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• Despite all of this, it’s been (as usual) an incredibly fruitful year for jet physics 

• I will do my best to showcase some of the (in my personal opinion) interesting theory results 

Big news from the LHC XENON1T
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Looking back to 2019
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Conclusions
● Machine learning is here to stay. 
● If a problem can be framed in the “right” way, ML can lead to real insights - but 

it should be primarily viewed as tool! 
● Precision calculations of jet substructure observables will be critical for future 

measurements, notably for αs extractions
● See you in Hamburg!

33

My hopes for 2020

● Can we come up with quantifiable metrics beyond performance 
for comparisons of different ML algorithms? Different metrics for 
different applications?

[arXiv:1803.07977]● Is it possible to find ways to leverage performance gains from 
ML methods in calculable and robust frameworks?

32

● Can we perform precision calculations for other key 
jet substructure observables? And compare these 
calculations with measurements?

● Is it possible to improve non-perturbative modelling, 
e.g. through improvements of perturbative 
component of parton showers?

Frédéric Dreyer 
Boost 2019 Theory 

Summary

The aim of this talk 
is to spark a 
discussion about 
how much progress 
we have made on 
these points 
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Outline
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• New tools (with and without machines): groomers, taggers, observables 
and new insights 

• Opening the black box: machine-learning and expert-knowledge 

• Looking ahead: jets for future colliders  

• Conclusions
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• Find hardest branch in the C/A sequence, i.e.  

• Drop all branches at larger angles

Dynamical grooming

7

κ(a) =
1
pT

max
i∈C/A

zi(1 − zi)pT,i(θi /R)a

Mehtar-Tani et al. arXiv:1911.00375, 2005.07584
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dynamical 
grooming

SoftDrop

• grooming condition auto-
generated on a jet-by-jet 
basis 

• more aggressive grooming 
with deceasing a

https://arxiv.org/abs/1911.00375
https://arxiv.org/abs/2005.07584
https://arxiv.org/abs/1911.00375
https://arxiv.org/abs/2005.07584
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Dynamical grooming
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Mehtar-Tani et al. arXiv:1911.00375, 2005.07584
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Results — Dynamical Grooming
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Larger   Larger a → θ Smaller   Larger a → z

New Preliminary
Y. Mehtar-Tani, A. Soto-Ontoso, and K. Tywoniuk 

PRD 101 (2020) 034004proton-proton

First measurement of Dynamical Grooming         Well described by PYTHIA

• Modified LL 
resummation 

• Dynamical cut-off 

• First comparison to 
ALICE data

https://arxiv.org/abs/1911.00375
https://arxiv.org/abs/2005.07584
https://arxiv.org/abs/1911.00375
https://arxiv.org/abs/2005.07584
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Dynamical grooming
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Mehtar-Tani et al. arXiv:1911.00375, 2005.07584

• Recently applied to W and top tagging  

• Good performance is found, comparable to recursive SoftDrop but 
with less fine-tuning
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Color ring
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Buckely et al. arXiv:2006.10480
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H ! bb̄ H ! gg Z ! qq̄
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FIG. 4. Large-R jet structure distributions for Z(µµ)H(bb̄) vs. Z(µµ)bb̄ (left column), Z(µµ)H(gg) vs. Z(µµ)j(j) (central
column), and Z(µµ)Z(qq̄) vs. Z(µµ)j(j) (right column). The observables, from top to bottom rows, are the jet color ring O,
dipolarity D, jet pull angle �p, and D2.

• Design a simple and versatile colour-singlet tagger looking at the 
behaviour of matrix elements in the soft and limit 

• Signal (colour singlet) and background are typically characterised by 
different colour correlations (we look at the boosted limit of the dipole)

3

n̄

b̄

b

CF �
CA

2
CA

2

CA

2

FIG. 1. Illustration of the direction of color flow for the octet
configuration of bottom (b) and anti-bottom (b̄) quarks, in
the collinear limit. All other colored particles in the event are
present in the n̄ direction, and the three pairs of color matrix
products are listed.

eCB:

|MB|
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(na · k)(nb · k)
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(na · k)(n̄ · k)
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◆
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Before continuing our discussion, let us consider a few
examples. If we are interested g ! bb̄ as the back-
ground process to H ! bb̄, we then have CS = CF ,
CB = CF � CA/2, and eCB = CA/2. The color flow
for the background process is depicted in Fig. 1. On
the other hand, if we are considering as signal process
H ! gg (or V ! qq̄), with background all 1 ! 2 QCD
splittings, we then have CS = CA(CF ) and, after some
algebra, CB = eCB = CF + CA.

By the Neyman-Pearson lemma [28], the optimal dis-
criminant observable for distinguishing the momentum
dependence of these color configurations is monotonic in
their likelihood ratio. Taking the ratio of these matrix
elements, we have

|MB|
2

|MS |2
=

CB
CS

+
eCB
CS

✓
(na · n̄)(nb · k)

(na · nb)(n̄ · k)
+

(nb · n̄)(na · k)

(na · nb)(n̄ · k)

◆
.

(9)

Because we only care about a function monotonic in this
ratio, we can ignore the constant color factors for de-
termining a discrimination observable. That is, we only
consider

|MB|
2

|MS |2
'

(na · n̄)(nb · k)

(na · nb)(n̄ · k)
+

(nb · n̄)(na · k)

(na · nb)(n̄ · k)
, (10)

where ' means up to a monotonic function.
To go further, we exploit the kinematics of the dipole

configuration and the collinear limit. In the limit in
which the final-state partons are collinear, to leading
power in their splitting angle n̄ · k is just twice the en-
ergy of soft gluon k. Additionally, the dot products of
light-like vectors is

n̄ · na ' n̄ · nb ' 2 , (11)

××

O < 1

O > 1

Omin =
1

2

FIG. 2. Illustration of the geometry selected for by the ob-
servable O. The location of the final-state hard partons are
denoted by the black dots, and the O = 1 contour is the
dashed red circle. The region inside the circle has observable
value less than 1 and the region outside is greater than 1. The
point at the center of the circle, directly between the bottom
quarks, is where the observable takes its minimum value, as
labeled.

again to leading power in the splitting angle of final-state
hard partons. With these assumptions, we can further
reduce the discrimination observable to

|MB|
2

|MS |2
'

1 � cos ✓ak + 1 � cos ✓bk

1 � cos ✓ab

, (12)

where ✓ak (✓bk) is the angle between the soft gluon and
each of the final-state hard partons, and ✓ab is the angle
between them.

Finally, we Taylor-expand the cosine factors in the
collinear limit, and take our discrimination observable
to be the ratio of angles:

O =
✓
2
ak

+ ✓
2
bk

✓
2
ab

. (13)

We refer to this observable as the jet color ring. Note
that if we were to interpret Eq. (13) as the leading-order
expression of a jet (or event) shape, we would conclude
that jet color ring is not infrared and collinear (IRC)
safe, as it is not weighted by the energy of the soft gluon
emission k. This, in turn, maybe interpreted as an in-
ability to theoretically predict its distribution on signal
or background events. However, we view Eq. (13) in a
more positive light by interpreting the gluon with mo-
mentum k to be the leading-order approximation of a
well-defined subjet in the larger jet. We will come to
the precise particle-level definition of the the jet color
ring in Sec. III when we test its discrimination power in
simulation.

The form of the sum and ratio of squares of angles in
Eq. (13) has a nice geometric interpretation. The observ-
able O can take values greater or less than 1, depending
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H ! bb̄ H ! gg Z ! qq̄

FIG. 5. ROC curves for the H ! bb̄, H ! gg, and Z ! qq̄ analyses described in Section III. These curves characterise
the trade-o↵ between the (desirable) true-positive event identification rate (aka e�ciency), and the (undesirable) false-positive
identification rate. Curves are shown for selections defined by sliding x < C cuts, for all possible values of the cut C and
observables x from the set of jet color ring O, dipolarity D, pull angle �p, and D2.

to the background topology are also seen in the dipo-
larity D, which becomes nearly identical for signal and
background, and to a lesser extent in the pull angle and
D2 distributions.

Analysis 3: Z ! qq̄

In our third analysis, we look at double Z production,
with one Z decaying into muons and one hadronically,
in the equivalent boosted regime pT > 180 GeV ⇠ 2mZ

so that the hadronic decay products of the Z are re-
constructed as a single (two-pronged) jet. Equivalent to
the H ! gg analysis, our signal sample is the merged
pp ! Z(µµ)+Z(qq̄)+  1j process, and the background
pp ! Z(µµ) + j+  2j. The analysis is similarly as
for H ! gg, with no b-tagging requirements, but with
the leading jet pT cut reduced as motivated above, and
the jet-mass window shifted to mJ 2 [75, 105] GeV for
compatibility with the Z pole mass. The resulting distri-
butions are again shown in Fig. 4, in the rightmost col-
umn. Because the background is the same as the one we
considered in our previous analysis, albeit with slightly
di↵erent kinematical cuts, the background distribution
still presents the unwanted peak at small O, while the
signal distribution has the shape we expect from a sin-
glet decay. Sightly more signal/background separation is
present for this lower-scale analysis and signal process.

Interpretation

By looking at the three analyses together, we can draw
two important lessons. First, the jet color ring does be-
have as expected on signal jets which are originated by
the boosted decay of a color-singlet resonance, and the

resulting distributions depend only mildly on the spin of
the decaying particle, making it a rather universal color
tagger. However, we can already anticipate by looking
at the background distributions that the jet color ring is
an e�cient tagger only when the task is to distinguish
between two well-defined color configurations, as is the
case H ! bb̄ (color singlet) vs g ! bb̄ (color octet).
Unfortunately, when the background is characterized by
more complex color configurations, as in the QCD jet
case, we anticipate the discrimination power to be rather
poor. In this sense the H ! bb̄ (and, although not explic-
itly considered here, Z ! bb̄) processes are experimen-
tally privileged with respect to other hadronic substruc-
ture channels by the power of the b-tagging to select out
the quark–antiquark dipole, while flavor-inclusive anal-
yses can be confused by presence of multiple types of
dipole constituents, because q and/or q̄ do not necessar-
ily correspond to the leading subjets.

We can make these considerations more quantitative
by looking at ROC curves corresponding to x < C one-
sided cuts, for variable x chosen from the variables con-
sidered here: this cut is appropriate as smaller values are
more signal-like for all three distributions. A ROC curve
is a plot of the true-positive rate (the fraction of signal
events identified by the reconstruction analysis and the
selection cut) against the false-positive rate (the fraction
of background events selected), and captures — in a form
independent of the cut values for the di↵erent variables
— the trade-o↵ between the acceptance and purity of
the signal-identification strategy. Sets of such curves are
computed for each of the three analyses from the distri-
butions already considered, and are shown in Fig. 5. As
anticipated, the performance of the jet color ring is good
in the first (H ! bb̄) case but is rather poor when it
comes to discriminating against QCD-jet backgrounds.

In the plots of Fig. 5 we also show the ROC curve cor-

• Good performance in distinguishing singlet vs octet but performs worse 
with more complicated (QCD) backgrounds

• Limitation probably due to modelling the extra (sub)jet with one soft gluon 

• Interesting interplay with standard observable D2
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• Energy Flow Operators are natural 
objects in field theory

 

• However, standard observables are not 
directly related to these operators 
(although moments are) 

• Ian Moult will give more details in this talk. 
Here I will only mention a few highlights

2

I. INTRODUCTION

The Large Hadron Collider (LHC) provides a rich sam-
ple of high energy jets, opening up new opportunities
to study the dynamics of QCD, and providing new av-
enues to search for physics beyond the Standard Model
[1, 2]. To perform first principles QCD calculations in
the complicated environment of LHC collisions has re-
quired significant theory progress, including the devel-
opment of techniques to calculate groomed observables
[3–5], and field theoretic formalisms for computing ob-
servables that incorporate the tracking [6–8] or charge
information [9, 10] often used to mitigate pile up and im-
prove angular resolution. These advances have enabled
the first comparisons of theoretical predictions with pre-
cision measurements for jet substructure observables [11–
16].

Despite these successes, one of the drawbacks of ob-
servables that incorporate grooming algorithms or track-
ing information, is that this significantly complicates per-
turbative calculations, preventing the use of more mod-
ern techniques for loop and phase space integrals, and
hindering the understanding of their underlying mathe-
matical and field theoretic structure. This is particularly
true for observables that use tracking information, which
has prevented their use for precision measurements, de-
spite their experimental advantages. To enable increas-
ingly precise QCD measurements of jet substructure ob-
servables at the high luminosity LHC will require observ-
ables that are both amenable to higher order perturbative
calculations, and that can be computed using tracking
information.

While there has been significant e↵ort towards the de-
velopment of jet substructure observables at the LHC,
it has primarily been from the perspective of developing
tagging observables, rather than developing observables
with the goal of simplifying their analytic structure. To
understand what makes an observable simple from a the-
oretical point of view, one must begin by understanding
what it means from a field theoretic perspective to mea-
sure the flow of energy (we will discuss later the case of
charge) within a jet. The basic objects that measure en-
ergy flow are the energy flow operators [17–24] defined
as

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1)

where ~n is a unit three-vector that specifies the direc-
tion of the energy flow, and Tµ⌫ is the energy-momentum
tensor. The natural objects in the field theory are then
correlation functions of these energy flow operators

1

�tot

d�

d~n1 · · · d~nN

F.T.
=

hOE(~n1) · · · E(~nN )O†
i

hOO†i
, (2)

which we will generically refer to as energy correlators.
In Eq. (2) the source operator O in QCD can be, for ex-

ample, the electro-magnetic current  ̄�µ , or Higgs op-
erator h/vG

µ⌫
Gµ⌫ , and F.T. is a Fourier transformation

to momentum space. Since we will not consider oriented
observables in this paper, the Lorentz indices between O

†

and O can be contracted and will be ignored throughout.
When all the energy flow operators in the correlator of
Eq. (2) are placed in a collinear limit, these energy cor-
relators are a jet substructure observable. This is illus-
trated for the particular case of a three particle correlator
in Fig. 1 from a particle physics perspective where the en-
ergy flow operators can be thought of as calorimeter cells,
and in Fig. 2 we show the spacetime structure of the en-
ergy flow operators in a Penrose diagram. However, as
we will describe in detail in this paper, these energy cor-
relators are quite distinct from the observables currently
used for jet substructure at the LHC, largely due to the
interests of the field during its developmental stages. For
the particular case of two energy flow operators, the ob-
servable in Eq. (2) is referred to as the Energy-Energy
correlator [25], which has been used extensively as an
e
+
e
� event shape (see e.g. [26, 27] for recent work).

The energy correlator observables in Eq. (2) are in
a sense the simplest observables in a field theory that
measure the flow of energy. In particular, they inherit
a number of simple theoretical properties from their di-
rect representation as a matrix element: they have man-
ifest symmetry properties [22, 23, 28, 29], enjoy sim-
ple factorization properties in limits [28–33], have sim-
ple non-perturbative behavior even away from singular
regions of phase space [19], can be analytically calcu-
lated to high perturbative orders [24, 34–36], and can be
directly studied using sophisticated techniques from con-
formal field theory (CFT) [28, 33, 37, 38], including at
strong coupling in N = 4 super Yang-Mills (SYM) us-
ing the AdS/CFT correspondence [21]. Furthermore, all
infrared and collinear safe energy flow observables can
be expressed in terms of these basic objects [17, 18] (for
recent work see [39, 40]). While this connection is ele-
gant, it is quite abstract, leading to a significant divide
between the more formal theoretical study of simple en-
ergy correlator observables, and the “real world” study of
more experimental or phenomenological observables used
at the LHC.

In this paper we attempt to bridge the theory-
experiment divide by introducing observables that can
be expressed in terms of correlation functions of a finite
number of energy flow operators (as in Eq. (2)) and hence
maintain simple theoretical properties enabling them to
be computed to high perturbative orders, but that are si-
multaneously experimentally convenient. We present the
perspective that the simplest observables are precisely
those that can be expressed in terms of correlation func-
tions of a finite number of energy flow operators, and
we “give teeth” to this otherwise abstract perspective by
concretely showing that it enables a number of new jet
substructure calculations to higher perturbative orders,
higher numbers of points, and incorporating tracking and
charge information. We believe that this will have both
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FIG. 1: Energy flow operators, shown in red, probe
correlations between flows of energy arising from the
collision of two protons at the LHC. In the small angle
limit they factorize from the rest of the event and

probe the collinear substructure of jets.

an experimental impact, as well as make more trans-
parent the connections between jet substructure and the
more formal study of light ray operators. In this paper we
will highlight a number of these advantages, leaving more
phenomenological studies at higher perturbative orders,
and with more detailed derivations, to future work.

In this paper we introduce the projected energy cor-
relators, an infinite family of experimentally convenient
observables, each of which can be expressed in terms of a
finite number of energy flow operators. These projected
correlators behave similarly to common jet substructure
observables such as the groomed jet mass, namely they
are single logarithmic collinear (soft insensitive) observ-
ables designed to probe the collinear structure of jets.
Furthermore, we show that this infinite family of ob-
servables in fact forms an analytic family, allowing us
to derive results and perform resummation for arbitrary
N -point projected correlators.

One of the key benefits of the projected energy cor-
relators that we will highlight in this paper is that they
enable a simple incorporation of non-perturbative infor-
mation relating to tracks or charges into perturbative cal-
culations. The track function formalisms of [6, 7, 9, 10]
have unfortunately not so far been widely applied for
standard jet substructure observables, since such calcu-
lations are perturbatively complicated, and involve the
full functional form of the non-perturbative track func-
tions. In this paper, we show that the projected N -point
correlators only require integer moments  N that en-
ter trivially as weights. Furthermore, the resummation
of track correlators in the collinear limit only requires
the renormalization of these integer moments, which sat-
isfy linear renormalization group equations (as compared
with the non-linear equation for the full track function),
which enable them to be computed to higher perturba-
tive orders. This will allow for high order perturbative
calculations involving track information.

A further particularly interesting feature of our analy-
sis is that our formulas for the N -point projected correla-
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]
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dz
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X

i,j

Z
d�

EiEj

Q2
�

✓
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◆
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]
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�Z

0
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r��

r
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n

i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i
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, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
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2
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FIG. 2: Weighted cross sections can be formulated as
matrix elements of a finite number of energy flow op-
erators, leading to their simple theoretical properties.

tors are analytic functions of N (for both the anomalous
dimensions and the normalization constants), allowing
us to consider their analytic continuation to non-integer
values of N . These analytically continued observables
have a scale evolution determined by the anomalous di-
mensions of non-integer twist-2 spin-N operators. We
present a definition of these observables that is valid for
measurements at the LHC. These observables correlate
infinite combinations of particles within a jet (up to the
fact that there are only a finite number of particles in real
world applications). This illustrates a qualitatively new
way of defining jet substructure observables through an-
alytic continuation. Analytic continuation also provides
a means of defining families, in a mathematically precise
sense, of observables that probe specific aspects of jets.
In this language, one of the primary results of this paper
is to place observables that probe the twist-2 dynamics
of jets into a single analytic family.

An outline of this paper is as follows. In Sec. II we
discuss the di↵erence between standard jet substructure
observables and weighted cross sections, and emphasize
that standard jet substructure observables necessarily in-
volve matrix elements of an infinite number of energy
flow operators. We then discuss the implications of this
observation for incorporating track and charge informa-
tion. In Sec. III we introduce projections of the energy
correlators that are a function of a single scaling variable
and are ideal for experimental studies. We also discuss
ratios of these observables that are promising for preci-
sion measurements. In Sec. IV we analytically continue
these observables to non-integer values of N , and define a
new class of jet substructure observables which we term
⌫-correlators. In Sec. V we discuss the resummation of
the ⌫-correlators, and present numerical results for in-
teger and non-integer values of ⌫. In Sec. VI we then
generalize this to the case of correlators using tracking
information. We conclude and discuss a number of fu-

Chen et al. arXiv:2004.11381
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(a) (b)

FIG. 3: An illustration of the di↵erence between a weighted cross section, and a more standard jet observable.
For a weighted cross section, shown in (a), a weighting function !(X) is applied to the final state (here the cut is
illustrated by the black bar). For a more standard jet observable, shown in (b), the final state is constrained by

an operator ê(X), and the cross section is calculated as a function of this constraint.

to the energy flow polynomials [39]. The operator valued
�-function in Eq. (7) is formally defined by its moments

�(e � ê) = �(e) + ê�
(1)(e) + · · · +

ê
n

n!
�
(n)(e) + · · · , (12)

and observables of this form therefore require the knowl-
edge of correlators of an infinite number of energy flow
operators. In particular, we conclude that any observ-
able that is defined by specifying its value on the final
state involves an infinite number of energy correlators to
define it (again, up to the fact that there are only a finite
number of particles in real world applications).

In this paper, we want to advocate that the use of
weighted cross sections provides many advantages, par-
ticularly in the context of precision calculations. The
fact that standard observables involve an infinite sum
over all moments hints that they are sure to be a more
complicated object, and are likely to obscure the sim-
ple symmetry properties of the underlying energy cor-
relators. While in perturbation theory, this is perhaps
acceptable,4 we will see that this complication is par-
ticularly transparent when considering non-perturbative
e↵ects such as the inclusion of track information. In par-
ticular, we will show that observables involving only a
finite number of energy correlators is particularly conve-
nient, will require only a finite number of moments of
non-perturbative functions, instead of an infinite num-
ber. This allows for new calculations of track based ob-

4 Although we should emphasize that the perturbative simplicity
of energy correlator observables has enabled a number of analytic
calculations [24, 29, 34–36] that were not possible for standard
�-function observables, leading to valuable perturbative data for
improving our understanding of event shapes [55].

servables, and is one of the key points that we wish to
emphasize in this paper.

Although it is not the primary goal of this paper, it
is also worth emphasizing that the nature of the physics
being probed by the “weighted observables” such as the
energy correlators, as compared with �-function type ob-
servables is actually quite di↵erent. In particular, energy
correlators are by definition probing energy correlations
at a particular angular scale. This ensures that they
probe the collinear core of a jet, and are insensitive to
wide angle soft radiation. This is quite distinct from
having a constraint �(e � ê) and demanding e ⌧ 1 as
is commonly done in jet substructure. Due to the en-
ergy weighting necessary in the observable for infrared
and collinear safety, this condition is also satisfied by
soft radiation, giving rise to soft sensitivity. There has
been much interest in the jet substructure community
in achieving observables that are insensitive to soft ra-
diation, primarily focused on starting with observables
that are soft sensitive and eliminating this sensitivity by
grooming. However, the restriction to collinear physics
can be automatically achieved by starting with weighted
cross sections, and we believe that this perspective is ben-
eficial from a theoretical perspective.

Finally, we conclude this section with a comment on
the adoption of “observables” as opposed to weighted
cross sections in the study of jet substructure at the LHC.
The rejuvenation of the study of the dynamics of QCD
jets was largely driven by the search for beyond the Stan-
dard Model physics, and in particular, the construction of
jet observables that tag jets with particular energy flows.
Unlike standard “observables”, weighted cross sections
do not take a single value on a given jet, and therefore

https://arxiv.org/pdf/2004.11381.pdf
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• To make contact with experiment, we would like to define observables that 
are distributions of one variable 

• Starting from the two-point correlator, one can define consider higher 
points, integrating out the extra directions with some constraints 

• This projected N-point correlators are an infinite family of jet observables 

• We can go further and analytically continue in the complex plane N→ν 

• Incorporating track information for these observables is much simpler 
than in the traditional case 
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by themselves are not obviously useful for tagging.5 As
jet substructure has transitioned to the precision study
of QCD properties, the same observables originally used
for tagging have continued to be used. However, as we
will argue in this paper, in the context of precision mea-
surements, we should completely reconsider the classes of
observables that are used in the study of jet substructure,
and we will show that energy correlators o↵er a number
of significant advantages.

A. Incorporating Tracks

One of the key advantages of weighted cross sections
that we highlight in this section is that they interface in a
simple manner with tracking information. This should be
intuitive: instead of weighting by the total energy flow-
ing in a particular direction, one must simply change to
weighting by the energy flowing in tracks in that direc-
tion. This modification only requires the knowledge of
a single (measurable) non-perturbative number, the av-
erage energy converted into tracks, see Fig. 4. The goal
of this section is to make this precise using the language
of track functions. The results of this section hold for
generic angles between the energy correlators, and are
not restricted to the collinear limit. The collinear limit
will be considered in more detail in Sec. VI, and here we
will find additional simplifications that arise when con-
sidering resummation with tracks.

In [6, 7] an elegant field theoretic formalism for the
treatment of tracks was developed6 that allows for the
separation of perturbative and non-perturbative physics
through the introduction of a track function Ti(x), with
i denoting the parton label, i = q , g. The precise field
theoretic definition of the track function is not required
here. It describes the distribution in energy fraction of a
parton i that hadronizes into tracks (charged particles)
with four momentum p̄

µ
i = xp

µ
i + O(⇤QCD). Here 0 

x  1 and the track function satisfies the sum rule

1Z

0

dx Ti(x, µ) = 1 . (13)

The track function is a non-perturbative object, but has
a calculable scale (µ) dependence, similar to a fragmen-
tation function. We will define the following shorthand

5 Although, as mentioned above, their moments are directly re-
lated to the energy flow polynomials which are a basis of tagging
observables [39]. It would also be interesting to understand how
to use weighted cross sections in the search for new physics. For
an early example of an observable that is closely related to the
energy correlators being used for new physics searches, see [56].

6 See also [57] for a generalization of the track function and jet
charge formalism to fractal observables.

notation for the moments of the track function

T
(n)
i =

1Z

0

dx x
n

Ti(x, µ) . (14)

At the level of detail that we work to in this section,
one can imagine that to convert a perturbative calcula-
tion to a calculation on tracks, one must simply tack a
track function onto each parton [6, 7]. However, we will
see that this process is much simpler for weighted cross
sections as compared to �-function type observables.

We first consider the case of an observable defined with
a �-function

d�

de
=

X

N

Z
d⇧N

d�N

d⇧N
� [e � ê({p

µ
i })] , (15)

where we use d�N to denote the N -body di↵erential cross
section, and d⇧N the N -body Lorentz invariant phase
space measure. The observable defined on tracks is then
given by

d�

dē
=

X

N

Z
d⇧N

d�̄N

d⇧N

Z NY

i=1

dxi Ti(xi)� [e � ê({xip
µ
i })] .

(16)

Here we have followed the notation of [7] where the bar
over the observable indicates the observable measured on
tracks. In Eq. (16), d�̄N/d⇧N denotes a matching coe�-
cient. In general, the analytic calculation of observables
on tracks is complicated because the measurement con-
straint now involves the variables xi. This is not only a
technical complication, but as we will see shortly, it will
also imply that the observable depends on the complete
functional form of the non-perturbative track function.

On the other hand, for an energy correlator it is triv-
ial to incorporate tracking information, since this just
rescales the weight function. This is shown schemati-
cally in Fig. 4. For a particular partonic configuration
(and for well separated correlators), the conversion to
tracks is achieved by making the following replacement
for the weights

Ei !

Z
dxi xiTi(xi)Ei = T

(1)
i Ei . (17)

In other words, in going to a calculation in tracks,
the first moment of the track function appears as a

multiplicative constant for the weight, either T
(1)
q or

T
(1)
g (T (n)

q = T
(n)
q̄ due to the charge conjugation invari-

ance of QCD). This means that at any loop order one
can trivially convert partonic calculations for the energy
correlators to calculations on tracks. The moments of the
track functions can then be directly measured in experi-
ment.

As an example to illustrate the di↵erence in complexity
between these two situations, we consider the LO calcu-
lation for both the thrust observable, which is a standard
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FIG. 4: Energy correlators using tracks. a) When the
detectors are widely separated, only the first moment
of the track functions appear, and simply rescales the
weighting function. b) Higher moments of the track
functions appear in contact terms when the two de-
tectors are placed at the same angle. These contact
terms are necessary for describing collinear limits.

observable of the form of Eq. (7), and the two-point en-
ergy correlator (EEC). The LO calculation for thrust was
presented in [6],

d�

d⌧̄
=

1Z

0

dy1dy2
d�̄(µ)

dy1dy2

1Z

0

dx1dx2dx3Tq(x1)Tq(x2)Tg(x3)

� [⌧̄ � ⌧̄(y1, y2, x1, x2, x3)] , (18)

with

d�̄(µ)

dy1dy2
= �0

↵s(µ)CF

2⇡

✓(y1 + y2 � 1)(y2
1 + y

2
2)

(1 � y1)(1 � y2)
, (19)

where y1 = 2Eq/Q, y2 = 2Eq̄/Q are the normalized
parton energy, and the measurement function for track
thrust is

⌧̄ = ✓[x1x3(1 � y2) � x1x2(1 � y3)]

· ✓[x2x3(1 � y1) � x1x2(1 � y3)]x1x2(1 � y3)

+ ✓[x2x3(1 � y1) � x1x3(1 � y2)]

· ✓[x1x2(1 � y3) � x1x3(1 � y2)]x1x3(1 � y2)

+ ✓[x1x3(1 � y2) � x2x3(1 � y1)]

· ✓[x1x2(1 � y3) � x2x3(1 � y1)]x2x3(1 � y1) , (20)

where y3 = 2 � y1 � y2. Already at LO, one can see that
this calculation is non-trivial, and the result involves the
complete functional dependence on the non-perturbative
track functions. This also makes it complicated to in-
terface with numerical calculations performed using sub-
traction schemes.

On the other hand, for the EEC, the calculation at LO
is trivial, since it simply involves weighting the contribu-

tion from the correlation of two quarks by (T (1)
q )2 and

the contribution from the correlation of a quark and a

gluon by T
(1)
q T

(1)
g . For an e

+
e
� source, we find

EEC(z) = �0
↵s

2⇡
CF

⇣
(T (1)

q )2I1(z) + 2T
(1)
q T

(1)
g I2(z)

⌘
,

(21)

where

I1 =

✓
1

6z2
+

1

z3
�

4

z4

◆
1

1 � z
+

✓
3

z4
�

4

z5

◆
ln(1 � z)

1 � z
,

I2 =

✓
53

12z2
�

41

4z3
+

13

2z4

◆
1

1 � z

+

✓
13

2z5
�

7

z4
+

2

z3

◆
ln(1 � z) , (22)

and z = (1 � cos ✓)/2 is the angle between the two cor-
related partons. This calculation involves no additional
complexities as compared to the standard fixed order cal-
culation, and only requires knowledge of the first mo-
ments of the track functions, which are numbers (not
functions). Calculations beyond LO are possible using
the ingredients of the ordinary EEC calculation [34, 35].

To deal with collinear limits, as illustrated in Fig. 4,
one must also consider the placement of multiple corre-
lators on the same parton. For an N -point correlator,
one must consider up to N correlators placed on a single
parton. If N correlators are placed on the same parton,
one gets the n-th moments of the track functions

E
n
i !

Z
dxi x

n
i Ti(xi)E

n
i = T

(n)
i E

n
i . (23)

These higher moments will be required when we consider
the resummation of the track energy correlators in the
collinear limit.

To illustrate the presence of these higher moments, we
can consider the gluon jet function for the EEC in the
collinear limit. This was computed without tracking in-
formation through two loops in [32]. For the di↵erential
jet function,7 the scale-independent piece was found to
be

jg(z) = �(z) +
↵s

4⇡

✓
14

5
CA +

1

5
nf

◆ 
1

z

�

+

+ �(z)
↵s

4⇡

✓
�

898

75
CA �

14

25
nf

◆
. (24)

On tracks the result is simply

jg(z) = �(z)T (2)
g (25)

+
↵s

4⇡

✓
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5
CA(T (1)

g )2 +
1

5
nf (T (1)

q )2
◆ 

1

z

�

+

+ �(z)
↵s

4⇡

✓
�

898

75
CA(T (1)

g )2 �
14

25
nf (T (1)

q )2
◆

+ O(↵2
s) .

This result is intuitive, in particular the second moments

T
(2)
g and T

(2)
q appear as the coe�cients of the leading or-

der �(z) contact terms, while the terms with a non-trivial

z dependence are weighted by (T (1)
q )2 or (T (1)

g )2, arising
from the detectors being placed on distinct particles, fol-
lowing the replacement rule in Eq. (17).

We can again compare this to a track based calcula-
tion for an observable defined via a �-function constraint.

7 Later, we will also need the integrated jet function, which is
simply the cumulant of the di↵erential jet function.

6

by themselves are not obviously useful for tagging.5 As
jet substructure has transitioned to the precision study
of QCD properties, the same observables originally used
for tagging have continued to be used. However, as we
will argue in this paper, in the context of precision mea-
surements, we should completely reconsider the classes of
observables that are used in the study of jet substructure,
and we will show that energy correlators o↵er a number
of significant advantages.

A. Incorporating Tracks

One of the key advantages of weighted cross sections
that we highlight in this section is that they interface in a
simple manner with tracking information. This should be
intuitive: instead of weighting by the total energy flow-
ing in a particular direction, one must simply change to
weighting by the energy flowing in tracks in that direc-
tion. This modification only requires the knowledge of
a single (measurable) non-perturbative number, the av-
erage energy converted into tracks, see Fig. 4. The goal
of this section is to make this precise using the language
of track functions. The results of this section hold for
generic angles between the energy correlators, and are
not restricted to the collinear limit. The collinear limit
will be considered in more detail in Sec. VI, and here we
will find additional simplifications that arise when con-
sidering resummation with tracks.

In [6, 7] an elegant field theoretic formalism for the
treatment of tracks was developed6 that allows for the
separation of perturbative and non-perturbative physics
through the introduction of a track function Ti(x), with
i denoting the parton label, i = q , g. The precise field
theoretic definition of the track function is not required
here. It describes the distribution in energy fraction of a
parton i that hadronizes into tracks (charged particles)
with four momentum p̄

µ
i = xp

µ
i + O(⇤QCD). Here 0 

x  1 and the track function satisfies the sum rule

1Z

0

dx Ti(x, µ) = 1 . (13)

The track function is a non-perturbative object, but has
a calculable scale (µ) dependence, similar to a fragmen-
tation function. We will define the following shorthand

5 Although, as mentioned above, their moments are directly re-
lated to the energy flow polynomials which are a basis of tagging
observables [39]. It would also be interesting to understand how
to use weighted cross sections in the search for new physics. For
an early example of an observable that is closely related to the
energy correlators being used for new physics searches, see [56].

6 See also [57] for a generalization of the track function and jet
charge formalism to fractal observables.

notation for the moments of the track function

T
(n)
i =

1Z

0

dx x
n

Ti(x, µ) . (14)

At the level of detail that we work to in this section,
one can imagine that to convert a perturbative calcula-
tion to a calculation on tracks, one must simply tack a
track function onto each parton [6, 7]. However, we will
see that this process is much simpler for weighted cross
sections as compared to �-function type observables.

We first consider the case of an observable defined with
a �-function

d�

de
=

X

N

Z
d⇧N

d�N

d⇧N
� [e � ê({p

µ
i })] , (15)

where we use d�N to denote the N -body di↵erential cross
section, and d⇧N the N -body Lorentz invariant phase
space measure. The observable defined on tracks is then
given by

d�

dē
=

X

N

Z
d⇧N

d�̄N

d⇧N

Z NY

i=1

dxi Ti(xi)� [e � ê({xip
µ
i })] .

(16)

Here we have followed the notation of [7] where the bar
over the observable indicates the observable measured on
tracks. In Eq. (16), d�̄N/d⇧N denotes a matching coe�-
cient. In general, the analytic calculation of observables
on tracks is complicated because the measurement con-
straint now involves the variables xi. This is not only a
technical complication, but as we will see shortly, it will
also imply that the observable depends on the complete
functional form of the non-perturbative track function.

On the other hand, for an energy correlator it is triv-
ial to incorporate tracking information, since this just
rescales the weight function. This is shown schemati-
cally in Fig. 4. For a particular partonic configuration
(and for well separated correlators), the conversion to
tracks is achieved by making the following replacement
for the weights

Ei !

Z
dxi xiTi(xi)Ei = T

(1)
i Ei . (17)

In other words, in going to a calculation in tracks,
the first moment of the track function appears as a

multiplicative constant for the weight, either T
(1)
q or

T
(1)
g (T (n)

q = T
(n)
q̄ due to the charge conjugation invari-

ance of QCD). This means that at any loop order one
can trivially convert partonic calculations for the energy
correlators to calculations on tracks. The moments of the
track functions can then be directly measured in experi-
ment.

As an example to illustrate the di↵erence in complexity
between these two situations, we consider the LO calcu-
lation for both the thrust observable, which is a standard

vs
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• When are two collider events similar? 

• Define a metric (Earth Energy Moving Distance) that tells us how 
much work is required to move one event to another one
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• Theorists are alway happy when we can 
phrase a problem using geometry
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in the space of events

Event shapes are distances
from events to manifolds.

Jets are projections to
few-particle manifolds.

Substructure resolves
emissions within the jet.

ℐ = argmin
ℇ′∈𝒫𝑁

EMD𝛽,𝑅 ℇ, ℇ′𝒪(ℇ) = min
ℇ′∈ℳ

EMD𝛽,𝑅(ℇ, ℇ′) 𝜏(ℐ) = min
ℇ′∈𝒫𝑁

EMD𝛽 ℐ, ℇ′ .

beautiful slide by 

Eric Metodiev

https://arxiv.org/abs/2004.04159
https://arxiv.org/abs/2004.04159


SIMONE MARZANI, UNIVERISITÀ DI GENOVA & INFN GENOVA

Event Isotropy

16

Cesarotti and Thaler, arXiv:2004.06125

• Geometrical interpretation of collider events is in its infancy but has 
already produced some fruits 

• New observable called event isotropy directly based on the Energy 
Mover’s Distance of an event from a uniform energy distribution
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Figure 6. The distributions of four event shape observables in e
`
e

´ collisions at
?
s “ 350 GeV:

(a) event isotropy with n “ 192, (b) thrust, (c) sphericity, and (d) the isotropy/thrust ratio. For all
observables, the qq̄ (blue) and tt̄ (green) distributions are well separated, with the AUC summarized
in the plot legend.

signatures. Events are generated at a center-of-mass collision energy near the tt̄ threshold of?
s “ 350 GeV, a proposed run configuration of a future circular collider [76]. At this collision

energy, the tops are unboosted, thus the direction of their decay products are quasi-isotropic.

This process is therefore a good benchmark for moderate multiplicity and relatively isotropic

signal processes. Visualizations of typical qq̄ and tt̄ events are shown in Fig. 5.

In the following study, we compare the discrimination power of several event shape ob-

servables: event isotropy I
sph
192 , thrust

rT , and sphericity rS. We also introduce an observable

Rn based on a combination of thrust and event isotropy:

Rn ” I
sph
n

I
sph
n ` p1 ´ rT q

. (3.1)

The motivation for Eq. (3.1) is that event isotropy measures the distance to a perfectly

isotropic event while thrust measures the distance to an idealized dijet configuration with two

back-to-back particles, so Rn quantifies the relative distance to these idealized configurations.
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in the plot legend.
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see Cari Cesarotti video poster for details
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• Developing a set of multi-prong taggers 
exploiting N-subjettiness variables (see 
talks by A. Larkoski on q/g discrimination 
last year) 

• The Authors develop here a 
phenomenological LoRD of Taggers which is 
build using and it’s decorrelated from the 
mass

Jet tagging made easy

18

performances using the jet mass too as discriminator.) In all cases we require pTJ � 1

TeV, and we do not apply an upper cut on this variable because the distributions are in all

cases concentrated towards smaller transverse momentum. The jet mass interval selected

for hi80 taggers is mJ 2 [60, 100] GeV, and for hi200 taggers it is mJ 2 [160, 240] GeV.

These jet mass window requirements reduce the QCD background by factors of 6.5 and

7.1, respectively.
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Figure 3: ROC curves for the hi80 and hi200 taggers applied on selected signals giving

multi-pronged jets, compared to ⌧ -ratios and dedicated NNs (see the text).

We present in Fig. 3 the receiver operating characteristic (ROC) curves for signal

11
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design of our taggers is much simpler, and also addresses the two issues mentioned above

about interpretability and reproducibility.

We find that the discrimination power of our simple taggers in some cases largely

surpasses the simple variables used by the ATLAS and CMS Collaborations in searches

for new physics using jet substructure. Results are presented in Sect. 3. We also compare

the results using LoRD with NNs using the same architecture as in Ref. [17]. In general,

the NNs perform better, except for some signals which neither are trained for.

An important point in the design of the taggers is the kinematical region (i.e. jet mass

and pT ) used for the optimisation. We address this issue in Sect. 4. While the dependence

on pTJ is marginal, the dependence on jet mass is more noticeable when one gets away

from the design region. Our conclusions are presented in Sect. 5. In appendix B we esti-

mate the variance of the taggers obtained with the LoRD. A qualitative discussion about

the interpretability and the intrinsic dimension of the datasets is discussed in appendix
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• the coefficients cβn are 
determined via logistic 
regression on simulated 
training samples

Aguilar-Saavedra and Zaldívar, arXiv:2002.12320

https://arxiv.org/pdf/2002.12320.pdf
https://arxiv.org/pdf/2002.12320.pdf
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• Exploit expert-knowledge of the underlying theory 
(QCD) to study the behaviour of a simple network 

• Focussing on the question of quark/gluon 
discrimination, a novel version of N-subjettiness, which 
at leading-log is only sensitive to primary splittings 

• If one measure n such variables, the optimal 
discriminant at leading log is just a cut on the last one
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The fact that ⌧n resolves n emissions inside the jet results in a rather complicated
structure, even in the limit where the emissions are strongly ordered. This is because the
emissions that set the values of the observables ⌧i, which are always gluons at LL accuracy,
can either be primary emissions, i.e. they originate from the original hard parton which
could be a quark or a gluon, or they can originate from subsequent gluon splittings. If
we consider, for instance, the case of a jet initiated by a hard quark, one ends up with
n contributions with colour factors Cn�i

F Ci
A, i = 0, · · · , n � 1. Furthermore, a rather

intricate resummation structure emerges, i.e. a Sudakov form factor with both CF and
CA contributions and depending on the complete tower of n emissions. It is clear that
this intricate structure does not facilitate analytical calculations, especially because, in this
study, we are not interested in considering pq and pg as final results, but rather, as inputs
for subsequent calculations.

As a consequence, we find convenient to introduce a variant of N -subjettiness that
is sensitive, at LL accuracy, only to primary emissions, such that the distributions pi are
determined by strongly-ordered gluon emissions off the initial hard parton. We present this
new observable in the next section.

2.1 Primary N-subjettiness

We define the new observable primary N -subjettiness as follows. Starting from a jet of
radius R0, one first builds the list of primary Lund declusterings [41]:

1. Recluster the jet constituents with the Cambridge/Aachen algorithm [57, 58].

2. Iteratively undo the last step of the clustering j ! j1 + j2, with pt1 > pt2. At step i

(i = 1, . . . ,m), define

p̃ti = pt2 and �i =
q
�y212 +��2

12. (2.7)

Repeat the procedure with j = j1, i.e. following the harder branch of the declustering.

3. When the declustering terminates, i.e. when j is no longer coming from a j1 + j2
clustering, define p̃t0 as the transverse momentum of j.

From the set of transverse momenta, we can define the momentum fractions

zi =
p̃tiPm
i=0 p̃ti

i = 0, . . . ,m, (2.8)

where we note that the final hard momentum p̃t0 is included in the normalisation. This
produces a set of values (zi,�i), for i = 1, . . . ,m, that we order such that z1�

�
1 � z2�

�
2 �

· · · � zm��
m. The primary N -subjettiness is then defined as 4

TN =
mX

i=N

zi

✓
�i

R0

◆�

. (2.9)

4
Note that an alternative definition, equivalent at leading-logarithmic accuracy, but different beyond,

would be to define T
(max)
N = zN

⇣
�N
R0

⌘�
.
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(a) AUC as a function of the number of inputs
n for a leading-logarithmic distribution.

(b) AUC as a function of the number of inputs
n for a Pythia8 distribution.

Figure 8: AUC as a function of the number of inputs n. We show results for both the
standard (red) and primary (blue) definitions of N -subjettiness with training done either
for a single perceptron (open circles) or for a full NN (filled triangles). In all cases, log-
square inputs have been used. When available, results for the likelihood have been included
(dashed lines) and used to normalise the results in the lower panel. When not available,
the normalisation is to the full NN results. For the Pythia8 sample we also show the results
of a cut on ⌧n (or Tn) only (crosses).

N -subjettiness performs better than the standard definition, although the difference, clearly
visible in the leading-log distributions, is only marginal with the Pythia8 sample. Then, in
the case of a leading-log distribution, the optimal performance of the primary N -subjettiness
is already captured by a single perceptron, while for the case of standard N -subjettiness
only the full NN is able to reach a performance on par with the likelihood expectation. For
the Pythia8 sample, the training of the full NN leads a reduction of the AUC compared to a
single perceptron for both N -subjettiness definitions. The improvement is however smaller
for the primary definition (⇠ 10%) than for the standard one (⇠ 15%). This is likely a
reminiscence of the behaviour observed at leading logarithmic accuracy. It is interesting to
observe that the performance of a simple cut on Tn, which is optimal at LL, is comparable
to the perceptron at small n, while it degrades as n increases. This is most likely due
to the fact that at large n we become more sensitive to non-perturbative corrections and
consequently our LL approximation is no longer sufficient. Conversely, a cut on ⌧n, while
giving a performance comparable to that of the perceptron for n = 2, degrades more rapidly
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giving a performance comparable to that of the perceptron for n = 2, degrades more rapidly
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Note that T1 � · · · � Tn, like with the standard N -subjettiness ⌧N . The primary N -
subjettiness definition in Eq. (2.9) is very similar to the standard N -subjettiness definition
with the main difference that it is computed based on primary Lund declusterings. The
definition of the momentum fractions zi is such that

Pm
i=0 zi = 1.

2.2 Primary N-subjettiness at leading-logarithmic accuracy

By construction, the leading-logarithmic (LL) expression for the n-dimensional differential
distribution is obtained by considering strongly-ordered independent emissions off the orig-
inating hard parton (either a quark or a gluon). In this strongly-ordered limit, only the first
term in the rhs of Eq. (2.9) should be kept, i.e. TN ⇡ zN (�N/R0)� . In that context, the
structure of the leading-logarithmic resummation is particularly trivial: one gets a factor
for each of the n emissions associated with T1, . . . ,Tn as well as a Sudakov factor vetoing
any additional real emission with z(�/R0)� > Tn.5 This yields

pi(T1, . . . ,Tn) =

0

@
nY

j=1

R0(Tj)

Tj

1

A (Ci)
n exp [�CiR(Tn)] , (2.10)

where i = q, g refers to the flavour of the jet (with Cq = CF and Cg = CA). The radiator R,
which and has been stripped of its colour factor, is computed in the soft-and-collinear-limit
including running-coupling corrections, as appropriate for our LL accuracy:

R(T) = 2

Z 1

0

d✓2

✓2

Z 1

0

dz

z

↵s(z✓ptR0)

2⇡
⇥(z✓� > T) =

2

�

Z 1

T

d✓�

✓�

Z 1

T/✓�

dz

z

↵s(z✓ptR0)

⇡
. (2.11)

We have also introduced R0(T) = dR(T)
d log(1/T) , where log x always denotes the natural logarithm

of x.
An important observation is the following. From Eq. (2.10) we note that the structure

of the probability distributions at LL in QCD for primary definition of N -subjettiness is the
same for quark and gluon jets except for the colour factor, CF or CA which appears as an
overall factor in both the R0 pre-factors and the Sudakov exponent. (This is not case with
the standard definition of N -subjettiness). Consequently, the likelihood ratio Eq. (2.2) at
LL becomes

LLL =

✓
CA

CF

◆n

exp [�(CA � CF )R(Tn)] , (2.12)

which is a monotonic function of Tn only. Therefore, at LL, a cut on the likelihood ratio is
equivalent to a cut on Tn. The remarkable simplicity of this result is the strongest motivation
for introducing primary N -subjettiness. This observable is thus the ideal laboratory to
study analytically how a neural network that takes the primary N -subjettiness variables as
inputs performs. Due to the simplicity of the classifier — a cut on a single variable — we
expect that even the simplest network, i.e. a single neuron, should be enough to reproduce
the likelihood ratio. Studying more complex architectures — especially including one or

5
As usual, this is equivalent to saying that real and virtual emissions cancel each other for z(�/R0)

� < Tn

and only virtual corrections contribute for z(�/R0)
� > Tn. These virtual corrections trivially exponentiate.
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• The behaviour of the system and the optimal discriminant are so simple 
that we can ask ourselves whether a one-neuron network can achieve it 

• We can determine (semi) analytically whether such simple network 
reaches optimal performance by looking for the cost function minima 

• Remarkably, it depends on the functional form of the inputs!
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see Giovanni Stagnitto video poster for details
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Figure 1: Left: The perceptron consists of n input units and one output y = f(~a · ~x+ b).
Right: The sigmoid activation function, Eq. (3.2).

and it is shown in Fig. 1, on the right. Clearly, one can also choose alternative functional
form, with similar behaviour. However, note that, in a classification context, the output of
the network is required to be a single value bounded between 0 and 1 in order to acquire a
probabilistic interpretation. In the perceptron case, this implies that this property should
also apply to the image of the activation function. For instance, in this context, one could
replace the sigmoid with a rectified version (hard-sigmoid):

f(x) = max(0,min(x, 1)) . (3.3)

We note the standard rectifier linear unit (ReLU), defined as f(x) = max(0, x), does not
meet this requirement.

The neural network learns the best choice of the weights by minimising the cost function,
which quantifies the difference between the expected value of the network ŷ and the pre-
dicted value y (the latter in the perceptron case is simply equal to Eq. (3.1)). In this study
we are focussing on the issue of quark versus gluon discrimination, which is an example of
a binary classification problems, where we have ŷ = 0, 1. In this context, the cross-entropy
loss is one of the most common functional form employed for the cost function

C(y, ŷ) = �(1� ŷ) log(1� y)� ŷ log(y) . (3.4)

In our study we will focus on a cost function defined with the cross-entropy loss. However,
many of the results we obtain also applies to other loss functions, such as, for instance, the
quadratic loss:

C(y, ŷ) = (y � ŷ)2 . (3.5)

In order to train the NN, one usually start with a so-called training sample, i.e. a
collection of input vectors {~xi}, each labelled as quark jet or as a gluon jet. If we have a
training sample of 2N input vectors, equally divided between signal and background labels,
we can write the cost function as:

eC(~a, b) =
1

2N

NX

i=1

h
C
⇣
f(~x(q)i · ~a+ b), 0

⌘
+ C

⇣
f(~x(g)i · ~a+ b), 1

⌘ i
. (3.6)
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(a) Inputs: log2 Ti (b) Inputs: log Ti (c) Inputs: Ti

Figure 3: Perceptron parameters after training. When available, expected analytic results
are shown as dashed lines.

that the simple perceptron with linear inputs struggles at correctly learning the probability
distributions which are intrinsically logarithmic. We expect that a more complex network
would be needed in this case and this is shown explicitly in section 5.

4 Perceptron numerics

In this section we validate our analytic findings with an actual implementation of a percep-
tron. In practice, we have used a simple implementation based on [59], with a learning rate
of 0.1 and a mini-batch size of 32.6 Because our first-principle analysis has been developed
at LL accuracy, in order to numerically test the perceptron performance we generate a
sample of pseudo-data according to the QCD LL distribution for quark and gluon jets. We
consider the three different input variants also used in the analytic study, namely square
logarithms, logarithms and the linear version of the N -subjettiness inputs. In order to
train our single-neuron network we use a sample of 1M events in the first two cases and
16M the for linear inputs, unless otherwise stated. Furthermore, we perform our study
as a function of number of N -subjettiness variables. Specifically, when we quote a given
value of n, we imply that all Ti with i  n have been used as inputs. The results of this
study are collected in Fig. 3. Each plot shows the value of the network weights ai and b

after training, i.e. at the minimum of the cost function that has been found by the network
through back-propagation and gradient descent. The plot on the left is for log-square in-
puts, the one in the middle for log inputs and the one on the right for linear inputs. The
values of the weights determined by the network are shown as circles (for ai with i < n),
squared (for an) and triangles (for b), with the respective numerical uncertainties. In the
case of log-square and log inputs, we also show the behaviour obtained from our analytic
calculations in section 3. We find perfect agreement. In particular, the minimum of the

6
We have also cross-checked our results against a standard PyTorch implementation.

– 14 –

leading-log optimal is 
a1=…=an-1=0

log2 log lin

https://indico.cern.ch/event/775951/contributions/3940266/
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• Classifiers exploiting convolutional NN and jet images typically 
outperform standard top taggers (a detailed comparison can be found 
here) 

• What is a CNN-based top tagger learning? 

• It has been argued that most of information that these classifiers exploit 
come from IRC safe observables

Jet morphology
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The QCD jet mistag rates are comparable for both Higgs-QCD and sgluon-QCD classifications;
however, the separation between the Higgs jet and sgluon jet is weaker.

We now compare these ROC curves with that of CNN trained on jet images.3 The CNN classifier
takes 20 ⇥ 20 inputs of the jet images, while 2 ⇥ 20 inputs of S2,trim and S2,soft spectra are used for
the MLP. The solid blue lines in figure 10 denote the ROC curves of the CNN. Some improvement
in the background mistag rates is observed compared with the MLP classifier. Quantitatively, it is
only 0.2% (= 2.5% � 2.3%) at the signal acceptance of 20% for Higgs-QCD classification.

Figure 10. The ROC curves of the binary classifiers: the MLP trained on S2,trim and S2,soft (red dashed),

the CNN trained on jet images (blue solid), and the two-level architecture (see section 4) trained on S2,trim

and S2,soft (green dotted) with PY8 samples. The dashed gray lines represent the ROC curves of the random

guess. We show the results of Higgs jet vs. QCD jet (left), sgluon jet vs. QCD jet (center), and Higgs jet

vs. sgluon jet (right) classifications.

3.3 Event Generator Dependence

The classifier introduced in the previous subsection uses not only the information of hard subjets
encoded in S2,trim but also the soft activities captured in S2,soft as well. This leads to concerns
about the accuracy of the models of soft physics. Specifically, the performance of the classifier could
be sensitive to the soft activities in the jet while the simulated soft activities may be significantly
di↵erent from the truth.

In figure 11, we compare the ROC curves of the MLP trained with PY8 and HW7 samples.
As these two event generators are based on di↵erent modeling of parton shower and hadroniza-
tion scheme, the comparison would give us a reasonable estimate of the systematic uncertainty
originating from the generator choice.

In the left panel of figure 11, we compare the ROC curves of the Higgs jet vs. QCD jet
classification for di↵erent generator choices. By doing this exercise, we estimate a systematic
uncertainty in the predictions of the classifier by comparing ROC(PY8, PY8) and ROC(HW7, HW7)
curves, where the first and second entries in the parenthesis correspond to the generators used
to simulate the training and test samples, respectively. On the other hand, ROC(HW7, PY8) and
ROC(PY8, HW7) show the degradation of the performance of classifier trained on the “wrong sample”
to analyze “real events.”

The performance of the classifier improves as we vary generator combinations in the following
order: ROC(PY8, HW7), ROC(HW7, HW7), ROC(HW7, PY8), and ROC(PY8, PY8). We find that the
classification performance is significantly better for PY8 test samples than that of HW7 samples. On
the other hand, the classification performance for the same test samples hardly depends on the

3
The CNN setup is explained in detail in appendix C.
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• For Higgs tagging against QCD a NN 
classifier fed with IRC safe two-point EC 
performs similarly to more complex CNN  

• This is not the case for top tagging

https://inspirehep.net/literature/1722059
https://inspirehep.net/literature/1722059
https://arxiv.org/abs/2003.11787
https://arxiv.org/abs/2003.11787
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• What is the role of IRC unsafe (counting) observables? 

• Beyond counting: Minkowski functionals (well-developed integral geometry)

Jet morphology
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3 / 7 

Morphology of Jet image

One may borrow idea from integral geometry to analyze the

geometry of soft emission. Consider a Minkowski sum of jet images

and square and count number of pixels of the sum. 

(2i+1)x(2i+1) square : new independent info.

These sequence of pixels are parts of Minkowski functionals which are 

the basis of geometric measure on those Minkowski sum of jet images.

Therefore, we may use these numbers 

in order explore the subspace of IRC unsafe variables.

https://arxiv.org/abs/2003.11787
https://arxiv.org/abs/2003.11787
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Therefore, we may use these numbers 

in order explore the subspace of IRC unsafe variables.

1. Start with pixels with finite energy deposition N(0)
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Morphology of Jet image

One may borrow idea from integral geometry to analyze the

geometry of soft emission. Consider a Minkowski sum of jet images

and square and count number of pixels of the sum. 

(2i+1)x(2i+1) square : new independent info.

These sequence of pixels are parts of Minkowski functionals which are 

the basis of geometric measure on those Minkowski sum of jet images.

Therefore, we may use these numbers 

in order explore the subspace of IRC unsafe variables.

1. Start with pixels with finite energy deposition N(0)

2. Count the number of pixels N(0) in a (2 i+1)x(2i+1) squares around each original pixel 
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Morphology of Jet image

One may borrow idea from integral geometry to analyze the

geometry of soft emission. Consider a Minkowski sum of jet images

and square and count number of pixels of the sum. 

(2i+1)x(2i+1) square : new independent info.

These sequence of pixels are parts of Minkowski functionals which are 

the basis of geometric measure on those Minkowski sum of jet images.

Therefore, we may use these numbers 

in order explore the subspace of IRC unsafe variables.

1. Start with pixels with finite energy deposition N(0)

2. Count the number of pixels N(0) in a (2 i+1)x(2i+1) squares around each original pixel 
3. The sequence of N(i) gives a quantitative description of the spatial distribution of pixels in the jet 
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• A top tagger is build using IRC safe (two-point EC) and IRC unsafe 
(Minkowski sequence) inputs to a NN

Jet morphology
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ROCs
The gap between ROC of RN with S2 (blue) and ROC of CNN (purple)
is filled by the Minkowski functional. See ROC of RN with S2 and MF (red).

Good
performance

We successfully identified 
the key features
in Top jet vs. QCD jet 
classfication.
● S2’s (IRC safe)
● Minkowski functionals
(IRC unsafe)

• The use of Minkowski sequence nicely fills the gap between the 
performance of the NN purely based on two-point EC and the CNN
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Minkowski sum of jet images

https://arxiv.org/abs/2003.11787
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• Exposing the Higgs trilinear coupling is one of the main goal of the High-
Luminosity LHC 

• Incredibly challenging, it’s even worse in the SM than you could have 
imagined because of destructive interference at Born level (calculating 
higher-order corrections is a fascinating topic… a story for another time) 

• Higgs pair production cross-section 40fb, which implies 105 di-Higgs 
events at HL-LHC but we have to fight a formidable multi jet background

Higgs tagging @ HL-LHC
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Motivation: the need for wide-ranging Higgs tagging techniques

Higgs self-coupling 
only in triangle 

But experimentally can only 
see | triangle + box |2

Quantum interference of hh amplitudes is destructive in SM
Small BSM changes in self-coupling ⇒ large changes in m(hh) shape & Higgs boost

𝜅λ = λBSM/λSM

Amacker, et al. arXiv:2004.04240 
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Higgs tagging @ HL-LHC
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Boosted Higgs tagging can contribute if systematics controlled

Large R = 1.0 jet 
pT > 250 GeV 

How we can control multijet background systematics 
with boosted Higgs tagging is challenging but important open question

Train on kλ = 5 to optimise near sensitivity boundary 
i.e. don’t forget to optimise on BSM couplings!
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Boosted
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Motivation: the need for wide-ranging Higgs tagging techniques

Higgs self-coupling 
only in triangle 

But experimentally can only 
see | triangle + box |2

Quantum interference of hh amplitudes is destructive in SM
Small BSM changes in self-coupling ⇒ large changes in m(hh) shape & Higgs boost

𝜅λ = λBSM/λSM

interference removed 
in BSM scenarios

https://arxiv.org/abs/2004.04240
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Neutral network interpretability: what is the machine learning?

Machine learning interpretability using state-of-the-art SHAP framework
https://arxiv.org/abs/1705.07874

More positive impact on DNN signal score

Lower m(hh) leads to higher signal score Higgs boost important in high boost regimes

Angular separation of sub-jets powerful

Variables fed 
in to DNN 
ranked in 

decreasing 
order of 
impact
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• What is the machine learning? Using the SHapley Additive exPlanations 
framework

Higgs tagging @ HL-LHC
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• Issues with jet clustering: 

• information distortion: hadrons from different Z clustered in the same jet 

• information loss: jet algorithms map particles momenta into a lower-
dimensional space  

• at lepton colliders we can successfully use event shapes that avoid jet 
clustering 

Future e+e- colliders
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cumulative Mollweide 
projection (104 events): 
• z axis along the beams 
• x axis in the direction of the 

most energetic particles 

z

y

https://arxiv.org/pdf/2004.15013.pdf
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• Fox-Wolfram moments of the energy distribution are considered 

• evident analogies with CMB power spectrum

Future e+e- colliders
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• physics at characteristic scales 
shows up as “acoustic peaks” 

• partonic channels 

• tail sensitive to hadronisationHEE;l = ∑
ij

EiEj

s
Pl (cos Ωij)

https://arxiv.org/pdf/2004.15013.pdf
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• Train a Deep Neural Network with different strategies, involving jets, 
track or images 

• study on the achievable precision for the Higgs width for collisions at 240 
GeV and 5ab-1

Future e+e- colliders

30
Li, et al. arXiv:2004.15013 

Jet Jet+FW Jet+FW+track Image  Image+track

• the precision achieved is robust against the rescaling of detector 
resolutions and different detector templates

https://arxiv.org/pdf/2004.15013.pdf
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Future ep colliders
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• Our understanding our QCD is founded on deep-inelastic scattering 
experiments 

• HERA ceased operations in 2007, the year before what we think as the jet 
substructure revolution 

• We must apply (or rethink) what we have learned about jets in pp 
collisions to be ready for the Electron Ion Collider (EIC) 

• For instance, jet angularities in DIS

Toward precision jet event shape for future Electron-Ion Collider Tanmay Maji

where the sum over all final state particles i with rapidity hi transverse momentum pi
?. The DIS

angularity can be expressed in terms of the four-vectors qB and qJ as given by

ta =
2

Q2 Â
ieX

min
⇢
(qB.pi)

✓
qB.pi

qJ.pi

◆�a/2

, (qJ.pi)
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qJ.pi

qB.pi

◆�a/2�
, (2.2)

where X stands for HB,HJ for beam hemisphere and jet hemisphere respectively. Transverse
momentum pi

? is defined with respect to corresponding qJ and qB. We can have different choices
for the reference vectors qJ and qB. For example– choice-I, t(1)

a : qB = xP (along the beam axis) and
qJ is along the physical jet axis. Choice-II, t(2)

a : qB = xP and qJ = q+ xP. Measurement of t(2)
a

groups final state particles into back-to-back hemisphere in the Breit frame. One needs to prove the
SCET factorization theorem for different axis choice separately as the final state radiations in DIS
are probed differently for these variables t(1)

a and t(2)
a . Also, each choice has different sensitivity

to the transverse momentum. Here we consider the choice-I, where qJ align to final jet axis.

3. Factorization

In the theoretical description of event shapes distributions, according to the factorization the-
orem, the cross section can be computed through a product of probability distribution functions,
namely, the jet function (Jq) that describes collinear emissions of the final state radiation into the jet
direction, the beam function (Bq) that created from initial state radiations encodes the information
about partonic structure of the incoming hadron, the soft function (S) that created from the soft
radiation and the hard functions (H). For generic values of the event shape, the distribution can
be described in fixed-order perturbation theory. The perturbative expansion develops large loga-
rithmic corrections that need to be resummed to all orders. Resummation of large logs for a event
shape distributions have been pushed to new level of accuracy with methods from SCET. Under the
soft-collinear factorization the DIS angularity cross section can be expressed as

ds
dxdQ2d ta

= ds0
dxdQ2 Ân Hn(Q2,µ)

Z
dtJ

a dtB
a dkS Jq(tJ

a ,µ)Bn/q(tB
a ,x,µ)

⇥S(kS,µ)d
⇣

ta � tJ
a � tB

a � kS

QR

⌘
, (3.1)

where, n runs over quarks and antiquark flavors. Hn is the hard function arises integrating out the
hard degree of freedom from QCD in matching on to SCET and Jq,Bq and s are the jet, beam and
soft functions for angularity observable. The hard, soft, jet and beam functions are defined at their
canonical scales at which the logarithms are minimized µH = Q,µS = Qta,µJ,B = Qt1/(2�a)

a and
evolved to a desire scale µ governed by the solution of the renormalization group equation (RGE).

The whole cross-section can be characterized in three physical regions: the peak region (ta ⇠
2LQCD/Q ⌧ 1), the tail region (2LQCD/Q ⌧ ta ⌧ 1) and the far-tail region (ta ⇠ 1). For the
peak region (ta ⌧ 1), the non-perturbative effect dominates. In the tail region the distribution
functions (Jq,Bq,S) are at the canonical scales for which the logs in the fixed-order functions are
minimized. The evolution from canonical scale to another scale µ resums the logs of the ratio
µ/µJ,B,S to all order in as. In the SCET approach we stop the renormalization group evolution
well above LQCD. In the far-tail region, at the large values of ta, the logs are no longer large and
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the non-singular term becomes equally important and one need to tern off the resummation. This
property for different region can be achieved by using pro f ile f unctions [16]. One-loop Jet and
soft functions are calculated analytically in [23]. Two-loop numerical results are presented in [24]
for soft function and in [16] for jet function. The angularity beam function for DIS at the O(as) is
first computed in this work.

4. Result and discussions

We compute the one-loop beam function generated by the one gluon emission in the initial
state radiation. The beam function can be expressed as a convolution of parton distribution function
(PDF) and a coefficient at O(as). Using this one-loop beam function and the other functions from
[23, 16] in Eq.(3.1), we calculate the differential cross section at O(as). The precision in the cross
section is governed by the resummation of the large logs in the individual distribution functions. To
demonstrate the improvement in precision prediction in the differential cross-section, we present
the LL, NLL and NNLL results along with the NLO results for the EIC kinematics in fig.1. The
EIC will cover a wide longitudinal momentum fraction range and rapidity range 0.01  y  0.95
for the center of mass energy

p
s = 45 and 140 GeV [9].
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Figure 1: Preliminary results of weighted differential cross-section for DIS angularity ta
dŝ
dta

is shown at
different a =�0.5 (le f t), 0 (right) and

p
s = 140 GeV. The band indicates perturbative uncertainty.

Fig.1 shows weighted differential cross-sections ta
dŝ
dta

= ta
1

s0
ds
dta

for different values of angu-
larity parameter a=�0.5 and 0 at a fixed x= 0.2 and Q= 60 GeV . As the differential cross-section
falls vary rapidly, we multiply by a wait factor ta for better visibility. We choose

p
s = 140 GeV

as EIC plans to achieve
p

s = 45 and 140 GeV . For the parton distribution function in the beam
function, we use the MSTW2008 set and consider five quarks and antiquarks excluding top quark.
Each sub-figure contains four plots: the NLO (singular) result with perturbative uncertainty is il-
lustrated in gray and the resummed results at the LL, NLL and NNLL accuracy are shown in color
band green, blue and red respectively. The difference between the NLO and NNLL results shows
the effect of the resummation. In the peak region, NLO result blows up as ln(ta)/ta, while the
NLL, NNLL results converge due to the resummation of the large logs. Whereas, in the tail region,
the resummation effect is small and a less significant deviation leads to the higher precision. In this
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struck quark

Figure 2. Jet clustering in the Breit frame using the longitudinally-invariant anti-kT (LI), Centauro, and spherically-invariant
anti-kT (SI) algorithms in a DIS event simulated with Pythia 8. Each particle is illustrated as a disk with area proportional
to its energy and the position corresponds to the direction of its momentum projected onto the unfolded sphere about the
hard-scattering vertex. The vertical dashed lines correspond to constant ✓ and curved lines to constant �. All the particles
clustered into a given jet are colored the same.

the scaling variable:

zjet =
P · pjet

P · q
' n̄ · pjet/Q = p�

jet/Q . (4)

At leading-logarithmic accuracy, zjet is the fraction of the
struck-quark momentum carried by the jet.

New jet algorithms for DIS. The longitudinally-
invariant kT -type jet algorithms [42–46] use the following
distance measure:

dij = min(p2p
Ti, p

2p
Tj)�R2

ij/R2 , diB = p2p
Ti , (5)

where �Rij = (yi � yj)2 + (�i � �j)2. Here dij is the
distance between two particles in the event and diB is
the beam distance. Since they cluster particles in the
rapidity-azimuth (y � �) plane, they cannot form a jet
enclosing the n̄µ direction (y = �1).

One way to bypass this problem is to use spherically-
invariant algorithms. Catani et al. first proposed to adapt
spherically-invariant algorithms to DIS in ref. [47]. In this
study we consider the kT -type algorithms for e+e� colli-
sions [46, 48], which have the following distance measure:

dij = min(E2p
i , E2p

j )
1 � cij

1 � cR
, diB = E2p

i , (6)

where cij = cos ✓ij and cR = cos R. However, these algo-
rithms lack the longitudinal invariance that connects the
class of frames related to the Breit frame by ẑ boosts,

which is a crucial feature of jet clustering [41]. For exam-
ple, it is important for multijet events where the parton
kinematics is not constrained by xB and Q2, and to iden-
tify photo-production or separate the beam remnant from
forward jets [49].

To solve this issue, we introduce a new jet algorithm
that is longitudinally invariant along the Breit frame
beam axis but yet captures the struck-quark jet. Re-
cently, Boronat et al. [50] proposed a hybrid algorithm
that suppresses �� background in e+e� colliders. In con-
trast, we suggest a jet algorithm that is asymmetric in
the backward and forward directions, and suggest novel
studies for spherically-invariant algorithms in DIS.

Starting with the distance measure of the Cam-
bridge/Aachen (C/A) algorithm for e+e� (i.e Eq. (6) for
p = 0), we write the numerator in Eq. (6) in terms of the
unit vectors along the directions of particles i and j,

1 � cij = 1 � n̂i · n̂j = 1 � sisj cos ��ij � cicj . (7)

with ci = cos ✓i and si = sin ✓i. Expanding in the very
backward limit (i.e. ✓̄i ⌘ ⇡ � ✓i ⌧ 1) we find:

1 � cij '
1

2
(✓̄i � ✓̄j)

2 + ✓̄i✓̄j(1 � cos ��ij). (8)

We then introduce the replacements:

✓̄i ! fi = f(⌘̄i) , ⌘̄i ⌘ �
2Q

n̄ · q

p?
i

n · pi
, (9)
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struck quark

Figure 2. Jet clustering in the Breit frame using the longitudinally-invariant anti-kT (LI), Centauro, and spherically-invariant
anti-kT (SI) algorithms in a DIS event simulated with Pythia 8. Each particle is illustrated as a disk with area proportional
to its energy and the position corresponds to the direction of its momentum projected onto the unfolded sphere about the
hard-scattering vertex. The vertical dashed lines correspond to constant ✓ and curved lines to constant �. All the particles
clustered into a given jet are colored the same.

the scaling variable:

zjet =
P · pjet

P · q
' n̄ · pjet/Q = p�

jet/Q . (4)

At leading-logarithmic accuracy, zjet is the fraction of the
struck-quark momentum carried by the jet.

New jet algorithms for DIS. The longitudinally-
invariant kT -type jet algorithms [42–46] use the following
distance measure:

dij = min(p2p
Ti, p

2p
Tj)�R2

ij/R2 , diB = p2p
Ti , (5)

where �Rij = (yi � yj)2 + (�i � �j)2. Here dij is the
distance between two particles in the event and diB is
the beam distance. Since they cluster particles in the
rapidity-azimuth (y � �) plane, they cannot form a jet
enclosing the n̄µ direction (y = �1).

One way to bypass this problem is to use spherically-
invariant algorithms. Catani et al. first proposed to adapt
spherically-invariant algorithms to DIS in ref. [47]. In this
study we consider the kT -type algorithms for e+e� colli-
sions [46, 48], which have the following distance measure:

dij = min(E2p
i , E2p

j )
1 � cij

1 � cR
, diB = E2p

i , (6)

where cij = cos ✓ij and cR = cos R. However, these algo-
rithms lack the longitudinal invariance that connects the
class of frames related to the Breit frame by ẑ boosts,

which is a crucial feature of jet clustering [41]. For exam-
ple, it is important for multijet events where the parton
kinematics is not constrained by xB and Q2, and to iden-
tify photo-production or separate the beam remnant from
forward jets [49].

To solve this issue, we introduce a new jet algorithm
that is longitudinally invariant along the Breit frame
beam axis but yet captures the struck-quark jet. Re-
cently, Boronat et al. [50] proposed a hybrid algorithm
that suppresses �� background in e+e� colliders. In con-
trast, we suggest a jet algorithm that is asymmetric in
the backward and forward directions, and suggest novel
studies for spherically-invariant algorithms in DIS.

Starting with the distance measure of the Cam-
bridge/Aachen (C/A) algorithm for e+e� (i.e Eq. (6) for
p = 0), we write the numerator in Eq. (6) in terms of the
unit vectors along the directions of particles i and j,

1 � cij = 1 � n̂i · n̂j = 1 � sisj cos ��ij � cicj . (7)

with ci = cos ✓i and si = sin ✓i. Expanding in the very
backward limit (i.e. ✓̄i ⌘ ⇡ � ✓i ⌧ 1) we find:

1 � cij '
1

2
(✓̄i � ✓̄j)

2 + ✓̄i✓̄j(1 � cos ��ij). (8)

We then introduce the replacements:

✓̄i ! fi = f(⌘̄i) , ⌘̄i ⌘ �
2Q

n̄ · q

p?
i

n · pi
, (9)
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struck quark

Figure 2. Jet clustering in the Breit frame using the longitudinally-invariant anti-kT (LI), Centauro, and spherically-invariant
anti-kT (SI) algorithms in a DIS event simulated with Pythia 8. Each particle is illustrated as a disk with area proportional
to its energy and the position corresponds to the direction of its momentum projected onto the unfolded sphere about the
hard-scattering vertex. The vertical dashed lines correspond to constant ✓ and curved lines to constant �. All the particles
clustered into a given jet are colored the same.

the scaling variable:

zjet =
P · pjet

P · q
' n̄ · pjet/Q = p�

jet/Q . (4)

At leading-logarithmic accuracy, zjet is the fraction of the
struck-quark momentum carried by the jet.

New jet algorithms for DIS. The longitudinally-
invariant kT -type jet algorithms [42–46] use the following
distance measure:

dij = min(p2p
Ti, p

2p
Tj)�R2

ij/R2 , diB = p2p
Ti , (5)

where �Rij = (yi � yj)2 + (�i � �j)2. Here dij is the
distance between two particles in the event and diB is
the beam distance. Since they cluster particles in the
rapidity-azimuth (y � �) plane, they cannot form a jet
enclosing the n̄µ direction (y = �1).

One way to bypass this problem is to use spherically-
invariant algorithms. Catani et al. first proposed to adapt
spherically-invariant algorithms to DIS in ref. [47]. In this
study we consider the kT -type algorithms for e+e� colli-
sions [46, 48], which have the following distance measure:

dij = min(E2p
i , E2p

j )
1 � cij

1 � cR
, diB = E2p

i , (6)

where cij = cos ✓ij and cR = cos R. However, these algo-
rithms lack the longitudinal invariance that connects the
class of frames related to the Breit frame by ẑ boosts,

which is a crucial feature of jet clustering [41]. For exam-
ple, it is important for multijet events where the parton
kinematics is not constrained by xB and Q2, and to iden-
tify photo-production or separate the beam remnant from
forward jets [49].

To solve this issue, we introduce a new jet algorithm
that is longitudinally invariant along the Breit frame
beam axis but yet captures the struck-quark jet. Re-
cently, Boronat et al. [50] proposed a hybrid algorithm
that suppresses �� background in e+e� colliders. In con-
trast, we suggest a jet algorithm that is asymmetric in
the backward and forward directions, and suggest novel
studies for spherically-invariant algorithms in DIS.

Starting with the distance measure of the Cam-
bridge/Aachen (C/A) algorithm for e+e� (i.e Eq. (6) for
p = 0), we write the numerator in Eq. (6) in terms of the
unit vectors along the directions of particles i and j,

1 � cij = 1 � n̂i · n̂j = 1 � sisj cos ��ij � cicj . (7)

with ci = cos ✓i and si = sin ✓i. Expanding in the very
backward limit (i.e. ✓̄i ⌘ ⇡ � ✓i ⌧ 1) we find:

1 � cij '
1

2
(✓̄i � ✓̄j)

2 + ✓̄i✓̄j(1 � cos ��ij). (8)

We then introduce the replacements:

✓̄i ! fi = f(⌘̄i) , ⌘̄i ⌘ �
2Q

n̄ · q

p?
i

n · pi
, (9)
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Figure 2. Jet clustering in the Breit frame using the longitudinally-invariant anti-kT (LI), Centauro, and spherically-invariant
anti-kT (SI) algorithms in a DIS event simulated with Pythia 8. Each particle is illustrated as a disk with area proportional
to its energy and the position corresponds to the direction of its momentum projected onto the unfolded sphere about the
hard-scattering vertex. The vertical dashed lines correspond to constant ✓ and curved lines to constant �. All the particles
clustered into a given jet are colored the same.

the scaling variable:

zjet =
P · pjet

P · q
' n̄ · pjet/Q = p�

jet/Q . (4)

At leading-logarithmic accuracy, zjet is the fraction of the
struck-quark momentum carried by the jet.

New jet algorithms for DIS. The longitudinally-
invariant kT -type jet algorithms [42–46] use the following
distance measure:

dij = min(p2p
Ti, p

2p
Tj)�R2

ij/R2 , diB = p2p
Ti , (5)

where �Rij = (yi � yj)2 + (�i � �j)2. Here dij is the
distance between two particles in the event and diB is
the beam distance. Since they cluster particles in the
rapidity-azimuth (y � �) plane, they cannot form a jet
enclosing the n̄µ direction (y = �1).

One way to bypass this problem is to use spherically-
invariant algorithms. Catani et al. first proposed to adapt
spherically-invariant algorithms to DIS in ref. [47]. In this
study we consider the kT -type algorithms for e+e� colli-
sions [46, 48], which have the following distance measure:

dij = min(E2p
i , E2p

j )
1 � cij

1 � cR
, diB = E2p

i , (6)

where cij = cos ✓ij and cR = cos R. However, these algo-
rithms lack the longitudinal invariance that connects the
class of frames related to the Breit frame by ẑ boosts,

which is a crucial feature of jet clustering [41]. For exam-
ple, it is important for multijet events where the parton
kinematics is not constrained by xB and Q2, and to iden-
tify photo-production or separate the beam remnant from
forward jets [49].

To solve this issue, we introduce a new jet algorithm
that is longitudinally invariant along the Breit frame
beam axis but yet captures the struck-quark jet. Re-
cently, Boronat et al. [50] proposed a hybrid algorithm
that suppresses �� background in e+e� colliders. In con-
trast, we suggest a jet algorithm that is asymmetric in
the backward and forward directions, and suggest novel
studies for spherically-invariant algorithms in DIS.

Starting with the distance measure of the Cam-
bridge/Aachen (C/A) algorithm for e+e� (i.e Eq. (6) for
p = 0), we write the numerator in Eq. (6) in terms of the
unit vectors along the directions of particles i and j,

1 � cij = 1 � n̂i · n̂j = 1 � sisj cos ��ij � cicj . (7)

with ci = cos ✓i and si = sin ✓i. Expanding in the very
backward limit (i.e. ✓̄i ⌘ ⇡ � ✓i ⌧ 1) we find:

1 � cij '
1

2
(✓̄i � ✓̄j)

2 + ✓̄i✓̄j(1 � cos ��ij). (8)

We then introduce the replacements:

✓̄i ! fi = f(⌘̄i) , ⌘̄i ⌘ �
2Q

n̄ · q

p?
i

n · pi
, (9)
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struck quark

Figure 2. Jet clustering in the Breit frame using the longitudinally-invariant anti-kT (LI), Centauro, and spherically-invariant
anti-kT (SI) algorithms in a DIS event simulated with Pythia 8. Each particle is illustrated as a disk with area proportional
to its energy and the position corresponds to the direction of its momentum projected onto the unfolded sphere about the
hard-scattering vertex. The vertical dashed lines correspond to constant ✓ and curved lines to constant �. All the particles
clustered into a given jet are colored the same.

the scaling variable:

zjet =
P · pjet

P · q
' n̄ · pjet/Q = p�

jet/Q . (4)

At leading-logarithmic accuracy, zjet is the fraction of the
struck-quark momentum carried by the jet.

New jet algorithms for DIS. The longitudinally-
invariant kT -type jet algorithms [42–46] use the following
distance measure:

dij = min(p2p
Ti, p

2p
Tj)�R2

ij/R2 , diB = p2p
Ti , (5)

where �Rij = (yi � yj)2 + (�i � �j)2. Here dij is the
distance between two particles in the event and diB is
the beam distance. Since they cluster particles in the
rapidity-azimuth (y � �) plane, they cannot form a jet
enclosing the n̄µ direction (y = �1).

One way to bypass this problem is to use spherically-
invariant algorithms. Catani et al. first proposed to adapt
spherically-invariant algorithms to DIS in ref. [47]. In this
study we consider the kT -type algorithms for e+e� colli-
sions [46, 48], which have the following distance measure:

dij = min(E2p
i , E2p

j )
1 � cij

1 � cR
, diB = E2p

i , (6)

where cij = cos ✓ij and cR = cos R. However, these algo-
rithms lack the longitudinal invariance that connects the
class of frames related to the Breit frame by ẑ boosts,

which is a crucial feature of jet clustering [41]. For exam-
ple, it is important for multijet events where the parton
kinematics is not constrained by xB and Q2, and to iden-
tify photo-production or separate the beam remnant from
forward jets [49].

To solve this issue, we introduce a new jet algorithm
that is longitudinally invariant along the Breit frame
beam axis but yet captures the struck-quark jet. Re-
cently, Boronat et al. [50] proposed a hybrid algorithm
that suppresses �� background in e+e� colliders. In con-
trast, we suggest a jet algorithm that is asymmetric in
the backward and forward directions, and suggest novel
studies for spherically-invariant algorithms in DIS.

Starting with the distance measure of the Cam-
bridge/Aachen (C/A) algorithm for e+e� (i.e Eq. (6) for
p = 0), we write the numerator in Eq. (6) in terms of the
unit vectors along the directions of particles i and j,

1 � cij = 1 � n̂i · n̂j = 1 � sisj cos ��ij � cicj . (7)

with ci = cos ✓i and si = sin ✓i. Expanding in the very
backward limit (i.e. ✓̄i ⌘ ⇡ � ✓i ⌧ 1) we find:

1 � cij '
1

2
(✓̄i � ✓̄j)

2 + ✓̄i✓̄j(1 � cos ��ij). (8)

We then introduce the replacements:

✓̄i ! fi = f(⌘̄i) , ⌘̄i ⌘ �
2Q

n̄ · q

p?
i

n · pi
, (9)
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Figure 3. The distribution of jets in the Breit frame in terms of their pseudorapidity ⌘jet and momentum fraction zjet. The left,
center, and right panels correspond to jets identified with the anti-kT (LI), Centauro, and anti-kT (SI) algorithms, respectively.
The dashed lines indicate the separation of jets in the current and target fragmentation region.

where the function f must satisfy: f(x) = x + O(x2),
and p?

i is the transverse momentum in the Breit frame.
The term ⌘̄i (which in the Breit frame is 2p?

i /(n · pi))
introduces an asymmetry: in the backward region the
distance between particles is given by their separation in
⌘̄, which decreases as particles become closer in angle.
In contrast, in the forward region ⌘̄ diverges and thus
prevents jets from enclosing the proton beam direction,
like the anti-kT (LI) algorithm. We thus introduce the
following distance measure:

dij =
h
(�fij)

2 + 2fifj(1 � cos ��ij)
i
/R2 , diB = 1

(10)

which defines a new class of algorithms, which we call
Centauro algorithms. Two relevant choices [51] for the
function f are:

f(x) = x , f(x) = sinh�1(x) . (11)

The Centauro algorithm is invariant along the ẑ direc-
tion, but in the backward hemisphere it matches the
spherically-invariant algorithms (see Eq. (6)). This fea-
ture is largely independent of the choice of f [52].

Simulation results and applications. Throughout
this letter we analyze DIS events with Q > 10 GeV sim-
ulated in Pythia 8 [53] with 10 and 100 GeV electron
and proton beam energies respectively [54]. We exclude
neutrinos and particles with |⌘| > 4 or pT < 200 MeV in
the laboratory frame.

Fig. 2 illustrates the anti-kT (LI), Centauro, and anti-
kT (SI) jet clustering for an exemplary Pythia 8 event.
The anti-kT (LI) algorithm clusters the particles from

the fragmentation of the struck-quark into four different
jets [55]. In contrast, the anti-kT (SI) and Centauro algo-
rithms cluster all of these particles into a single jet with
zjet ⇠ 1. The Centauro algorithm mimics the features of
the anti-kT (SI) in the backward direction and the anti-
kT (LI) in the forward direction.

Furthermore, with the use of Centauro and anti-kT (SI)
jets it is also possible to suppress the target fragmenta-
tion with a cut on zjet ⇠ 0.2 � 0.7, as shown in Fig. 3
(center panel). This allows for direct studies of quark
TMD observables. For the anti-kT (SI) [56] algorithm,
a cut on ⌘jet < 1 separates current and target regions
(right panel of Fig. 3). This reveals the full zjet spectrum,
which cannot be accessed with hadron measurements due
to the contamination from the target fragmentation re-
gion [57, 58]. For comparison we also show the result for
the anti-kT (LI) algorithm in the left panel of Fig. 3.

Fig. 4 shows the zjet and ⌘jet distributions of inclusive
jets as described above. While in the backward region
(⌘jet < 0), the Centauro and anti-kT (SI) algorithms re-
sult in a peak at large zjet ⇠ 1, the anti-kT (LI) algorithm
separates that jet into several and yields a peak at small-
zjet. The two peaks at zjet ⇠ 1 and zjet ⇠ 0 correspond
to backward and mid rapidity jets. The intermediate zjet
region is described in terms of jet functions and DGLAP
evolution [59–62]. The large-zjet jets probe the thresh-
old region [63], whereas the small-zjet region is related to
soft fragmentation in e+e� collisions [64–68] and small-x
physics [69–71].

We propose a measurement of zjet at HERA, which has
not been done before, and the future EIC. The high-zjet
region corresponds to jets with high-pT in the laboratory

3

Figure 3. The distribution of jets in the Breit frame in terms of their pseudorapidity ⌘jet and momentum fraction zjet. The left,
center, and right panels correspond to jets identified with the anti-kT (LI), Centauro, and anti-kT (SI) algorithms, respectively.
The dashed lines indicate the separation of jets in the current and target fragmentation region.
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TMD observables. For the anti-kT (SI) [56] algorithm,
a cut on ⌘jet < 1 separates current and target regions
(right panel of Fig. 3). This reveals the full zjet spectrum,
which cannot be accessed with hadron measurements due
to the contamination from the target fragmentation re-
gion [57, 58]. For comparison we also show the result for
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Fig. 4 shows the zjet and ⌘jet distributions of inclusive
jets as described above. While in the backward region
(⌘jet < 0), the Centauro and anti-kT (SI) algorithms re-
sult in a peak at large zjet ⇠ 1, the anti-kT (LI) algorithm
separates that jet into several and yields a peak at small-
zjet. The two peaks at zjet ⇠ 1 and zjet ⇠ 0 correspond
to backward and mid rapidity jets. The intermediate zjet
region is described in terms of jet functions and DGLAP
evolution [59–62]. The large-zjet jets probe the thresh-
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We propose a new jet algorithm for deep-inelastic scattering (DIS) that accounts for the forward-
backward asymmetry in the Breit frame. The Centauro algorithm is longitudinally invariant and can
cluster jets with Born kinematics, which enables novel studies of transverse-momentum-dependent
observables. Furthermore, we show that spherically-invariant algorithms in the Breit frame give
access to low-energy jets from current fragmentation. We propose novel studies in unpolarized,
polarized, and nuclear DIS at the future Electron-Ion Collider.

Introduction. Understanding the structure of nu-
cleons and nuclei in terms of quark and gluons remains
an open goal. Jet production in deep inelastic scattering
(DIS) provides an excellent tool for this endeavor. The
future Electron-Ion Collider (EIC) [1] will produce the
first jets in polarized and nuclear DIS, which will enable
a rich jet program [2–33].

The HERA jet measurements in DIS targeted gluon-
initiated processes by requiring large transverse momen-
tum in the Breit frame [34]. This suppresses the Born
configuration, �⇤q ! q, which has recently been postu-
lated as key to probe transverse-momentum dependent
(TMD) PDFs [35–37]. Complementary to semi-inclusive
DIS observables, jets avoid nonperturbative TMD frag-
mentation functions. Moreover, modern jet substructure
techniques [38] offer new methods for precise QCD calcu-
lations and to control nonperturbative effects, e.g groom-
ing or a recoil-free axis can be used to minimize hadroniza-
tion effects or study TMD evolution [39]. These tech-
niques also provide new ways to connect to lattice QCD
calculations, e.g. of the nonperturbative Collins-Soper
kernel [40].

The Breit frame plays a central role in jet clustering
for DIS [41], and it allows for a factorized TMD cross
section in terms of the same soft and un-subtracted TMD
functions as in Drell-Yan and e+e�

! dihadron/dijet pro-
cesses [35–37]. However, the longitudinally-invariant (LI)
algorithms commonly used in DIS cannot cluster jets that
enclose the beam axis given by the proton/photon direc-
tion (see Fig. 1).

In this letter, we introduce a new jet algorithm that
is longitudinally invariant but can capture jets close to
the Born configuration in the Breit frame. In addition,

proton
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Figure 1. DIS Born kinematics in the Breit frame.

we use spherically-invariant (SI) algorithms to study the
jet energy spectrum and find that they can separate the
current and target fragmentation region even for soft jets.
Finally, we suggest novel studies of jet energy and TMD
observables.

Notation and DIS kinematics. In the Breit frame,
the virtual photon momentum is given by:

qµ =
Q

2
(n̄µ

� nµ) = Q(0, 0, 0, �1) , (1)

where nµ
⌘ (1, 0, 0, +1) and n̄µ

⌘ (1, 0, 0, �1). The pro-
ton momentum (up to mass corrections) is:

Pµ
' Q/(2xB)nµ = Q/(2xB)(1, 0, 0, +1) , (2)

with Bjorken xB ⌘ Q2/(2 q ·P ). At Born level, the struck
quark back-scatters against the proton and has momen-
tum (x ' xB):

pµ
q = xPµ + qµ

' (Q/2)n̄µ . (3)

The fragmentation of the struck-quark yields a jet that
points to the beam direction. The algorithms we intro-
duce below are designed to capture this jet. We define
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Conclusions
● Machine learning is here to stay. 
● If a problem can be framed in the “right” way, ML can lead to real insights - but 

it should be primarily viewed as tool! 
● Precision calculations of jet substructure observables will be critical for future 

measurements, notably for αs extractions
● See you in Hamburg!
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My hopes for 2020

● Can we come up with quantifiable metrics beyond performance 
for comparisons of different ML algorithms? Different metrics for 
different applications?

[arXiv:1803.07977]● Is it possible to find ways to leverage performance gains from 
ML methods in calculable and robust frameworks?

32

● Can we perform precision calculations for other key 
jet substructure observables? And compare these 
calculations with measurements?

● Is it possible to improve non-perturbative modelling, 
e.g. through improvements of perturbative 
component of parton showers?
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● Can we perform precision calculations for other key 
jet substructure observables? And compare these 
calculations with measurements?

● Is it possible to improve non-perturbative modelling, 
e.g. through improvements of perturbative 
component of parton showers?

• I don’t think we are there yet but 
progress has been made 

• “Robustness”: how much a ML tool 
performance depends on physics we 
do (not) control, e.g. leading-log, PS 
at parton level, PS at hadron level 

• New taggers, groomers and 
observables are often inspired by 
theory, i.e. they are  derived having 
both robustness and performance 
in mind
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I leave the questions 
about calculations 

to Ian Moult
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I leave the questions 
about calculations 

to Ian Moult

I wish this happened

• I don’t think we are there yet but 
progress has been made 

• “Robustness”: how much a ML tool 
performance depends on physics we 
do (not) control, e.g. leading-log, PS 
at parton level, PS at hadron level 
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theory, i.e. they are  derived having 
both robustness and performance 
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• Should we do what we know we are good at? 

• calculable observables have tremendous value on their own 

• they can be input to ML algorithms and help us to crowbar 
the damned black box! 

• Should we try new ways of thinking about jets? 

• it seems to me that a recurrent theme in the past year has 
been geometry (not new for jets, but it’s seen a resurgence)  

• Is what we have “enough” for the LHC and it’s time to focus 
theory imagination on future machines? If not, what are the 
most pressing needs? 
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Thank you very much!
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Special thanks to: Jesse Liu, Lingfeng Li, Sung Hak Lim, Eric 
Metodiev, Alba Soto Ontoso for providing inputs and materials 
for this talk. 

I hope I was able to represent their work in a decent way and 
I’m sure they will be happy to answer any question you might 
have


