TFormulax f1 = form->GetFormula();

f1->GenerateGradientPar(); // clad 1000ns M Clad W Nurmerical
963
Clad: 750ns
f1->GradientPar(x, result);
Numerical:
500ns
form->GradientPar(x, result); 479
339
250ns 291
e gaus: Npar=3 =
e expo: Npar =2
e crystalball: Npar=5
[ ] brelthgner: Npar =93 the "gaus" "expo” "crystalball" "breitwigner"” "cheb2"
[ ] Cheb2: Npar = 4 . formula
~10x faster + plus incomparable
correctness!
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ROOT Histogram Fitting

ROOT Hist Fitting with TF1
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Os

2000000 bins 4000000 bins 6000000 bins 8000000 bins 10000000...

— Differentiation with Clad — Numerical differentiation




Benchmarks: C++, just clad, no ROOT

Tested function: Clad:
double sum(doublex p, int dim) { double* Clad(doublex p, int dim) {
double r = 0.0; auto result = new double[dim]{};
for (int i = 0; i < dim; i++) auto sum_grad = clad::gradient(sum, "p");
r += p[i]; sum_grad.execute(p, dim, result);
return r; return result;
} }
Numerical:
double* Numerical(doublex p, int dim, double eps = 1e-8) { t

double result = new double[dim]{};

for (int i = 0; 1 < dim; i++) { Example how to use clad

double pi = p[i];
p[i] = pi + eps;
double v1 = sum(p, dim);
p[i] = pi - eps;
double v2 = sum(p, dim);
result[i] = (v1 - v2)/(2 * eps); of(z) _ flzt+hi)—flz—hi)
p[i] = pi; ox; 2h
}
return result;

}
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Benchmarks: C++, just clad, no ROOT

Original function: Clad’s gradient:
double sum(doublex p, int dim) { void sum_grad_0(double *p, int dim, double *_result) {
double r = 0.0; double _d_r = 0;
for (int i = 0; i < dim; i++) unsigned long _t0;
r += p[i]; int _d_i = 0;
return r; clad::tape<int> _t1 = {};
} double r = 0.;
_to = 9;
for (int i = 0; i < dim; i++) {
_to++;
r += p[clad::push(_t1, i)];
}
double sum_return = r;
_d_r += 1;

for (; _t0; _t6--) {
double _r_doe = _d_r;

_d_r += _r_do;
_result[clad::pop(_t1)] += _r_de;
_d_r -= _r_de;



Benchmarks: C++, just clad, no ROOT

@ Clad @ Numerical
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Benchmarks: C++, just clad, no ROOT

@ Clad @ Numerical

1989165107~
100000000 Ll
12477162
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737032 2500x
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» 173708 550x 191117
= 8183

4242
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2187

1182 _11%6 ~dim/4 times faster!

620"
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dim
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Benchmarks: C++, just clad, no ROOT

Original function:

double gaus(doublex x, doublex p /*means*/, double sigma, int dim) {

double t = 0; le—pl[3
for (int i = 0; i < dim; i++) 1 T T2
t += (x[i] - plil)*(x[i] - plil); —¢€ ¥
q q m
t = -t / (2*sigma*sigma); 2m) "o
return std::pow(2*M_PI, -n/2.0) * std::pow(sigma, -0.5) * std::exp(t);

}

*Artificial synthetic benchmark
[e.g. one of the multivariate normal distribution applications is face detection]
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Benchmarks: C++, just clad, no ROOT

@® Clad @ Numerical

2136563317
100000000 51542178
13420315
450x
10000000 SHETETE
— 1245730
= 1000000 482292
258937
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30402

17810 23267

8686 7547 8360 8420
L /

5 10 20 40 80 160 320 640 1280 2560 5120 10240 20480
dim 20
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Future Work

Hessians
o Finding a way to calculate the determinant

o Resolving the 1-dimension array issue to allow for 2d array input and
output

o Benchmarking row-by-row approach
Jacobians

o Finding a way to compose forward and reverse mode together, i.e.
clad::differentiate(clad::gradient(f))

Extend the usage of the TFormula differentiation backend

Teach rootcling how to use clad and store the derivatives in the dictionaries
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Thank you!

e C(lad: https://github.com/vgvassilev/clad
e With any questions please contact:

o Vassil Vassilev vgvassilev@cern.ch

o Aleksandr Efremov efremovaleksandr@icloud.com

e More about automatic differentiation:
http://www.autodiff.org
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l1 =T
o =201 — 1)

f(z) =14 = 642(1—2)(1 — 22)2(1 — 8z +8z2)?

Coding

Manual
Differentiation

£(x)i
V=X
fori=1to3
v = 4xv*x (1 - v)
return v

or, in closed-form,

f(x):
return 64*x* (1-x)* ((1-2%x)"2)

* (1-8*x+8*x*x) "2

f/(x) = 128z(1 — z)(—8 + 16z)(1 — 22)*(1 —
8z +822) +64(1 —x)(1 —2z)2(1 — 8z +822)% —

64z(1 —22)2(1 — 8z + 8x2)% — 256z(1 —z)(1 —
2z)(1 — 8z + 8z2)2

Coding

A 4

Symbolic
Differentiation
of the Closed-form

Automatic
Differentiation

v

Numerical
Differentiation

(G &
(v,dv) = (x,1)
fori=1to3
(v,dv) = (4xv*(1-v), 4*xdv-8*v*dv)
return (v,dv)

£ (x0) = f'(20)
Exact

220G g

return 128*x* (1 - x) * (-8 + 16%x)
*((1 - 2%x) "2) % (1 - 8*x + 8*x*x)
+64*%(1 - x)*x((1 - 2%x) "2)*((1
- 8xx + 8*x*x) "2) - (64*x*(1 -
2%x) "2)* (1 - 8%x + 8*x*x) "2 —
256%x* (1 - x)*(1 - 2%xx) *(1 - 8*x
+ 8%x*x) "2

£ (x0) = f'(z0)

Exact

22(G9) 8
h =0.000001
return (f(x+h) - £f(x)) /h

£ (Xo) ~ f/(.I‘[J)
Approximate

[Baydin et al., Automatic Differentiation
in Machine Learning: a Survey, 2018]




Clad functionality comparison

Feature|Tool Swift AD Autograd (Python) Tangent (Python) ADOL-C CppAD Clad

Basic forward and reverse-mode AD

Loops, conditionals, recursion

Works with third-party libraries, e.g. TensorFlow

User-defined numeric types/custom type inputs

Works with vector functions / nested containers e.g. tuple(tuple)

Custom-defined derivatives/gradients

Can mix and match differential operators (e.g. mix/match forward and reverse modes)

Error diagnostics that pinpoint exact location of failure / has own debugging tool

Has a marker/attribute to tell tool max amount times to differentiate

#differential(f): Produces a function that takes the original arguments and returns the differential of f.

#pullback(f): Produces a function that takes the original arguments and returns the pullback of f.

CUDA/GPU Support/Multithreading
Checkpointing

Traceless forward differentiation (Source code transformation forward mode)
Classes

Tensor evaluation

Jacobians

Hessians

Exploits sparsity of JacobianHessian

Nested functions / lambdas

Nested calls to functions

Closures

Complex Numbers

Static optimisation/dead code eliminiation

Templates

Works with atomic functions

Unfair Comparison 25




What automatic differentiation is

e Technique for evaluating the derivatives of mathematical functions

e Applies differentiation rules to each arithmetical operation in the code

a+b; I» double d_c = d_a + d_b;

double c

double c

a * b; ) double dc =a *d.b+ d.a * b;
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What automatic differentiation is

Not limited to closed-form expressions

Can take derivatives of algorithms (conditionals, loops, recursion)

Example: loops

double pow(double x, int n) {

double r =
for (int i
r=r

return r;

*

1 .

]
0; 1 < n; i++)

X,

>

double pow_darg@(double x, int n) {

double d_r
double r = 1;

9;

0; i < n; i++) |

for (int i
d_r = d_r*x + rx1;
r = r*x;

b

return dr;
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Automatic differentiation in Clad

e Atthe moment supports functions with:
o multiple (scalar) inputs
o single scalar output value

Jf ::ngl —> HQh double f(double x0, double x1, ..., double xn);

e Will be extended soon with:

o vector inputs double f(vector<double> x);

e Can be extended with:
o multiple outputs

double f(doublex x);

jF - R" — EQ?”’ vector<double> f(vector<double> x);
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Automatic differentiation in Clad

e Forf:R"™ — R cangenerate:

. N )
o single derivative :f clad::differentiate(f, i);
L
. of of
o gradient Vf= (a—ml,---:, —amn) clad: :gradient(f);

e Supports both forward and reverse mode AD:

o clad::differentiate uses forward mode

O  clad::gradient uses reverse mode
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Current state

Support of C++ constructs:

Tested with built-in floating point types: float, double

In principle, should work with user-defined scalar types, needs testing
Arithmetic operators, function calls, variable declarations, if statements ...
In forward mode:

o variable mutation (reassignments), for loops

TODO:

In reverse mode: variable mutation (reassignments), for loops
Arrays/vectors, struct/class methods, custom data structures...
Occasional missing C++ constructs

Rigorous documentation, error/warning handling 30



Why is the speedup factor higher than theoretical limit of ~Npar?

From TF1::GradientPar():

// save original parameters
Double_t par® = parameters[ipar];

parameters[ipar] = par@ + h;

f1 = func->EvalPar(x, parameters);
parameters[ipar] = par® - h;

f2 = func->EvalPar(x, parameters);
parameters[ipar] = par® + h / 2;
gl = func->EvalPar(x, parameters);
parameters[ipar] = par@ - h / 2;
g2 = func->EvalPar(x, parameters);

// compute the central differences
h2 =1/ (2. * h);

deo = f1 - f2;

d2 = 2 * (g1 - g2);

T grad = h2 * (4 * d2 - do) / 3.;

// restore original value
parameters[ipar] = paro0;

return grad;

some initial bookkeeping

4 calls to f

additional ops to improve accuracy
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Hessians - How it is implemented

e Generated through using forward mode AD, then reverse mode AD

e [teratively calculates each column of the Hessian at a time, which is

encapsulated within a second-order partial derivative function

e Combines all of these helper functions that correspond to columns of

a Hessian into a single Hessian function | &f
Oa}

& f

By Oy

e Encapsulated in Clad API through clad::hessian

8 f f ]
63:1 3:1:2 o 621 69:“
s S
821% 8332 81'11
’f & f

& f
_ _ 82” azl

O, 0 o

oz3 |
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Hessians

e Square n x n matrix containing all second order partial derivatives w.r.t to all

inputs

e Useful for optimisation problems and as a second derivative test

[ #f _#f _&f ]
3’52 3:1:1 6:1:2 61‘] 61'7,,
g4  9r o B
H= bxg (9$1 3J:§ 8332 65571 .
af &f  &f
| 8z, 02y Bxq Oxa oz} |




Hessians - Demo
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