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OUTLINE

• SEMI-CLASSICAL Approach to the BIRD Model

• The BIRD model

• The Electron Cold Emission from a Dielectric Layer

• EXPERIMENTAL Evidence

• Old Data (Furuta et al. 2005)

• New Data HVSGTF (Padova 2019)

• THEORETICAL development

• Infinite well + Triangular barrier

• Calculation of 𝜆 (probability/time)

• SUMMARY



Breakdown Induced by Rupture of Dielectric layer
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𝐽𝑒
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2 𝑘 𝑘2 = 𝜀𝑟𝐸𝑑

𝐽𝑒 ≈ 𝑘 𝐸0 − 𝐸 𝐸 𝑒𝑥𝑝 −
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𝐸

𝑘 =
𝑒𝜀0𝑏

ℎ
≈ 3.8 ∙ 10−11

𝐴

𝑉2

• The same law as F.N.

• Different constants 𝑘1 and 𝑘2
• Higher CURRENT DENSITY

• Lower 𝛽 needed

𝐸𝑜
𝜀𝑟
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The semi-classical Approach (2019)



Breakdown Induced by Rupture of Dielectric layer

• The Electric Current initially increases and then decreases

• Eventually it reaches the dielectric strength 𝐸𝑑

𝐽𝑒 ≈ 𝑘 𝐸0 − 𝐸 𝐸 𝑒𝑥𝑝 −
𝐸𝑑
𝐸

𝐽𝑒

𝐸𝐸0𝐸𝑑𝐸0
𝜀𝑟…at constant VOLTAGE…

𝐸0

𝐸

𝐽𝑒

𝐸𝑑
𝐸𝑜
𝜀𝑟
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Breakdown Induced by Rupture of Dielectric layer
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The semi-classical Approach (2019)

When the internal Field 𝐸 reaches

the Dielectric Strenght 𝐸𝑑 we have a

• Local rupture of the dielectric layer

• Burst of Current 

𝑡[𝑠]

𝐸[𝑎. 𝑢. ] 𝐸0

𝐸

𝐷𝑖𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 𝑅𝑢𝑝𝑡𝑢𝑟𝑒
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BIRD Model: EXPERIMENTAL EVIDENCE 

𝑀𝑜𝑂3 ൞
𝑘1 ≈

𝜀𝑟 − 1

𝜀𝑟
2 𝑘 = 0.91 ∙ 10−11

𝐴

𝑉2

𝑘2 ≈ 𝜀𝑟𝐸𝑑 = 800 𝑘𝑉/𝑚𝑚

𝐼𝐹𝑢𝑟𝑢𝑡𝑎
𝐽𝑒

FURUTA et al. data  (2005)
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BIRD Model: EXPERIMENTAL EVIDENCE 

൞
𝑘1 ≈

𝜀𝑟 − 1

𝜀𝑟
2 𝑘 = 0.91 ∙ 10−11

𝐴

𝑉2

𝑘2 ≈ 𝜀𝑟𝐸𝑑 = 800 𝑘𝑉/𝑚𝑚

𝐼𝐹𝑢𝑟𝑢𝑡𝑎
𝐽𝑒

𝐴(𝑉) =
𝐼𝐹𝑢𝑟𝑢𝑡𝑎
𝐽𝑒

~𝑒𝑥𝑝 −
𝑘3
𝑉

𝑀𝑜𝑂3
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BIRD Model: EXPERIMENTAL EVIDENCE 

High Voltage Short Gap Test Facility

HVSGTF (2019)
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A new Facility has been recentely

developed in Padova,

to study dark-current at short gap.
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BIRD Model: EXPERIMENTAL EVIDENCE 

HVSGTF (2019)

MevArc PADOVA Settembre 2019

First Result
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BIRD Model: EXPERIMENTAL EVIDENCE 

𝐼 = 𝑆𝐽𝑒 𝐸0 A 𝑉

∙ 1 + 𝜉𝑒𝑥𝑝 −
𝑘3
𝑉

𝑆𝑘1𝛽
2𝐸0

2𝑒𝑥𝑝 −
𝑘2
𝛽𝐸0

HVSGTF (2019)
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Const Value

𝑆𝑘1𝛽
2 5.20 ∙ 10−20

𝐴𝑚2

𝑉2

𝑘2
𝛽

82.7 kV/mm

𝜉 400

𝑘3 87.9 kV

BIRD Model: EXPERIMENTAL EVIDENCE 

HVSGTF (2019)
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Bisquare Method – Matlab Tool
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𝐼 = 𝑆𝐽𝑒 𝐸0 A 𝑉

∙ 1 + 𝜉𝑒𝑥𝑝 −
𝑘3
𝑉

𝑆𝑘1𝛽
2𝐸0

2𝑒𝑥𝑝 −
𝑘2
𝛽𝐸0



BIRD Model: EXPERIMENTAL EVIDENCE 

𝑘2
𝛽
= 82.7

𝑘𝑉

𝑚𝑚

𝜀𝑟 = 12.5 𝐸𝑑 =

𝐶𝑟2𝑂3

𝛽 = 1.2

HVSGTF (2019)

𝐶𝑟2𝑂3

Const Value

𝑆𝑘1𝛽
2 5.20 ∙ 10−20

𝐴𝑚2

𝑉2

𝒌𝟐
𝜷

82.7 kV/mm

𝜉 400

𝑘3 87.9 kV

https://intermolecular.com/materials/metal-oxides/
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Bisquare Method – Matlab Tool
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=
𝜀𝑟𝐸𝑑
𝛽

7.9
𝑘𝑉

𝑚𝑚

https://intermolecular.com/materials/metal-oxides/


BIRD Model: EXPERIMENTAL EVIDENCE 

𝐶𝑟2𝑂3

𝑆𝑘1𝛽
2 = 5.20 ∙ 10−20

𝐴𝑚2

𝑉2

𝑘1 =
𝜀𝑟 − 1

𝜀𝑟
2 𝑘~2.8 ∙ 10−12

𝐴

𝑚2

𝑆 = 1.3 ∙ 10−2𝑚𝑚2

HVSGTF (2019)

Const Value

𝑺𝒌𝟏𝜷
𝟐 5.20 ∙ 10−20

𝐴𝑚2

𝑉2

𝑘2
𝛽

82.7 kV/mm

𝜉 400

𝑘3 87.9 kV
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BIRD Model: EXPERIMENTAL EVIDENCE 

HVSGTF (2019)

𝜉 = 400

𝑘3 = 87.9 𝑘𝑉

𝐶𝑟2𝑂3

Const Value

𝑆𝑘1𝛽
2 5.20 ∙ 10−20

𝐴𝑚2

𝑉2

𝑘2
𝛽

82.7 kV/mm

𝝃 400

𝒌𝟑 87.9 kV

….model for A(V) is needed…
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Bisquare Method – Matlab Tool
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BIRD Model:     THEORETICAL DEVELOPMENT

MetalVacuum

𝑏1𝑒
−𝑖𝑘𝑋 + 𝑓1𝑒

𝑖𝑘𝑋
𝑇 =

𝑘𝐴
𝜋𝑘

𝑏2
𝑏1

2

𝐿

𝐻

𝑊

𝑏2𝑔𝐵 𝑋

𝑔𝐵 𝑋 = 𝐴𝑖 𝑘𝐴𝑋 − 𝑖𝐵𝑖 𝑘𝐴𝑋

𝑓1 =
1

2
𝑔𝐵 𝑥𝐿 − 𝑖

𝑘𝐴
𝑘
g′𝐵 𝑥𝐿 𝑒−𝑖𝑘𝐿𝑏2

𝑏1 =
1

2
𝑔𝐵 𝑥𝐿 + 𝑖

𝑘𝐴
𝑘
g′𝐵 𝑥𝐿 𝑒𝑖𝑘𝐿𝑏2

𝑥𝐿 = 𝑘𝐴𝐿 =
2𝑚

ℎ2
𝑒𝐸

1
3 𝐻

𝑒𝐸
=

2𝑚

ℎ2

1
3 𝐻

𝑒𝐸
2
3

𝑥𝐿
3
2 =

2𝑚

ℎ2

1
2𝐻

3
2

𝑒𝐸
=
𝐸𝑑
𝐸

ECE from Metal

𝑥𝐿 → ∞ 𝐸 → 0
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𝜒 = 𝐻 +𝑊
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«G. Forbes and J. Deane»  Proc. R. Soc. A (2011) 467, 2927-2947

𝑇 =
4

𝑘𝐴 𝑥𝐿
𝑘

+
𝑘𝐴 𝑥𝐿
𝑘

−1 𝑒𝑥𝑝 −
4

3
𝑥𝑙

3
2

𝐽 = න𝐷 𝑊 𝑇 𝑊 𝑑𝑊 𝐽 = 𝑘1𝐸
2𝑒𝑥𝑝 −

𝑘2
𝐸



BIRD Model:     THEORETICAL DEVELOPMENT

ECE from Dielectrics
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Electrons are confined in polarization structures….

Lowest Energy Level

…modified in presence of an Electric Field

The simplest possible model
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BIRD Model:     THEORETICAL DEVELOPMENT

DielectricVacuum

𝑏1𝑒
−𝑖𝑘(𝐿+𝑑) + 𝑓1𝑒

𝑖𝑘(𝐿+𝑑) = 0 tg 𝑘𝑑 = −
𝑘

𝑘𝐴

𝑔𝐵 𝑥𝐿
𝑔′

𝐵
𝑥𝐿

𝑏2𝑔𝐵 𝑋 𝑏1𝑒
−𝑖𝑘𝑋 + 𝑓1𝑒
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𝐿

𝑑

𝐻

𝑊

𝑇 =
𝑘𝐴
𝜋𝑘

𝑏2
𝑏1

2

𝑔𝐵 𝑋 = 𝐴𝑖 𝑘𝐴𝑋 − 𝑖𝐵𝑖 𝑘𝐴𝑋

𝑓1 =
1

2
𝑔𝐵 𝑥𝐿 − 𝑖

𝑘𝐴
𝑘
g′𝐵 𝑥𝐿 𝑒−𝑖𝑘𝐿𝑏2

𝑏1 =
1

2
𝑔𝐵 𝑥𝐿 + 𝑖

𝑘𝐴
𝑘
g′𝐵 𝑥𝐿 𝑒𝑖𝑘𝐿𝑏2

ECE from Dielectrics
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𝑊 → 𝑊 + 𝑖
ℎ

2
𝜆 𝑒

𝑖
ℎ𝑊 → 𝑒

𝑖
ℎ𝑊 ∙ 𝑒−

𝜆
2𝑡 𝜓 2 → 𝜓 2𝑒−𝜆𝑡

𝜆 = decay constant =
𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦

𝑡𝑖𝑚𝑒



BIRD Model:     THEORETICAL DEVELOPMENT

tg 𝑧 −
𝜋

2
=

𝑧0
2

𝑧2
− 1

𝑧 = 𝑘𝑑

𝑧0 = 𝑘0𝑑 =
2𝑚𝜒

ℎ
𝑑

𝜋

2
< 𝑧1< 𝜋

ECE from Dielectrics
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for 𝐸 → 0 𝑥𝐿 → ∞

tg 𝑘𝑑 = −
𝑘

𝑘𝐴

𝑔𝐵 𝑥𝐿
𝑔′

𝐵
𝑥𝐿

𝑇 =
4𝑘

𝑘𝐴 𝑥𝐿
𝑒𝑥𝑝 −

4

3
𝑥𝐿

3
2 tg 𝑘𝑑 = −

𝑘

𝑘0
2 − 𝑘2

𝑇 =
𝑘𝐴
𝜋𝑘

𝑏2
𝑏1

2

𝑘1~
1

𝑑
𝑊1~

ℎ2

𝑚𝑑2
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BIRD Model:     THEORETICAL DEVELOPMENT

ECE from Dielectrics
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Gamow theory of alpha decay - 1928

𝜆~
ℎ𝑘

𝑚 𝐿 + 𝑑
𝑇
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How can we calculate 𝜆 ?



BIRD Model:     THEORETICAL DEVELOPMENT

𝜆 =
ℎ𝑘

𝑚𝐿
𝑇

𝑱𝒆 = 𝝈𝝀 = 𝒌 𝑬𝟎 − 𝑬 𝑬 𝒆𝒙𝒑 −
𝟒

𝟑

𝑬𝒅
𝑬

ECE from Dielectrics
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…the same functional shape for 𝐽𝑒 has been recovered ! 

=
ℎ𝑘

𝑚𝐿
∙
𝑘𝐴
𝜋𝑘

𝑏2
𝑏1

2

=
8𝑊1

ℎ 𝑥𝐿
3

exp −
4

3
𝑥𝐿
3 ∝ 𝐸 ∙ 𝑒𝑥𝑝 −

4

3

𝐸𝑑
𝐸

𝐽𝑒 = 𝜎𝜆𝜎 = 𝜀0 𝐸0 − 𝐸



BIRD Model  - CONCLUSION
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• Explain, at least qualitatively, some features (ECE – Bursts)

• The semi-classical model is consistent with the first experimental results

• An amplification factor A(V) is needed

• A simple quantum model gives the expected shape of ECE

BIRD model

Future investigations require:

• More experimental work (Current evolution – Different electrodes -..)

• The development of a much more solid quantum model

• To understand the physical origin of A(V)
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