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The A4 Group

Group of of even permutations of four objects comprising of 4! /2 = 12 elements.
Generated by S and T satisfying S? = T2 = (ST)3 = L.
Has four inequivalent irreducible representations.

1 S = 1 T=1.
1/ S = 1 T=uw.
1" s = 1 T=uw’
O 1 O
3: S =diag(l,—1,—1) and T =10 0 1
1 0 O

Multiplication Rules
1/X1//:1 1/><1/:1// 1//><1//:1/
3x3=1+1+1"4+3+3.
2

1 = a1by + az2bs + asbs = p1ija;bj, 1 = ai1bi + w?azbs + waszbs = p3ijaibj,
1" = a1b1 + wasbs + w2a363 = p2;ja;b;.

3 ~ (a2b3,azbi,aibz), 3 ~ (azbz,a1bs,azby).

3sym = % (3 == i_))) = aijkajbk;
and 3antisym = % (3 - 3) — Bijka'jbk:
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Three flavor mixing

Neutrinos are massive and they mix !!

Three flavors: ve, vy, vr

Oscillation probability

. e L
PVQVB — 5046 — 4 Z UazU,B’LUajUBj Sln2 <—>
J>i Aij

2 independent Am?, 3 mixing angles, 1 phase

UL M,U = diag(m1, ma, m3)

Cc12C13 $12C13 s13e” "
5 5

U= —C235812 — §23513C12€" C23C12 — S23513S512€" $23C13
Xo) Xo)

$23812 — C23S813C12€" —8923C12 — C23513512€" C23C13

The Pontecorvo, Maki, Nakagawa, Sakata — PMNS — matrix

A measure of CP-violation is given by the basis-independent leptonic Jarlskog(J) parameter:
J:Im[UelUMQUSQ :Zl]

o |
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Popular lepton mixings
€12€13 $12€13 s13e %0 —‘

s 55
C12C23 — S125823513€" $23C13

= ‘/lTUI/ = | —si12¢23 — c12823s13€"

s12823 — c12¢23513€"0  —ci12823 — S12¢23513€®  cageis
1
013=0, O23=m/4
COS 9(1)02 sin 0?2 0 1 0 0
in 6 0
U0 = | ——#2 —A2 3| —mo0h=00NSM) 5 U=|0 5
in 69 69 _ 1 1
8”1712 _COSTH % 0 5
J
09, : 35.26° [TriBimaximal(TBM)], 45° [Bimaximal (BM)], 31.7° [Golden Ratio(GR)].
Am3; = (7.02—-8.08) x 10" °eV?, 612 = (31.52 — 36.18)°,
IAmZ,| = (2.351 —2.618) x 1073 eV?, 63 = (38.6 — 53.1)°,
0135 = (7.86—9.11)°, § = (0— 360)° .

NuFIT2.1 of 2016
Amendment Required!!
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Objectives
A4 Model
f Type Il Seesaw (dominant) Type | + Il Seesaw —‘

Case 1: Am% — 0: NSM
Case2:  AmZ = 0; TBM
Case 3: Am% — 0: BM

Case 4: Am? = 0;GR
Recall: Popular Lepton Mixings

— Am2® # 0; 013, 0127#0; 6237#7 /4 allowed by data

Mixings TBM BM GR NSM
e 35.3° | 45.0° | 31.7° 0.0°
013 0.0° 0.0° 0.0° 0.0°
053 45.0° 45.0° 45.0° 45.0°

Lepton Catalogue

Fields Notations A4 SU((2)r, (Y) L

Left-handed leptons (v 1), 3 2 (-1) 1

Right-handed charged leptons lop 1/ 1(-2) 1
7

Right-handed neutrinos N;Rr 3 1(0) -1
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Notations

Purpose A4 SU(2)y, L vev
Y)
¢i|_ ¢(1) 3HDM talk by SP
01 Dec 11,2018
Charged fermion mass P = ¢g_ ¢8 3 2 (1) 0 (D) = % (8 %) BSM-IIB (16:15 hrs)
¢3¢
Neutrino Dirac mass n = (7]0, 7’]_) 1 2 (-1) 2 <T)> = (u, 0)
L
A+t A+ AO
Ala Ala Ala 00 1
Type-ll see-saw mass Ag = A;_a—'— Ag_a Aga 3 3(2) -2 <ACILJ> = YL@ (0 0 O)
AT+ AT AQ 000
3a 3a 3a
L
A+t AR AO
Bip D1p A1b 001
AL — | AT+ AT AO _ ALY —
Type-ll see-saw mass Ab = AQb AQb AQb & 3(2) 2 <Ab > =vrp (0 01
A+t A+ AO 0ot
3b 3b 3b
1 3(2) —2 (afy = (O,O,uL)
Type-ll see-saw mass ACL = (A2_+, Aé_, AO)L 1’ 3(2) —2 <A2L> = (Oa 0,ur )
1’ 3(2) —2 (A% = (O,O,uL>
R
A O
) Sla h 1
Right-handed neutrino mass AaR = Aga & 1(0) 2 <ACLR> = VRa (1)
A O
A3q
A9, )"
1b 1
Right-handed neutrino mass Al])% = Agb 3 1(0) 2 (AE) = VRb W2
A9 *
3b
R
A O
) %1c R 1
Right-handed neutrino mass A? = Agc 3 1(0) 2 <A(I/_%> = VRc w2
~ O w
Aszc
Right-handed neutrino mass A{% = (A(])_)R 1 1(0) 2 <A{%> = U1 R
Right-handed neutrino mass AQR = (Ag)R 1/ 1(0) 2 <A2R> = Uo R
= . N 0\R 77 Ry _
ght-handed neutrino mass 3 = (AS) 1 1(0) 2 (AS ) = ugpR
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Mass Model

The SU(2)r, and A4 conserving Lagrangian:

= yjpjikl_Lz-leCI)g (charged lepton mass)

+  fp1isPriNren® (neutrino Dirac mass)

1 ~ _
—|—§ Z YnL aijkugiC VL]ALk+YC pCZjI/ng 11/LjAé’O (Type — II seesaw)

n—=a,b

1 ~
—|—§ Z YpRozijkN C~INg A —|—YR,OWJN C_lNRjA,?O (rh v mass)+ h.c.

p=a,b,c
Choose: Yt =YE
L L > L ~ T,
Y1 Y2 Y3 (Yl —|—2Y2 )uL %Yb VILb %Yb VILb
Mepr=—— w w? M,r= ly L (Y;E — Y5 Lk + Y Fury)
epnT — \/§ Y1 292 Yys |, MvL— 5y VLb 1 5 JUL 5y VULa b ULb
L o L oL L L
Yyi W Y2 wys %Yb VLb %(Ya VL a +Yb ULb) (Yl = Y2 )UL
mprx1 = (Y] UU?+YZ u;n+Y; “UsR)
Xl X6 X5 mpxz: = (YRU]R-FL»YZ Uzl?‘i“-b Y; “Usp)
mMrpX3 = (Ylﬁﬂm-i—m Yz UoR +u,Y; “UsR)

MD — fu ]I 9 MVR =mRpR X6 X2 X4 Where’ X?’S are . %(Y fRa+Yb rm;-{-Y "URe)

1
X5 X4 X3 mrxs = E(}’; VU Ra +wl’g} ‘v + w Yc "un,:)
1. - o .
mpxe = 5(}’;1?‘1;3@+szbR'uRb+wlf:Rvm:).
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Mass Matrices

» Apply Uz, on the left handed fermion doublets and Vz on right handed neutrinos
keeping the right handed charged fermions intact.

1 1 1
U V, ! 1 w? w
L=VR= %=
\/§ 1l w 2
Identify

Y{fuir = mp(ri1 + 2r23), Y5iusr = mp(res 4+ 2r13), Yi'uzr = mp(rss + 2r12)

f/aRvRa =2mp(ri1 — r23), Y/bRURb = 2mp(re2 — r13) and ?CRURC = 2mp(r33 — r12).
3(Y1L + 2Y2L)UL — (méO) + m+), 6(Y1L — YQL)’U,L — Y/aLfULa — m+, ?’Y/erULb = —2m .

® The resultant mass matrices:

0
me 0O 0 2m§ )0 0
flavour __ flavour _
M.~ = 0 my O , M>; = — 0 mt m ;

0 0 m, 0 m~ mT
- flavour - mR o = V2bsin20y, + asin’ 67, re = b(:052|9(]]2+2{—\;§si112|9¥2+bc‘,0s9;]27\%Sinﬁ"ﬁ.
MD _fU]I7 (MVR )'L] — 4 TZ] j reg = —v/2bsind)y — gsiu29?2—u,cosn9(]]2 +g(:032 9?24—% r3 = —bcos26Y, 7%%12 9[1]24»?)(‘,0395]27%si119[1]2

b o0 i 00 s 00 1 % eog2 g0
reg = 7 sin 207, — v/2bsin 6, +(1.(,0hl912+5(,05 0y + S gsiuQﬁ;szgcoszﬁ(l’erg .
Charged lepton mass matrix is diagonal in the resultant basis = Flavour basis.
0 0 —
m* = (mé ) 4 mg )) = m~ IS +ve (-ve) for NO (10)
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Mass matrices and Seesaw

® The Mﬂ“”"“r originates from Type |l Seesaw and is diagonalized by U?: —‘

MO = M58 = UOTMZ}JMOWUO — diag(mgo),mgo),méo)) = Am% =0

Here,
cos 9?2 sin 9(1)2 0
0 sin 9(1)2 cos 9(1)2 1
U= ~—"x 72 \/; — Columns : unperturbed flavour basis
sin 9?2 __cos 9(1)2 1
V2 V2 -
Demand Mp L in this basis. = Apply U°T on right-handed neutrinos.
0O b b
merg a —a
MD:mD]I and L= b NG /o
v I 2v/2ab b *_/2 \{?
VZ V2

mp — Dirac neutrino mass scale mpr — right-handed neutrino mass scale.

P Puta=ze P, b=ye P2
Type | Seesaw: M'™ass = [MLI(M™9s5)=1 Mp]

, 0 y etP1 y etP1
m . (Xol) _ (Zob}
/mass __ D e“ﬁl x e T €
: y et®1 =2 e’ 2 z "2 J

2 V2
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Analysis

o

S. Pramanick

HRI, Allahabad

DAE-BRNS HEP Symposium (IIT Madras, December 2018)

O yeiqsl ye’iqbl
2 : i i
mp, X0 zet?®2 —xe'P2
NImass - ye 7 e
R eld1 —ze'P2 ze'P2
v V2 NG
Unperturbed term: MOT MO, Perturbation: (MOT M’ + M'TMPO); CP violation allowed.
0
) 0 2ym;” cos ¢1 yf(¢1)
m 0 0
(MOt M + M7t pgO)ymass — D Qymg ) cos b1 \/ia:mg ) cos ®2 —%f((bg)
mpg 0
uf*(61)  —5f(92)  V2amf coses
where, f(p) = m™T cosp —im™ sinyp .
» | Solar Sector
012 :9(1)2—1—( : 1:a112C:2\/_g cos o1
T COS @2
: Y cos @1 x cos ¢z /2
sin € = , COS€ = , tane = — tan 2(¢ .
VY2 cos2 ¢1 + 22 cos? ¢ /2 VY2 cos2 g1 + 22 cos? ¢ /2 2
A2 2m_m§0) sin 613 cos d cos €
m —
sotar sin(e — 09,) cos2¢
Model (69,) TBM (35.3°) BM (45.0°) GR (31.7°) NSM (0.0°)
¢ -4.0° <+ 0.6° -13.7° < -9.1° -0.4° <+ 4.2° 31.3° < 35.9°
€ -4.0° <« 0.6° -14.5° <+ -9.3° -0.4° <« 4.2° 44.0° < 56.7°
e— 00, | -39.2° <> 346° | -59.5° <+ 54.4° | -39.2° <+ -30.0° | 44.0° < 56.7°

|
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Analysis Continued .. .
f sin 013 cos § = K. sin(e — 9(1)2) where k. = W’r?z_ \/y2 cos? ¢1 + x2 cos? ¢p2 /2, —‘

. . m . . 0 . . 0
sin f13sind = kK. [sm € sin ¢1 cos ¢ cos 0, — cos € cos @1 sin @3 sin 912}
mT cos ¢1 cos ¢o

sin 613 cos d

tan 053 = tan(n/4 — w) = tanw =
22 (/ ) tan(e — 69,)

Mixing Normal Ordering Inverted Ordering
Pattern é 023 ) 023
guadrant octant guadrant octant
NSM First/Fourth First Second/Third Second
BM, TBM, GR Second/Third First First/Fourth Second
Results
52 : . :
NSM — 130 | 4
BM == \|
50 r TBM =—: 120 |
GR sres .__\\\
ow 48 . 110 ‘{’\\\
()] (7] ’»'\\5
) e eemiiieaneteiarsanaeceeneed O 100} MEmI et EE— e m————————————— =
5 46 L s ans s S RS R AR A 2 R T N o T T T T T T TR L T T e i
g s = === 5
S (@) 90
S 44 T e — -g S e s e
q;&., ,:«‘m‘m,m.-.m|mf.-rr-wn'um-'-mlrﬂh'rl ------------------- |,6 80 | [ ——
42 [ & . 70 L -
I 4 NSM =
40 HF 1 60 T BM == 1
. TBM =—-
f 50 | GR +eeee 1
38 : : : : : : : : : : : : : : : : : :
0 0.02 004 006 008 01 012 0.14 0.16 0.18 0 0.02 004 0.06 008 0.1 012 0.14 0.16 0.18
mg in eV mg in eV
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Conclusions

-

General discussion: a) Discrete flavour symmetry A4.
b) Neutrino masses and mixings.

» A4 conserving neutrino mass model.

» Model had two components: dominant Type 1l Seesaw part and subdominant Type |
Seesaw contribution.

® Typell Seesaw — Am? , = 0for TBM, BM, GR and NSM case.

P Typell + Seesaw — Am?_;, #0; 6012 #0, 613 #0, 623 # 7/4 (allowed by data).

» Model has testable predictions.

THANK YOU!

o |
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Backup Slides

o |
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Some more on A4 .. .

A4 invariants come from: a) 1 x 1 = |1 |(trivial)

b) 1/ x 1”7 =1

)3 x3=1|+1"4+1"+3+3

® Consider four A4 triplets: X1, X», X3 and Xy

Combine: XiX; and X1 X
Y 2
3x3=1+4+1+1"4+3+3 3x3=1+1+1"4+3+43
First way: I1x1=|1
Second way: 1'x1”"=|1
Third way: 1" x 1 =|1
Fourth way: @3x3=|1|+1"+1"+3+3

1
P+ 1"+ 17 + 343
C©)3x3=[1|+1+1"+3+3
1

d3x3=[1|+1"+1"4+3+3
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Scalar Potential

Notations:

A= (al,ag,ag)T; B = (bl,bg,bg)T € 3 of A4

343=10101" 0303 .
prijaib; = O1(A,B);  pa2ijaib; = O3(A,B);  psijaib; = O2(A, B);
3sym = Ts(A, B) and 3gntisym = Ta(A, B)

Guiding Principles:

a) All couplings are real.

b) No two scalars have all quantum numbers same. So terms in the potential cannot be
replicated by replacing one field by another.

c) vew of singlet is much larger than that of other scalars.

o |
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Scalar Potential for A4

Total Potential =| V' = Vipgier + Vo + Vo

o e el i e i . oo L i+ oty i i Tl i b o b

them. These three triplets possess identical quantum numbers, their vev being the only discriminating
criterion. Also there are three more fields viz. A, AF and A® transforming as 1, 1’ and 1” under A4.
From Eq. (B.1) we can see that two same 5{} triplets can combine to produce several A4 irreducible
representations. For notational simplicity let us define:

052 =01 (AF AT); 0% = 0,(AJ AR T = T,(AR,AF) | (p=a,b,e). (B.4)
Using two different triplets ﬁ.]f and ﬁf where p # g analogous combinations can be defined:

053, = O1(AFTAR), 0%, = 02(AFT AR, T35, = T(ARAR) | (p,g=a,bc and p+#4q). (B.5)

Generically, it is convenient to use 5@ or i'_}p if the second triplet in the argument is replaced by its
hermitian conjugate. As an example,

O3 = O (AR AR O35 = 0y(AF L AR, Og: = 05(AR, AR and T2 = T,(AR, AFY),  (B.6)

One can also consider:

Ofse = O1(AF1, AT, O35, = O2(AF, AFY), O35y = O8(AFT, AZH). (B.7)
Also the following combinations are required:
o5 = 0L (AR TY), 05 = Oy(AR TS, 655 = 0s(AR TS |, (p=a,b,e). (B.8)

18

o |
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U(2); singlet sector

The A4 singlets AR (i = 1,2,3) can be combined to yield
Q= aMAR | (i=1,2,3) (B.9)
Needless to mention that such terms are singlets of all the symmetries under consideration.

Having devised the essential notations one can write the most general scalar potential for the SU(2)g
singlet sector of this model as:

3 o
Viinglet = Z ARQ”'l'zmagoi;'l' Z m? RC)“ + all possible permutations
i=1 PG Pg=a
2

3
+ %Z»\;[Qﬂ“+§ > Yoadierer)

kg ki k=1 j=2

+ ZA@{[O ]3+ (oss Toss+ OIP(T:;‘ Tsst]}

+ i ’\m{[é ]2+ (Oss ]t(jss + h.e. } +% i ’\-ipq {(Oss ]toss +01(Tss Tssf]}

PEQiPA=a P#ipg=a
3 c c

+ ZZ[ Xy (@05 ]+Z Y X [(Q;so;;q) +h.c.] +%Z"§p (038R + he)
p=ai=l i=1 pg pa=a pea

bY N [{(af0uaR ) + (AR0\AR 1) } + e
g pg=a

+ %Z*‘ép (G508 + he) + Z Nowg [{ (AF0s (AR, T351) + (AROSAF, Tsst) } +hec]

= PALPI=a

c
b nOpat ne)r Y ap, [{(AR0uAR i) + (aB0xAR T) ) +hc)
p=a pgimg=a
c 3 e c 3 Y
+ %%, (af‘oi,,+ he)+ 3 D A (af‘oim +he)
p=a i=1 pg pg=ai=1
c
+ 3 [A;lpafa§olp+ NapARALD,, + X35, ARAR Dy, + h.c.]

p=a
<

+ ¥ [Aglmai*a?élm + Mg AR A0y + Aigpg ARAL g + h.c.] )
Qi pa=a
(B.10)

Here Af,, Aj,, and Kgm are taken as the common coefficient of the different A4 invariants generated
by combining two AR and two (A®)! fields. Similar policy will be adopted for the fields with other
SU(2) g, properties.
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SU(2); doublet sector

B.3 SU(2); Doublet Sector:
The SU(2)r doublet scalar precinct consists of the two fields ® and 7 transforming as 3 and 1 of

A4 respectively. Opposite hypercharges are assigned to © and 7. The A4 triplet ® combinations are
denoted as:

0t = 0,(', ®); 04 = 0y(@1, ®); T =T,(2, ®), (B.11)

and that of the A4 singlet 7 are:
Qi =qiy . (B.12)

The potential for the SU(2)r doublet sector is given by:
1 21
Viouiee = mp Qi+ mgOf + 25X [di] + 54 { [0d)2 1 {031}t odd

1
+ Ou(TH, T} 4 M [dio‘fd] , (B.13)

B.4 SU(2), Triplet Sector:

The SU(2)y triplet sector comprises of five fields. There are two A4 triplets AX and Agf‘ together with
the fields the AL, A%‘ and &.;? transforming as 1, 1/, 1”7 of A4 respectively.

It is useful to define:

Ot = O1(ALT ALY, O = 0,(ALT ALY, Tt = T, (AL ALY | (n=a,b), (B.14)
Ott = 01(ALT ALY, Of | = Oo(ALT AF); O, = O5(ALT AF), T8, = T(AL AF), (n,l =a,b and n #1),
(B.15)
Qit= AMAL | (i=1,2,3), (B.16)
and

0% =0, (ALT ALT) ot = 0; (ALT .&LT), (j=1,2,3) and (n,l=a,b and n#1). (B.18)
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SU(2), triplet sector
Vi = zm& Q+Z m, Ofh + (}3 md, Ofty+ all possibl pammm) T

2 3 b
bSO Y St + L3, {0t + (00, + ouatTh)
=1 n=a

k<, k=1 j=2

b b
R . A 1
Y A {[Oiia]z +{OL 108 4 h,c.} 2 > M{ (O 1O ,] + 04 (T, T”')}

n;H n,i=a nlynl=a

t 3 ZZM,» [(Affﬁf’) O‘ﬁn] + i i Mo [(Aj'alf) Ot + h,c,]

j=1n=a j=1 n#l;ni=a

1

20

b b b
. 1
+ 52 M [{Atoh) + el + Y Mu [{ALO) + he] + 530 N [{A705} + he)
s Ni=a

o n,l=a
b

]
1
Mot [{ALGE} +hee] + 5 SONL[fAfoR ) +he] + > Aoy [{AF 68} + hel

>
=i i nl=a
3 y~ b 3 -
E Z’\g.ﬁﬂ [(&f O?n) + h‘ﬂ‘] + Z E A&jnt [(A}‘ ();tm) + .'1.::‘]

e n#lnl=a j=1

b (b (85A8t) Y+ (N (AFA5G) ) + {3 (205088) 1]
n#lnl=a
' (B.19)

S. Pramanick HRI, Allahabad DAE-BRNS HEP Symposium (lIT Madras, December 2018) —p. 19



Doublet singlet inter-sector

B.5.1 Singlet-Doublet inter-sector terms:

Let us consider the combinations:

TS = TJ(AR AR, T2 = T.(AR ARY) and T =T.(@,0"), (pg=a,b,c and p#¢q) (B.20)

and

014, = 01T, T5); Oy = 01T, TS, 658 = 0,(ARTH) |, (v=1,2,3) and (p,q = a,b,c with p # q).

(B.21)
Using this notations:
1 3 1 e 1 e )
Va = 53 [Mf(@re) + (ool +5 XMt [edtog] +5 X [ewon]
i=i p=a PG pag=a
c
+ [Aj;f, ({osaf + ne) + 258 ({o50a8 + h.c,) + X8 ({o53af + h.c.)]
p=a
<
+ % > 53 oo + (o108 + {05y 05y + 014,
p=a
21
1. . . "
+ 5 3 M, [0f408, + (05,108 + (04)105, + Ot | (B.22)
PG pa=a

o |
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Triplet singlet inter-sector

B.5.2 Singlet-Triplet inter-sector terms:

In this case the following combinations comes into play:
T = T(AL ALY, TH =TJ(AL AR OF,, =O0uT8.T3): O, = OuTE, TS
Oy = 01T, T3); Oty = 01T Tup): Oy = 05(A71, A7); O3, = O4(A7 AR
0% = 0,Tn ALy o5 =075, A0 o5 e, =g (T8, AR,

np vnpg = O ﬁT“ AD: O nlp =
(B.23)

where (7=1,2,3); (p,q=ua,bc) and (n,l = a,b). Needless to mention p # g and n # [.
Following the convention introduced already:
0%, = O4(AF AL, O = 0,(AR AL, (v=1.2,3): (p=a,bc) and (n=a,b). (B.24)

g =

The inter-sector potential for this case is given by:

3 b
Vi = gzzm [QrQy] + zzm [(@0%) +he] +33 Z M [(Q57084) + ]
=0

i=1 j=1 _y-l n=a J=ln#lnl
SRV WIACTARS i DT ETN
i=1p=a i=1 p3q; p.g=a
1 o
+ Ezzxzimp,, [ot.01 + {0508, + (0%} 035+ 08, |
p=an=a

1 c b
F 5 D D Mgy [O1O + (O} OF, + {05105 + Oling
P#ﬁraw—wﬁd

1
+ 52 Z A45!n1pp[ 505 + {031 O, + (08, 055 +01m1p]
p=an#linl=a
1« At 1A N
+: X E Niinipg [0%10%q + {03} 0%y + {Ofir} Oty + Ol
p#q;p.q:n n#lnl=a

3 F. 3 2
+ ¥ Z o (ﬂf;pAf‘ +he. ) +3 % Z A (é;ﬁm.&” +hee. )

i=1 p=a n=a i=1 p#q: pg=a n=a
3 ¢ b t 3 e b t
' R ¢ R
+ 22 Aﬁinﬂr( (A C) 300 3 M (ﬁff:zpﬂ' + "LC-)
i=1 p=o n=a i=1 p=an#l;nl=a
22
+ [)\“O{"W (AffAf + AfAT + AJTAR) +he

—u 'n—a

+ Zzbj [eo, (a
et
(

APl +afAf + AFAT) +hc)

+ Z Z [A"‘Ofﬁm AAR f ATTAR | A”As) +h r:]

p=an=a

+ Z Z [Aﬁ]og;,,

p=an=a

(afal+ afaf + affaf) + a. c]
ZZ A0, (AF'AF + ATAT + ALATT) + he.
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Singlet minimiztion

B.6.1 SU(2)L singlet sector:

The SU(2);, singlet vers are much larger than those of the doublet and triplet scalars. Thus it is safe
to neglect the contributions to the minimization equations from the inter-sector terms.
Let us remind ourselves that vgrp (p = a, b, ¢) are real and define:
URay = URay URaz = VRa: URas = VRa;
URb, = VRb, URb; = VRbW, URb, E'uﬁaug:,
TRe, = VRe, DRey = VRee®, TRes = URetw. (B.29)

For ease of presentation, let us set the following masses and couplings equal:

2 iz o I T s L T T e B ety coecll e o

MAR = MAR =Map =Mpi; Mpp =Mig =Mip =Mpsi Mgy =Mae = Mi = Mp3;
5 _ 18 s e L ONS  __ \8 __ \& _ y\S. \S5 _y\5 _\§ __\8. 315 _ 75 _ys _ s,
Mio= AV (@=123); Ay =Mg = Moy =A% AL = A5 =N = A A, = A =A% = A5

Mab = Mae=XNpe =43 Mp=M ¥ (p=0,b,¢) and (i=1,23);

Miab Altae = Alibe = Alzap = Addac = Mahe = Mzob = Mae = Mane = Al N
Ma = A =A5 = A5 Aap= Mo = Ape = A1 Mo = A8p = Age = A Mab = Abac = Abbe = A
M, = ')".;b:')‘gc:Ag‘» A?@:A?M:A‘;M:X;:‘ Agi‘pzAg ¥V (p=a,bc) and (i=1,23);

Mtab = Aftac = Mitbe = Md2ab = Mzac = Maze = Ms30b = Mazac = Ngane = A5
Asip = M V¥V (p=abe) and (i=1,2,3);
Atasb = Adlac = Adibe = Ad2ab = Adac = Xaze = Ad3ab = Mdgac = Aogse = Ao- (B.30)

With the help of the singlet sector potential in Eq. (B.10), the equalities in Eq. (B.30) and the vev in
Eqgs. (3), (4) and (5) one can obtain:

avnngietlman 2

=0 = miur+M(uiguir) + X5 [(ubguer) + (uipusr)]

duip
3A%

+ T‘lum [vha + vhs + VR +3M0%,
— 3XvRa (vd, +vh.) +6A5ul v, + 6ASul UK VR
+ 353 (uhpvd, +uinvhe) + 358 [ora (uhrvRs + uipvrc)] =0, (B.31)

a""smg!et‘nnn — avmng(eilim‘n -0

gy, g,
24

7 X
= quzugn + m?.w (vRb + VRe) + E)Lg'u‘}h + (3)3 + @3) VRa (y%{b + uﬁc)

AL % " " " "
+ ?41130 + A (vm + ﬂﬂc)} (ulpuir + ujpuzg +ujpuag) + )\gvfh (ulg + 2u1p)

— X [(vRavRy + vRavRe) (2u1k + uip)] + AjvRa(ulp — uag)
A3 [ugR (2”1%% — ”?‘m — VRaVRp + 21JR¢,1JR¢) — U3 pURa(VRE + ’URc)] + A;uﬁn(ugR —uzg)

+
+ M [ugR (2URabe — VURaURe — W2R.b + QU%E) — uipvRa(vay + ’URL-)]
+ (uir +udg +uir) [2/\511}2“ + Ag(vms + vnc)]

+

(u] guar + ulgusr + ujguar) [ZXQ‘UR‘, + ‘):g{um, + ’URC)] =0, (B.32)
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Doublet minimiztion

The following couplings are set to be equal:
M= a4 MI=x1V (i=1,2,3)
o= oah A=t = =N =Nt Y (p=abe);
d d d d
N = A = XL =ML A =M= N =N (B.36)

For the vews in Eqgs. (B.26), (B.27) and (B.28) correspond to the minimum of the scalar potential it is
necessary to satisfy the following conditions:

BVE |nxdn
a,ux

and

an |min

v}

B.6.3 SU(

=0=>u|mp+Afu"u+ Mo? + A{dz (ulpuig) + = )\ Zva =0. (B.37)

=1

2
V3
Asd
+ = (2113.1 — Ry — VRe) (11R + uiR)

+ |:(Z3(U ) %%Rﬂ—ygb—vﬂc}

Agd 1
+ T7 6 (VRaVRb + VRaVRe + URbVRE) + 3 (VRaVRb + VRaVR: — Qvach)H =0.

2
v
m%+2Ad3 3{1_4 u) + 2 Z{“m“m)

(B.38)

2)r, triplet sector:

In analogy to the doublet sector, let us define Viy = Vipipier + Vi using Egs. (B.19) and (B.25). Let us
also recall, Vpg1 = VLa, VLa2 = Vra3 =0 and vy = v = Vrss = Vrp-

This sector has several couplings involved. For simplicity of presentation, let us implement the following

choices:
m =
Ay
t
Az =
Adjn
)\Em =

ts
Al =

S. Pramanick HRI, Allahabad

. _ s ot _ .
Mpp =Mpp =My ML =MAL = Myzi Map =Megs Ay = AL, ¥ (i=1,2,3);

Mgy = Mgy = A§ 5 Mo = Ny = A5y N = A5 X5 = 25

Adjnt = ;. Agin = Agjni = A Agjn = Agjmi = Ao, ¥ (1 =1,2,3), (n,l=a,b) and n#1;

Ay = Map = AL Mo = Ay = A = Mo; e = M = N = 2N
AP, ¥ (6,5 =1,23) and i#j; A=A, ¥ (1=1,2,3), (nd=ab) and n#l;

26
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Triplet minimiztion

My = Mg, ¥V (i=1,2,3), (pg=a,be) and p#g
r\ff,mm, = ’\4rn1pp anpq r\ff,‘ngpq =AM V(i=123), (mg=a,bc), (n,l=ab)andp# g, n#1;
i _ s ts L _ _ .
Mo = AELN Y (7=1,2,3), (p=a,bd), (n=a,b)
’\ijmp = )61"’11:0_)6’ v (j=1,2,3), (p=a,be), (n,l=a,b) and n#1L.
(B39’

In order to minimize Vz such that one can arrive to vews furnished in Eqs. (B.26), (B.27) and (B.28)
the following conditions are to be ensured:

IV min Y
duy,
2 ¢ ey, Moo 2 t 2
= g [md + (uhur) (A] + M) + 5 (v, + 303, + 2uLu1JLb}:| + Asvry (3vLs + ULa)

3
+ 2xku} (v%a + 303, + vLavLy) + 2A50La (Vi +vis) + Aus Z (wfruir)

i=1
3
+ EA‘SuL [vh, + vk + vE, + VRiVR
+  AF (vp, + 3uy) [21)?3“ — vy — v, — 20h, (VRa + vEy) + 41JR;,1JRC]
+ [(,\78111}{ + /\1231-‘1}?} ['ULa VRa + VRh + ’UR,:) + %mv[,b]]
+ [()\ssu3R + )\wsuﬂﬂ) [¥La (VRa + VRE + VRe) + %m’uu]]
+ [( 9suaR + ,\nsum) [La (VRa + VRy + VRe) + Brum,'uu,ﬂ (B.40)
Also one gets;
av‘{lmiﬂ 0
a’uLv{n

3 3
= VL [mﬂ +mdy + 2Md, + 4A31JH) + = /\31.'{,,\_,:| + 5,\5 (ufur) (vLe +vis)

+ (2a5— A 7At7}vm'u;;+)\3u£’ (2vra + 3vrs) + Abud (2uLa + vp)
AE
+ 2

3 A!s
(La +vms) Y ulpuir| + ?‘4

c
1
3 (vLa +viLb) Z”??p + VL (Zufh B — 'uf?c}:l
i=1

p=c

5 1

AF [3 (vra + vrb) (VRaVRY + VRbVRE) + R (v RaVRb + VRaVRe + ”Rb’”Rc)}

)ES [311{. (21}??“ - ‘U?—w - ”}2{;: — 2vR,VRL — 2VRaVRe + 4/URB’URC}]

[ur, (VRa + vap + vro)] [[(u g + ubg + uig) (A + A5 + A5)]

[(uir + uzr +usr) (Af) + Af] + A3)]] =0.

(B.41)
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Miscellaneous

H\\ fHH
LY Y
b ¢
Y
L L;

m2 A Am

N
<
I
=i

5 s s 2 n

Golden Ratio:

a+b  a e _1+4v5

a E:%

_ ‘i 31.7° __
012 = 31.7° for GR mixing = gfrf:))—l?o = 1.618..
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Seesaw In brief

Extend the SM by a singlet RH neutrino Ng per family.

Neutrino Majorana mass term: mw€<R)C_1¢L(R)

U

1 —
gmass — 5@%0 1%D+MQL —|_ h.C.

T
where, Z p i = (MOD %Z) = 6 X 6 matrixand oy, = (C(;[;)T)

N\

. . My, 0
Diagonalize: W1 . #p W = < Light )

0 Mheavy
Myight = ME My Mp |and Mpeauy = MR

Familiar
light

M ;
neutrino

Very
heavy }_, NQ

neutrinoe

=

Can be done in three ways: Type | Type ll Type I
Fermion Singlet Scalar Triplet  Fermion Triplet
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2 (9 Y & 2
m L _ L m 0
' = 1D Y \/§ \/5 ! _D< e )
Yy

M = —— — M =
mR SO R 2x2 mp \Y =/V2
V2 V2
0 Y ) Y x /2 . 1
012 = 019+¢ , tan2¢ = 2vV2 (= , sine = and cos e = , l.e., tane = — tan 2(C .
48 ,/y2_|_$2/2 /y2+x2/2 2
2 2 2 2
2 - \/ﬁmD (0) > B 2mD (0) x _ m, 5 5 B m, x
AMgolar = (g e + 8yd = ——— my Ry = ———=——\/y® + x4 /2 =
mp mpR cos 2¢ mpm— mpm— \/Ecose
Koy sin(e — 9(1)2)
1 0
|Yg) = ﬁ[l — rycos(e — 075)] | = sin 013 cosd = Ky sin(e—0(132), tan(w/4—693) = tanw = Ky Cos(e—9(1)2) .
% [1 + Ky cos(e — 092)]
B — (0 sin 013 cos é cos €
AMmgolar 2m m . 0
cos 2¢ sin(e — 05,)
12
_ __—_(0) 2 _
z=m my /AM 0 s and tan§ = mo/\/|Am?Ltmos| ,
Am?ola’r‘ cos 2¢ sin(e — 0?2)
z =
|Amgtmos| 2sin 13| cos | cose
1
z = sin&/(1 +sing&) i.e., 0 < z < — (for normal ordering),
2
1
z — 1/(1 +sing) i.e., — < z < 1 (forinverted ordering)
2
sin 613 cos é
tan w = .
0
tan(e — 675)
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Real M’

Only the normal ordering of neutrino masses is allowed.
Only the first octant of 653 is admissible.

A

Inclusion of Type-I see-saw corrections is incapable of making the TBM and GR mixing patterns
consistent with the allowed ranges of the mixing angles.

4. NSM and BM alternatives can produce solutions in consonance with the neutrino masses and
mixing. The allowed ranges of lightest neutrino mass is very narrow.

7

: IReaI Mygr; ll\lormal Ordlering, First IOctant | :
é 65 | i
(o))
S
=
s
<+
E
1l
3
31 ?;2 3:3 3:4 ?;5 3:6
6,, in degrees
Complex M’
e [Cz;“;l f($1) cos 69, — 295 (o) sin 6,]/m T
s) = | 5l — reloddss f(d1)sin 075 + 2255 f(d2) cos 075]/m™} | .
%{1 + ’fc[cilsn(fl f(¢1) sin 912 + C(;(;SQ;Q f(¢2) cos 912]/m+}
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Mass matrices and Seesaw

P The M,fjéa”o“r originates from T'ype I Seesaw and is diagonalized by:

MO = M58 = UOT]WEZLGWOUTUO — diag(mgo),mgo) méo)) = Am% =0

Y
0 : 0
cos 67, sin 67, 0
) 0 sin 9?2 cos 9(1)2 1
with U~ = V2 2 NG
sin 9(1)2 __cos 9(1)2 1
V2 V2 V2

= Corresponds to : | 612 =0, 613 = 0, 623 = 7 /4. | = Mixing angles are either 0 or 7 /4

to start with.
P Puta=2mpzre *l: b=2mpye "2 and mp = fu.
Type | Seesaw: M'flavour — {ME(MZEWOW)*MD}

2 y Y e?jl Y eiil
/ _ 770T a4/ f1 0o __ mp idq x P2 —x e'?2
M mass = U M CLUOUT'U — \/5 p— y (& \/5 \/5
— pivr —z 2z elP2
Y V2 V2

x, y — dimensionless real constants of O(1).
mp, mpr — Dirac and Right handed neutrino mass scales.
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Popular mixings

N

3
Sy
=
|
|
| =
Sle| |
- = el
Wl
(@)
N | —
oo
=
|
N—_____
| Q‘
D= o=
N~
N
SQ‘ -
N | N

0 b b
mass mpr B a_ _a
2 V2

with @ = ye~*®2 and b = ze %1

o

S. Pramanick HRI, Allahabad DAE-BRNS HEP Symposium (IIT Madras, December 2018)

—p. 30



Scalar Potential for A4

Total Potential =| V' = Vipgier + Vo + Vo

with Vg = ‘/triplet + Vis and V@ = Vlombiles - Vs
$» SU(2)r Doublet Sector:

1 2 1
Viountet: = mpQat +m30f? + -af Q3| + a3 {[0f* + {05} 04

+ ONTI TN + 2ad [Qudofd]

where, 094 = Oy (@1, ®); 044 = O5(®1, ®); T = Ty (@, @); QI = iy .

Minimization conditions:

Doublet sector:

Z—JL* =0=u [Qm% + 2209u*u + Nv*v + Xuhug + 3)\§dv?%] = 0.
and
av@‘mz’n _ 0
ov?
v*vu 5
= % {mq) —|—4)\d ( - ) —|—)\ uwru + )\SduRuR + A\; (uE—I—uR)vR—l— 4)@%}%}
0.

B |
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Scalar Potential Continued.. .

Total Potential =| V' = Vipgier + Vo + Vo

» SU(2); Singlet Sector:

SS SS 1 S SS
Vsinglet — mZ§Q3 +m2AR 1 T 5)‘1 [QS ]2
1 s 5812 ss\tss SS sst 1 s $S )SS
+ S {01 + (05105 + 0u(T3°, T2 } + 525 [Q5°05°)
TR [ﬁgmgf? + h.c.] + A {5§SA§A§ + h.c.]
where; 0% = O1 (AR AR); 03° = O5(AFT, AR); T35 = T, (AR, AR),
03° = O3(ABt, ARt) and T2° = T, (AR, ARY), 63° = 02(AR, T21), Q37 = AFTAR
$ SU(2);, Doublet Sector: . >
Viountet: = m2Qa’ +m308" + Sx{ [Q1¢]" + =6 {[0f* + {08} 05

+ 0N TIN ] + 3 [Qutofd] .

where, O = O1 (@1, ®); 0% = O3 (®T, ®@); T = T (@, ®); Qe = nin .
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Scalar Potential Continued...

» SU(2); Triplet Sector:
3 3
1 2
‘/triplet — Z mQAL Qit T m2AL Oit T 5 Z )‘iz [th]
i=1 ! i=1

-

l\DIb—‘

2 3
PP T
k=1 7=2
1 1
D {ione + qomyiog + oyt zih} + L3, [attor
+ AL [ﬁ{’tAf + h.c.] N [ﬁgmg + h.c.] SN [ﬁgmg + h.c.}

3
-+ Z)\t [5“A.LA,L-L - h.c.} + {Agl OUAEAL 4+ hec + cyclic]

1 A A
where; Ot = 01(ALT AL); Oft = Ox(ALT, AL); T% = T, (AL, AL);
Qtt = ATTAL; ot = O,(AL, THY) (i=1,2,3).

9 Smglet Doublet Inter- sector terms:

1
Vi = %[00 + o3¢ [@ar0f] + 238 [@0] + A3t [{03*H AR + hec]
1 S SS SS SS S
+ 5Agt [ofor + {057} 08 + {0305 + 07
where; T2° = T (AR, ART) and T = Ty (@, 1); 034 = O1 (T4, T2%);
05% = O3(AR, T34, T5s = Ty (AR, AR) and T34 = T, (@, ®1).
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&  Scalar Potential Continued.... .
f’ Singlet- Triplet Inter-sector terms: . —‘
DIRACHEY

‘/;58 — _Z tS Q Qtt _|_ )\ts [Q Oit] + =
+ 2 [ofor + {0510 + {0F}H0g° + 0t3]
3 ~
+ Z/\ts 0 AP fhe| 428 |G AR +hc]

+ AP (oAb Al +he] + 28 [0FAFTAR + he | + 25 |05 AFTAR + e
n [ O AEAL 1 h.c.] + Al [6§SA§A§ + h.c.] AL [558A§A§ n h.c.]
where; Ots =

O;(ART ALY (i =1,2,3); 0% = O1(TH, T5%);
ot A

0i(T2*, ALY ;0 = Oy(ART, AMY) (i = 1,2,3); 64 = O3(T, AR).

S

Minimization conditions:

Singlet sector:
8Vsinglet‘min

3
LI 0 = up [ + Afufur + 330k | + 30k Ve + 205uR] =0 |
R

8‘/singlet|m,in >\S
and e =0=ovRr |m R-|-4>\21)R—|— uRuR-I-)\4vR(2uR—I—uR)—I—2>\5uR =0
YRi
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Minimization conditions:

oublet sector:
8V@|mzn —0=u 2m2+2)\d * )\d * )\sd * 3)\sd 2 —0
— = n 1U U+ A3V U+ A]TURUR + 9A3 v | = 0.

ou*
v¥v

* 1 5
—0= — {m?p + 4\S ( ; ) + Auru + 5>\§dUEUR + i (uk + ur)vR + ZAgdU%} =0

Triplet sector:

Choose mprL = maL =maL =maL ; A, =2, =L =20 5 AL, =L, =L, =
)\521 — >\532 — >\531 — )\1('3: 3 Agl — >\18;2 — Agg - )\Z : Agl — )\62 — )\63 — >\2
MT = A S = AT AR = AR =M = AP AL = AR = Al = A
Mp o= M=M= M =OF =P =
% ; . 1 . 1 . 3
i) gu[:nm =0 = ug {mQAL + ()\Z + )\z)uLuL + iAévaL + 5)\ZSuRuR + 5)\38@%}
L
1
+ 20iul (A5 4+ L) +vpug {—5)\2«91}1{ + B + )\?S’UJR:| = 0.
oV ' 3 1 3
) 57>|kmm =0 = g {mQAL + =Mufur + 2050 + = APufhug + —)\ZSU%}
(O 2 2 2

3
+  ur {6uva (AL + L) — 5)\28@12% - SA?S’U,EUR — SAZSuRvR} = 0.

1
iii) D0 — » = 0= vrvR |:——>\ZSUR—|—>\ES(UE—|—UR):| = 0.
VT 5 ov7 4 4
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