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The A4 Group
Group of of even permutations of four objects comprising of 4!/2 = 12 elements.

Generated by S and T satisfying S2 = T 3 = (ST )3 = I.

Has four inequivalent irreducible representations.

1 S = 1 T = 1.

1′ S = 1 T = ω.

1′′ S = 1 T = ω2.

3 : S = diag(1,−1,−1) and T =




0 1 0

0 0 1

1 0 0


 .

Multiplication Rules

1′ × 1′′ = 1, 1′ × 1′ = 1′′, 1′′ × 1′′ = 1′,

3× 3 = 1 + 1′ + 1′′ + 3 + 3̄.

⇓
1 = a1b1 + a2b2 + a3b3 ≡ ρ1ijaibj , 1′ = a1b1 + ω2a2b2 + ωa3b3 ≡ ρ3ijaibj ,

1′′ = a1b1 + ωa2b2 + ω2a3b3 ≡ ρ2ijaibj .

3 ∼ (a2b3, a3b1, a1b2), 3̄ ∼ (a3b2, a1b3, a2b1).

3sym ≡ 1
2
(3 + 3̄) = αijkajbk

and 3antisym ≡ 1
2
(3− 3̄) = βijkajbk
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Three flavor mixing

Neutrinos are massive and they mix !!

Three flavors: νe, νµ, ντ

Oscillation probability

Pνανβ = δαβ − 4
∑

j>i

UαiUβiU
∗
αjU

∗
βj sin

2

(
πL

λij

)

2 independent ∆m2, 3 mixing angles, 1 phase

UTMνU = diag(m1,m2,m3)

U =




c12c13 s12c13 s13e−iδ

−c23s12 − s23s13c12eiδ c23c12 − s23s13s12eiδ s23c13

s23s12 − c23s13c12eiδ −s23c12 − c23s13s12eiδ c23c13




The Pontecorvo, Maki, Nakagawa, Sakata – PMNS – matrix

A measure of CP-violation is given by the basis-independent leptonic Jarlskog(J) parameter:

J = Im[Ue1Uµ2U
∗
e2U

∗
µ1]
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Popular lepton mixings
Recall:

UPMNS ≡ V †
l Uν =




c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13

s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13


 .

↓
θ13=0, θ23=π/4

↓

U0 =




cos θ012 sin θ012 0

− sin θ012√
2

cos θ012√
2

√
1
2

sin θ012√
2

− cos θ012√
2

√
1
2


 → θ012 = 0◦(NSM) → U0 =




1 0 0

0 1√
2

1√
2

0 − 1√
2

1√
2


 .

⇓
θ012 : 35.26◦ [TriBimaximal(TBM)], 45◦ [Bimaximal (BM)], 31.7◦ [Golden Ratio(GR)].

∆m2
21 = (7.02− 8.08)× 10−5 eV2, θ12 = (31.52− 36.18)◦,

|∆m2
31| = (2.351− 2.618)× 10−3 eV2, θ23 = (38.6− 53.1)◦ ,

θ13 = (7.86− 9.11)◦, δ = (0− 360)◦ .
NuFIT2.1 of 2016

Amendment Required!!
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Objectives
A4 Model

Type II Seesaw (dominant) Type I + II Seesaw

Case 1: ∆m2
⊙ = 0; NSM

Case 2: ∆m2
⊙ = 0; TBM

Case 3: ∆m2
⊙ = 0; BM

Case 4: ∆m2
⊙ = 0; GR

〉
−→ ∆m2

⊙ 6= 0; θ13 , θ12 6=0; θ23 6=π/4 allowed by data

Recall: Popular Lepton Mixings
Mixings TBM BM GR NSM

θ012 35.3◦ 45.0◦ 31.7◦ 0.0◦

θ13 0.0◦ 0.0◦ 0.0◦ 0.0◦

θ23 45.0◦ 45.0◦ 45.0◦ 45.0◦

Lepton Catalogue

Fields Notations A4 SU(2)L (Y ) L

Left-handed leptons (νi, li)L 3 2 (-1) 1

l1R 1

Right-handed charged leptons l2R 1′ 1 (-2) 1

l3R 1′′

Right-handed neutrinos NiR 3 1 (0) -1
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Purpose Notations A4 SU(2)L L vev
(Y )

Charged fermion mass Φ =



















φ
+
1 φ01

φ
+
2 φ02

φ
+
3 φ03



















3 2 (1) 0 〈Φ〉 = v√
3







0 1
0 1
0 1







Neutrino Dirac mass η = (η0, η−) 1 2 (-1) 2 〈η〉 =
(

u, 0
)

Type-II see-saw mass ∆̂La =



















∆̂
++
1a ∆̂

+
1a ∆̂0

1a

∆̂
++
2a ∆̂

+
2a ∆̂0

2a

∆̂
++
3a ∆̂

+
3a ∆̂0

3a



















L

3 3 (2) -2 〈∆̂La 〉 = vLa







0 0 1
0 0 0
0 0 0







Type-II see-saw mass ∆̂Lb =





















∆̂
++
1b ∆̂

+
1b ∆̂0

1b

∆̂
++
2b ∆̂

+
2b ∆̂0

2b

∆̂
++
3b ∆̂

+
3b ∆̂0

3b





















L

3 3(2) −2 〈∆̂Lb 〉 = vLb







0 0 1
0 0 1
0 0 1







1 3(2) −2 〈∆L1 〉 =
(

0, 0, uL

)

Type-II see-saw mass ∆Lζ = (∆
++
ζ ,∆

+
ζ ,∆

0
ζ)
L 1′ 3(2) −2 〈∆L2 〉 =

(

0, 0, uL

)

1′′ 3(2) −2 〈∆L3 〉 =
(

0, 0, uL

)

Right-handed neutrino mass ∆̂Ra =

















∆̂0
1a

∆̂0
2a

∆̂0
3a

















R

3 1(0) 2 〈∆̂Ra 〉 = vRa







1
1
1







Right-handed neutrino mass ∆̂Rb =



















∆̂0
1b

∆̂0
2b

∆̂0
3b



















R

3 1(0) 2 〈∆̂Rb 〉 = vRb









1
ω

ω2









Right-handed neutrino mass ∆̂Rc =

















∆̂0
1c

∆̂0
2c

∆̂0
3c

















R

3 1(0) 2 〈∆̂Rc 〉 = vRc









1

ω2

ω









Right-handed neutrino mass ∆R1 = (∆0
1)R 1 1(0) 2 〈∆R1 〉 = u1R

Right-handed neutrino mass ∆R2 = (∆0
2)R 1′ 1(0) 2 〈∆R2 〉 = u2R

Right-handed neutrino mass ∆R3 = (∆0
3)R 1′′ 1(0) 2 〈∆R3 〉 = u3R

—————————————————–
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Mass Model
The SU(2)L and A4 conserving Lagrangian:

Lmass = yjρjik l̄LilRjΦ
0
k (charged lepton mass)

+ fρ1ik ν̄LiNRkη
0 (neutrino Dirac mass)

+
1

2




∑

n=a,b

Ŷ Ln αijkν
T
LiC

−1νLj∆̂
L0
nk + Y Lζ ρζijν

T
LiC

−1νLj∆
L0
ζ


(Type − II seesaw)

+
1

2




∑

p=a,b,c

Ŷ Rp αijkN
T
RiC

−1NRj∆̂
R0
kp + Y Rγ ργijN

T
RiC

−1NRj∆
R0
γ


(rh ν mass)+ h.c.

Choose: Y L2 = Y L3

Meµτ=
v√
3





y1 y2 y3
y1 ωy2 ω2y3
y1 ω2y2 ωy3



, MνL=







(Y L1 + 2Y L2 )uL
1
2 Ŷ

L
b vLb

1
2 Ŷ

L
b vLb

1
2 Ŷ

L
b vLb (Y L1 − Y L2 )uL

1
2 (Ŷ

L
a vLa + Ŷ Lb vLb)

1
2 Ŷ

L
b vLb

1
2 (Ŷ

L
a vLa + Ŷ Lb vLb) (Y L1 − Y L2 )uL






.

MD = fu I , MνR = mR




χ1 χ6 χ5

χ6 χ2 χ4

χ5 χ4 χ3


 where, χis are :
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Mass Matrices
Apply UL on the left handed fermion doublets and VR on right handed neutrinos
keeping the right handed charged fermions intact.

UL = VR =
1√
3




1 1 1

1 ω2 ω

1 ω ω2


 .

Identify:

Y R1 u1R = mR(r11 + 2r23), Y R2 u2R = mR(r22 + 2r13), Y R3 u3R = mR(r33 + 2r12)

Ŷ Ra vRa = 2mR(r11 − r23), Ŷ Rb vRb = 2mR(r22 − r13) and Ŷ Rc vRc = 2mR(r33 − r12).

3(Y L1 + 2Y L2 )uL = (m
(0)
3 +m+), 6(Y L1 − Y L2 )uL = Ŷ La vLa = m+, 3Ŷ Lb vLb = −2m−.

The resultant mass matrices:

Mflavour
eµτ =




me 0 0

0 mµ 0

0 0 mτ


 , Mflavour

νL =
1

2




2m
(0)
1 0 0

0 m+ m−

0 m− m+


 ,

MD=fuI, (Mflavour
νR )ij=

mR

4
rij⇒

Charged lepton mass matrix is diagonal in the resultant basis ⇒ Flavour basis.

m± ≡ (m
(0)
3 ±m

(0)
1 ) ⇒ m− is +ve (-ve) for NO (IO)
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Mass matrices and Seesaw
The Mflavour

νL originates from Type II Seesaw and is diagonalized by U0:

M0 = Mmass
νL = U0TMflavour

νL U0 = diag(m
(0)
1 ,m

(0)
1 ,m

(0)
3 ) ⇒ ∆m2

⊙ = 0

Here,

U0 =




cos θ012 sin θ012 0

− sin θ012√
2

cos θ012√
2

√
1
2

sin θ012√
2

− cos θ012√
2

√
1
2


 → Columns : unperturbed flavour basis

Demand MD ∝ I in this basis. ⇒ Apply U0† on right-handed neutrinos.

MD = mDI and Mmass
νR =

mR

2
√
2ab




0 b b

b a√
2

−a√
2

b −a√
2

a√
2


 .

mD → Dirac neutrino mass scale mR → right-handed neutrino mass scale.

Put a = xe−iφ1 ; b = ye−iφ2

Type I Seesaw: M ′mass =
[
MT
D(Mmass

νR )−1MD

]

M ′mass =
m2
D

mR




0 y eiφ1 y eiφ1

y eiφ1 x eiφ2√
2

−x eiφ2√
2

y eiφ1 −x eiφ2√
2

x eiφ2√
2


 .
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Analysis
M ′mass =

m2
D

mR




0 yeiφ1 yeiφ1

yeiφ1 xeiφ2√
2

−xeiφ2√
2

yeiφ1 −xeiφ2√
2

xeiφ2√
2


 .

Unperturbed term: M0†M0, Perturbation: (M0†M ′ +M ′†M0); CP violation allowed.

(M0†M ′ +M ′†M0)mass =
m2
D

mR




0 2ym
(0)
1 cosφ1 yf(φ1)

2ym
(0)
1 cosφ1

√
2xm

(0)
1 cosφ2 − x√

2
f(φ2)

yf∗(φ1) − x√
2
f∗(φ2)

√
2xm

(0)
3 cosφ2


 .

where, f(ϕ) = m+ cosϕ− im− sinϕ .

Solar Sector :
θ12 = θ

0
12 + ζ , tan 2ζ = 2

√
2
y

x

cosφ1

cosφ2

.

sin ǫ =
y cosφ1

√

y2 cos2 φ1 + x2 cos2 φ2/2
, cos ǫ =

x cosφ2/
√
2

√

y2 cos2 φ1 + x2 cos2 φ2/2
, tan ǫ =

1

2
tan 2ζ .

∆m
2
solar =

2m−m(0)
1 sin θ13 cos δ cos ǫ

sin(ǫ− θ012) cos2ζ

Model (θ012) TBM (35.3◦) BM (45.0◦) GR (31.7◦) NSM (0.0◦)

ζ -4.0◦ ↔ 0.6◦ -13.7◦ ↔ -9.1◦ -0.4◦ ↔ 4.2◦ 31.3◦ ↔ 35.9◦

ǫ -4.0◦ ↔ 0.6◦ -14.5◦ ↔ -9.3◦ -0.4◦ ↔ 4.2◦ 44.0◦ ↔ 56.7◦

ǫ− θ012 -39.2◦ ↔ -34.6◦ -59.5◦ ↔ -54.4◦ -39.2◦ ↔ -30.0◦ 44.0◦ ↔ 56.7◦
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Analysis Continued .. .
sin θ13 cos δ = κc sin(ǫ− θ

0
12) where κc =

m2
D

mRm−

√

y2 cos2 φ1 + x2 cos2 φ2/2 ,

sin θ13 sin δ = κc
m−

m+ cosφ1 cosφ2

[

sin ǫ sinφ1 cosφ2 cos θ
0
12 − cos ǫ cosφ1 sinφ2 sin θ

0
12

]

.

tan θ23 ≡ tan(π/4 − ω) ⇒ tanω =
sin θ13 cos δ

tan(ǫ− θ012)

Mixing Normal Ordering Inverted Ordering
Pattern δ θ23 δ θ23

quadrant octant quadrant octant

NSM First/Fourth First Second/Third Second

BM, TBM, GR Second/Third First First/Fourth Second

Results

 38

 40

 42

 44

 46

 48

 50

 52

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16  0.18

θ 2
3 

in
 d

eg
re

es

m0 in eV

NSM
BM

TBM
GR

 50

 60

 70

 80

 90

 100

 110

 120

 130

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16  0.18

δ 
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Conclusions

General discussion: a) Discrete flavour symmetry A4.

b) Neutrino masses and mixings.

A4 conserving neutrino mass model.

Model had two components: dominant Type II Seesaw part and subdominant Type I
Seesaw contribution.

Type II Seesaw → ∆m2
solar = 0 for TBM, BM, GR and NSM case.

Type II +I Seesaw → ∆m2
solar 6= 0; θ12 6= 0, θ13 6= 0, θ23 6= π/4 (allowed by data).

Model has testable predictions.

T HANK YOU !!
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Backup Slides
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Some more on A4 .. .
A4 invariants come from: a) 1× 1 = 1 (trivial)

b) 1′ × 1′′ = 1

c) 3× 3 = 1 + 1′ + 1′′ + 3 + 3̄

Consider four A4 triplets: X1, X2, X3 and X4

Combine: XiXj and XkXl

⇓ ⇓
3× 3 = 1 + 1′ + 1′′ + 3 + 3̄ 3× 3 = 1 + 1′ + 1′′ + 3 + 3̄

First way: 1× 1 = 1

Second way: 1′ × 1′′ = 1

Third way: 1′′ × 1′ = 1

Fourth way: (a) 3× 3 = 1 + 1′ + 1′′ + 3 + 3̄

(b) 3̄× 3 = 1 + 1′ + 1′′ + 3 + 3̄

(c) 3× 3̄ = 1 + 1′ + 1′′ + 3 + 3̄

(d) 3̄× 3̄ = 1 + 1′ + 1′′ + 3 + 3̄
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Scalar Potential
Notations:

A = (a1, a2, a3)T ; B = (b1, b2, b3)T ∈ 3 of A4

3A ⊗ 3B = 1⊕ 1′ ⊕ 1′′ ⊕ 3⊕ 3 .

ρ1ijaibj ≡ O1(A,B); ρ2ijaibj ≡ O3(A,B); ρ3ijaibj ≡ O2(A,B);

3sym ≡ Ts(A,B) and 3antisym ≡ Ta(A,B)

Guiding Principles:

a) All couplings are real.

b) No two scalars have all quantum numbers same. So terms in the potential cannot be
replicated by replacing one field by another.

c) vev of singlet is much larger than that of other scalars.
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Scalar Potential for A4
Total Potential ⇒ V = Vsinglet + VD + VT

with VT = Vtriplet + Vts and VD = Vdoublet + Vds.
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SU(2)L singlet sector
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SU(2)L doublet sector
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SU(2)L triplet sector
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Doublet singlet inter-sector
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Triplet singlet inter-sector
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Singlet minimiztion
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Doublet minimiztion
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Triplet minimiztion
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Miscellaneous

Golden Ratio:

θ12 = 31.7◦ for GR mixing ⇒ cos 31.7◦
sin 31.7◦ = 1.618..
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Seesaw in brief
Extend the SM by a singlet RH neutrino NR per family.

Neutrino Majorana mass term: mψTL(R)C
−1ψL(R)

⇓
Lmass = 1

2
αTLC

−1MD+MαL + h.c.

where, MD+M =

(

0 MT
D

MD MR

)

⇒ 6 × 6 matrix and αL =

(

νL
C(N̄R)T

)

ց
Diagonalize: WTMD+MW =

(
Mlight 0

0 Mheavy

)

Mlight = MT
DM−1

R MD and Mheavy = MR

⇒
Can be done in three ways: Type I Type II Type III

Fermion Singlet Scalar Triplet Fermion Triplet
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RealM ′

M
′
=
m2
D

mR









0 y y

y x√
2

− x√
2

y − x√
2

x√
2









→ M
′
2×2 =

m2
D

mR

(

0 y

y x/
√

2

)

θ12 = θ
0
12+ζ , tan 2ζ = 2

√
2

( y

x

)

, sin ǫ =
y

√

y2 + x2/2

and cos ǫ =
x/

√
2

√

y2 + x2/2

, i.e., tan ǫ =
1

2
tan 2ζ .

∆m
2
solar =

√
2m2

D

mR

m
(0)
1

√

x2 + 8y2 =

√
2m2

D

mR

m
(0)
1

x

cos 2ζ
, κr ≡

m2
D

mRm
−

√

y2 + x2/2 =
m2
D

mRm
−

x
√

2 cos ǫ

|ψ3〉 =













κr sin(ǫ − θ012)

1√
2
[1 − κr cos(ǫ − θ012)]

1√
2
[1 + κr cos(ǫ − θ012)]













⇒ sin θ13 cos δ = κr sin(ǫ−θ012), tan(π/4−θ23) ≡ tanω = κr cos(ǫ−θ012) .

∆m
2
solar = 2m

−
m

(0)
1

sin θ13 cos δ cos ǫ

cos 2ζ sin(ǫ − θ012)

z ≡ m
−
m

(0)
1 /∆m

2
atmos and tan ξ ≡ m0/

√

|∆m2
atmos| ,

z =





∆m2
solar

|∆m2
atmos|









cos 2ζ sin(ǫ − θ012)

2 sin θ13| cos δ| cos ǫ



 .

z = sin ξ/(1 + sin ξ) i.e., 0 ≤ z ≤
1

2
(for normal ordering),

z = 1/(1 + sin ξ) i.e.,
1

2
≤ z ≤ 1 (for inverted ordering) .

tanω =
sin θ13 cos δ

tan(ǫ − θ012)
.
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RealM ′

1. Only the normal ordering of neutrino masses is allowed.

2. Only the first octant of θ23 is admissible.

3. Inclusion of Type-I see-saw corrections is incapable of making the TBM and GR mixing patterns
consistent with the allowed ranges of the mixing angles.

4. NSM and BM alternatives can produce solutions in consonance with the neutrino masses and
mixing. The allowed ranges of lightest neutrino mass is very narrow.

 4.5

 5

 5.5

 6

 6.5

 7

 31  32  33  34  35  36

ω
 =

 (
π/

4−
θ 2

3)
 in

 d
eg

re
es

θ12 in degrees

BM

NSM

Real MνR, Normal Ordering, First Octant

Complex M ′

|ψ3〉 =









κc[
sin ǫ

cosφ1
f(φ1) cos θ

0
12 − cos ǫ

cosφ2
f(φ2) sin θ

0
12]/m

+

1√
2
{1 − κc[

sin ǫ
cosφ1

f(φ1) sin θ
0
12 + cos ǫ

cosφ2
f(φ2) cos θ

0
12]/m

+}
1√
2
{1 + κc[

sin ǫ
cosφ1

f(φ1) sin θ
0
12 + cos ǫ

cosφ2
f(φ2) cos θ

0
12]/m

+}









.
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Mass matrices and Seesaw
The Mflavour

νL originates from Type II Seesaw and is diagonalized by:

M0 = Mmass
νL = U0TMflavour

νL U0 = diag(m
(0)
1 ,m

(0)
1 ,m

(0)
3 ) ⇒ ∆m2

⊙ = 0

with U0 =




cos θ012 sin θ012 0

− sin θ012√
2

cos θ012√
2

1√
2

sin θ012√
2

− cos θ012√
2

1√
2




⇒ Corresponds to : θ12 = 0, θ13 = 0, θ23 = π/4. ⇒ Mixing angles are either 0 or π/4

to start with.

Put a = 2mRxe
−iφ1 ; b = 2mRye

−iφ2 and mD = fu.

Type I Seesaw: M ′flavour =
[
MT
D(Mflavour

νR )−1MD

]

M ′mass = U0TM ′flavourU0 =
m2
D√

2 xymR




0 y eiφ1 y eiφ1

y eiφ1 x eiφ2√
2

−x eiφ2√
2

y eiφ1 −x eiφ2√
2

x eiφ2√
2


 .

x, y → dimensionless real constants of O(1).

mD, mR → Dirac and Right handed neutrino mass scales.
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Popular mixings

U0
TBM =




√
2
3

√
1
3

0

−
√

1
6

√
1
3

√
1
2√

1
6

−
√

1
3

√
1
2


 , U0

BM =




√
1
2

√
1
2

0

− 1
2

1
2

√
1
2

1
2

− 1
2

√
1
2


 ,

U0
GR =




√
φ√
5

√
1√
5φ

0

− 1√
2

√
1√
5φ

1√
2

√
φ√
5

√
1
2

1√
2

√
1√
5φ

− 1√
2

√
φ√
5

√
1
2


 → φ ≡ 1 +

√
5

2
.

Mmass
νR =

mR

2
√
2ab




0 b b

b a√
2

− a√
2

b − a√
2

a√
2


 .

with a = ye−iφ2 and b = xe−iφ1
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Scalar Potential for A4
Total Potential ⇒ V = Vsinglet + VD + VT

with VT = Vtriplet + Vts and VD = Vdoublet + Vds.
SU(2)L Doublet Sector:

Vdoublet = m2
ηQ

dd
η +m2

ΦO
dd
1 +

1

2
λd1

[
Qddη

]2
+

1

2
λd2

{
[Odd1 ]2 + {Odd2 }†Odd2

+ O1(T
dd
s , T dd†s )

}
+

1

2
λd3

[
Qddη Odd1

]
.

where, Odd1 ≡ O1(Φ†,Φ); Odd2 ≡ O2(Φ†,Φ); T dds ≡ Ts(Φ,Φ);Qddη ≡ η†η .

Minimization conditions:
Doublet sector:

∂VD |min
∂u∗ = 0 ⇒ u

[
2m2

η + 2λd1u
∗u+ λd3v

∗v + λsd1 u∗
RuR + 3λsd3 v2R

]
= 0.

and
∂VD |min

∂v∗i
= 0

⇒ v√
3

[
m2

Φ + 4λd2

(
v∗v

3

)
+ λd3u

∗u+
1

2
λsd2 u∗

RuR + λsd4 (u∗
R + uR)vR +

5

4
λsd5 v2R

]

= 0.
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Scalar Potential Continued.. .
Total Potential ⇒ V = Vsinglet + VD + VT

with VT = Vtriplet + Vts and VD = Vdoublet + Vds.

SU(2)L Singlet Sector:

Vsinglet = m2
∆R3

Qss3 +m2
∆̂R

Oss1 +
1

2
λs1 [Q

ss
3 ]2

+
1

2
λs2

{
[Oss1 ]2 + (Oss2 )†Oss2 +O1(T

ss
s , T ss†s )

}
+

1

2
λs3 [Q

ss
3 Oss1 ]

+ λs4

[
O
ss
2 ∆R3 + h.c.

]
+ λs5

[
Õss3 ∆R3 ∆R3 + h.c.

]
.

where; Oss1 ≡ O1(∆̂R†, ∆̂R); Oss2 ≡ O2(∆̂R†, ∆̂R); T sss ≡ Ts(∆̂R, ∆̂R),

Õss3 ≡ O3(∆̂R†, ∆̂R†) and T̃ sss ≡ Ts(∆̂R, ∆̂R†), Oss2 ≡ O2(∆̂R, T
ss†
s ), Qss3 ≡ ∆R†

3 ∆R3 .

SU(2)L Doublet Sector:

Vdoublet = m2
ηQ

dd
η +m2

ΦO
dd
1 +

1

2
λd1

[
Qddη

]2
+

1

2
λd2

{
[Odd1 ]2 + {Odd2 }†Odd2

+ O1(T
dd
s , T dd†s )

}
+

1

2
λd3

[
Qddη Odd1

]
.

where, Odd1 ≡ O1(Φ†,Φ); Odd2 ≡ O2(Φ†,Φ); T dds ≡ Ts(Φ,Φ);Qddη ≡ η†η .
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Scalar Potential Continued... .
SU(2)L Triplet Sector:

Vtriplet =

3∑

i=1

m2
∆Li

Qtti +m2
∆̂L

Ott1 +
1

2

3∑

i=1

λt1i
[
Qtti

]2
+

1

2

2∑

k<j, k=1

3∑

j=2

λt2jkQ
tt
j Q

tt
k

+
1

2
λt3

{
[Ott1 ]2 + {Ott2 }†Ott2 +O1(T

tt
s , T tt†s )

}
+

1

2

3∑

i=1

λt4i
[
Qtti O

tt
1

]

+ λt5

[
O
tt
1 ∆L1 + h.c.

]
+ λt6

[
O
tt
3 ∆L2 + h.c.

]
+ λt7

[
O
tt
2 ∆L3 + h.c.

]

+

3∑

i=1

λt8i

[
Õtti ∆Li ∆

L
i + h.c.

]
+

[
λt91 Õ

tt
1 ∆L2 ∆

L
3 + h.c.+ cyclic

]
.

where; Ott1 ≡ O1(∆̂L†, ∆̂L); Ott2 ≡ O2(∆̂L†, ∆̂L); T tts ≡ Ts(∆̂L, ∆̂L);

Qtti ≡ ∆L†
i ∆Li ; Otti ≡ Oi(∆̂

L, T tt†s ) (i = 1, 2, 3).

Singlet-Doublet Inter-sector terms:

Vsd =
1

2
λsd1

[
Qss3 Qddη

]
+

1

2
λsd2

[
Qss3 Odd1

]
+

1

2
λsd3

[
Qddη Oss1

]
+ λsd4

[
{Osd3 }†∆R3 + h.c.

]

+
1

2
λsd5

[
Odd1 Oss1 + {Oss2 }†Odd2 + {Odd2 }†Oss2 +Osd1S

]
.

where; T̃ sss ≡ Ts(∆̂R, ∆̂R†), and T̃ dds ≡ Ts(Φ,Φ†);Osd1S ≡ O1(T̃ dds , T̃ sss );

Osd3 ≡ O3(∆̂R, T̃ dds ); T̃ ssa ≡ Ta(∆̂R, ∆̂R†) and T̃ dda ≡ Ta(Φ,Φ†).
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Scalar Potential Continued.... .
Singlet-Triplet Inter-sector terms:

Vts =
1

2

3∑

i=1

λts1i
[
Qss3 Qtti

]
+

1

2
λts2

[
Qss3 Ott1

]
+

1

2

3∑

i=1

λts3i
[
Qtti O

ss
1

]

+
1

2
λts4

[
Ott1 Oss1 + {Oss2 }†Ott2 + {Ott2 }†Oss2 +Ots1S

]

+

3∑

i=1

λts5i

[
O
ts
i ∆Li

†
+ h.c.

]
+ λts6

[
Õ
ts
3 ∆R3

†
+ h.c.

]

+ λts7

[
Ots1 ∆L3

†
∆R3 + h.c.

]
+ λts8

[
Ots2 ∆L1

†
∆R3 + h.c.

]
+ λts9

[
Ots3 ∆L2

†
∆R3 + h.c.

]

+ λts10

[
Õts3 ∆R3 ∆L1 + h.c.

]
+ λts11

[
Õts2 ∆R3 ∆L3 + h.c.

]
+ λts12

[
Õts1 ∆R3 ∆L2 + h.c.

]
.

where; Otsi ≡ Oi(∆̂
R†, ∆̂L) (i = 1, 2, 3);Ots1S ≡ O1(T̃

tt
s , T̃ sss );

O
ts
i ≡ Oi(T̃

ss
s , ∆̂L) ; Õtsi ≡ Oi(∆̂

R†, ∆̂L†) (i = 1, 2, 3); Õts3 ≡ O3(T̃
tt
s , ∆̂R).

Minimization conditions:

Singlet sector:
∂Vsinglet|min

∂u∗
R

= 0 ⇒ uR

[
m2

∆R3
+ λs1u

∗
RuR +

3

2
λs3v

2
R

]
+ 3v2R [λs4vR + 2λs5u

∗
R] = 0 ,

and
∂Vsinglet|min

∂v∗Ri
= 0 ⇒ vR

[
m2

∆̂R
+ 4λs2v

2
R +

λs3
2
u∗
RuR + λs4vR(2uR + u∗

R) + 2λs5u
2
R

]
= 0
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Minimization conditions:
Doublet sector:

∂VD |min
∂u∗ = 0 ⇒ u

[
2m2

η + 2λd1u
∗u+ λd3v

∗v + λsd1 u∗
RuR + 3λsd3 v2R

]
= 0.

∂VD |min
∂v∗i

= 0 ⇒ v√
3

[
m2

Φ + 4λd2

(
v∗v

3

)
+ λd3u

∗u+
1

2
λsd2 u∗

RuR+λsd4 (u∗
R + uR)vR +

5

4
λsd5 v2R

]
= 0.

Triplet sector:
Choose m∆L1

= m∆L2
= m∆L3

= m∆L ; λt11 = λt12 = λt13 = λta ; λt41 = λt42 = λt43 = λtb

λt221 = λt232 = λt231 = λtc ; λt81 = λt82 = λt83 = λtd ; λt91 = λt92 = λt93 = λte

λts11 = λts12 = λts13 = λtsa ; λts31 = λts32 = λts33 = λtsb ; λts51 = λts52 = λts53 = λtsc

λts10 = λts11 = λts12 = λtsd ; λts7 = λts8 = λts9 = λtsf .

i)
∂VT |min

∂u∗
L

= 0 ⇒ uL

[
m2

∆L
+ (λta + λtc)u

∗
LuL +

1

2
λtbv

∗
LvL +

1

2
λtsa u∗

RuR +
3

2
λtsb v2R

]

+ 2v2Lu
∗
L(λ

t
d + λte) + vLvR

[
−1

2
λtsc vR + λtsd u∗

R + λtsf uR

]
= 0.

ii)
∂VT |min

∂v∗L1

= 0 ⇒ vL

[
m2

∆̂L
+

3

2
λtbu

∗
LuL + 2λt3v

∗
LvL +

1

2
λts2 u∗

RuR +
3

2
λts4 v2R

]

+ uL

[
6uLv

∗
L(λ

t
d + λte)−

3

2
λtsc v2R + 3λtsf u∗

RvR + 3λtsd uRvR

]
= 0.

iii)
∂VT |min

∂v∗L2

=
∂VT |min

∂v∗L3

= 0 ⇒ vLvR

[
−1

4
λts4 vR + λts6 (u∗

R + uR)

]
= 0.
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