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Universality at equilibrium: phase transitions
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•non-analytic change in ground state properties as a control parameter is varied

•criticality/divergence

•scale invariance

•universality classes usually depend on dimension

ferromagnet-paramagnet phase transition  
(3D Ising universality class)

liquid-gas phase transition around critical point 
(3D Ising universality class)

CV ⇠ |T � Tc|�↵
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scale invariance



Universality in dynamics?

Kelvin’s ship wave

singularities in wave dynamics (“natural focusing”)

Rogue waves
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Catastrophe theory: structurally stable singularities

!4

1D: point
2D: cusp

3D: swallowtail 3D: hyperbolic umbilic3D: elliptic umbilic



Cusp caustic

Leonardo	de	Vinci	c.	1508

fold lines

cusp point

• Structurally stable
• Generic
• Singular…light 

intensity diverges (in 
geometric theory)
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Structurally stable caustics and their generating functions with 
K≤4

name codimension K f(s;C) [generating function]

Fold 1 s3/3+Cs
Cusp 2 s4/4+C2s2/2+C1s

Swallowtail 3 s5/5+C3s3/3+C2s2/2+C1s
Elliptic umbilic 3 s13-3s1s22- C3(s12+s22)-C2s2-C1s1

Hyperbolic umbilic 3 s13+s23- C3s1s2-C2s2-C1s1

Butterfly 4 s6/6+C4s4/4+C3s3/3+C2s2/2+C1s
Parabolic umbilic 4 s14+s1s22+C4s22+C3s12+C2s2+C1s1

R.	Thom	Structural	Stability	and	Morphogenesis	(Benjamin,	1975);			V.I.	Arnol’d,	Russ.	Math.	Survs.	30	(5)	(1975)	p.1	

Caustics occur where                 (Fermat’s principle) AND
@�

@si
= 0
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@2�

@s2i
= 0
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Example: the cusp
�(s;C) = s4/4 + C2s

2/2 + C1s

Ray equation (Fermat’s principle) :

@2�

@s2
= 3s2 + C2 = 0Caustic equation :

Eliminate s :

@�

@s
= s3 + C2s+ C1 = 0
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C1 = ±
r

4

27
(�C2)

3/2



Wave theory: Feynman path integral

 (B) = N
X

paths j

eiSj/~

Richard Feynman
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Wave catastrophes

T. Pearcey, Phil. Mag. 37, 311 (1946)

 cusp(C1, C2) =
1p
2⇡

Z 1

�1
ei(s

4/4+C2s
2/2+C1s)ds

amplitude phase
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 fold(C) =
1p
2⇡

Z 1

�1
ei(s

3/3+Cs) ds

=
p
2⇡Ai[C]

Airy%func*on%

ray theory

WKB theory

G.B. Airy, Trans. Camb. Phil. 
Soc. 6, 379 (1838)

Singularities are removed by interference



The Pearcey function

T. Pearcey, Phil. Mag. 37, 311 (1946)

 cusp(C1, C2) =
1p
2⇡

Z 1

�1
ei(s

4/4+C2s
2/2+C1s)ds

There are three classical solutions inside the cusp and one outside

amplitude phase
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C1

C2



“Light” cones
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h�z
i (t)iMeasured magnetization

Spin chain Atoms in optical lattice (Bose Hubbard)

Cd(t) = hŝj(t)ŝj+d(t)i
�hŝj(t)ihŝj+d(t)i

• T. Fukuhara et al Nature 502, 76 (2013). 

• T. Langen et al Nat. Physics 9, 640 (2013). 

• P. Richerme et al Nature 511, 198 (2014).

Other experiments:



Lieb-Robinson bound
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E. H. Lieb and D. W. Robinson, “The finite group velocity of quantum spin systems” 
Comm. Math. Phys. 28, 251 (1972).  

| h (t)|Ô| (t)i � h 0|Ô| 0i |  || [Ô(t),�x
l (0)] ||

<latexit sha1_base64="PCmoz1Nc2FfxXVTzNEjYjKmuMyU="></latexit>

Local quench at t=0 | (t = 0)i = �̂x
l | 0i

<latexit sha1_base64="Odb/f6+g6MQRWMmAQjve8BI0ap8="></latexit>

Change in observable       :  O
<latexit sha1_base64="C9VsfQgXBKcUSYmMuQgw/3NmQGM=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZdFN+6sYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaWehrQcCh3PuJeeeMOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo2WqCG0TyaXqhVhTzgRtG2Y47SWK4jjktBtObnO/+0SVZlI8mmlCgxiPBIsYwcZKfj/GZkwwz+5ng2rNrbtzoFXiFaQGBVqD6ld/KEkaU2EIx1r7npuYIMPKMMLprNJPNU0wmeAR9S0VOKY6yOaRZ+jMKkMUSWWfMGiu/t7IcKz1NA7tZB5RL3u5+J/npya6DjImktRQQRYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbaliS/CWT14lnUbdu6g3Hi5rzZuijjKcwCmcgwdX0IQ7aEEbCEh4hld4c4zz4rw7H4vRklPsHMMfOJ8/huKRaQ==</latexit>

If interactions between spins have exponential spatial dependence then:

C, µ
<latexit sha1_base64="3g8bELGp/5Eep2mTwVXFbdxs6Yc=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiNgh6DuXiMYB6QLGF2MpsMmZld5iGEJR/hxYMiXv0eb/6Nk2QPmljQUFR1090VpZxp4/vf3tr6xubWdmGnuLu3f3BYOjpu6cQqQpsk4YnqRFhTziRtGmY47aSKYhFx2o7G9ZnffqJKs0Q+mklKQ4GHksWMYOOkdv0S9YRF/VLZr/hzoFUS5KQMORr90ldvkBArqDSEY627gZ+aMMPKMMLptNizmqaYjPGQdh2VWFAdZvNzp+jcKQMUJ8qVNGiu/p7IsNB6IiLXKbAZ6WVvJv7nda2Jb8OMydQaKsliUWw5Mgma/Y4GTFFi+MQRTBRztyIywgoT4xIquhCC5ZdXSataCa4q1Yfrcu0uj6MAp3AGFxDADdTgHhrQBAJjeIZXePNS78V79z4WrWtePnMCf+B9/gD/z46x</latexit>

= +ve constants

d
<latexit sha1_base64="i4T7bfCHibYNJNngwp/p1+TXADk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJu3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCorZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj25n/8IRK80Tem3GKfkwHkkecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9cKEZTFKwwTVuuu5qfEnVBnOBE5LvUxjStmIDrBrqaQxan8yP3RKzqwSkihRtqQhc/X3xITGWo/jwHbG1Az1sjcT//O6mYmu/QmXaWZQssWiKBPEJGT2NQm5QmbE2BLKFLe3EjakijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8fyTeM7A==</latexit>

= distance from initial excitation
= Lieb-Robinson velocity

|| [Ô(t),�x
l (0)] ||  ||Ô||F (d, t), F (d, t) = Ceµ(vLR|t|�d)

<latexit sha1_base64="rtjOj9ADzpdVZjtPxoocVfZk2A8="></latexit>

vLR
<latexit sha1_base64="br0paopVOwpNmPamZMsvy81kAk0=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWFhEMR+QHGFvs0mW7O2du3OBcORP2FgoYuvfsfPfuEmu0MQHA4/3ZpiZF8RSGHTdb2dldW19YzO3ld/e2d3bLxwc1k2UaMZrLJKRbgbUcCkUr6FAyZux5jQMJG8Ew5up3xhxbUSkHnEccz+kfSV6glG0UpOMOundw4R0CkW35M5AlomXkSJkqHYKX+1uxJKQK2SSGtPy3Bj9lGoUTPJJvp0YHlM2pH3eslTRkBs/nd07IadW6ZJepG0pJDP190RKQ2PGYWA7Q4oDs+hNxf+8VoK9Kz8VKk6QKzZf1EskwYhMnyddoTlDObaEMi3srYQNqKYMbUR5G4K3+PIyqZdL3nmpfH9RrFxnceTgGE7gDDy4hArcQhVqwEDCM7zCm/PkvDjvzse8dcXJZo7gD5zPH0j0j3k=</latexit>



Quasiparticle model
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P. Calabrese and J. Cardy, Phys. Rev. Lett. 96, 136801 (2006). 
 

Lieb-Robinson bound arises from finite group velocity of quasiparticles

| (t)i = e�iHt/~b†
x=0|0ib =

1p
N

X

k

e�i✏kt/~|ki
<latexit sha1_base64="6/HiFTi8l4y2Nl5xQBrTbxY/jLM="></latexit>

quasiparticle dispersion

creates quasiparticle at x=0

Continuum 
approximation:  CA(x, t) =

p
a

2⇡

Z ⇡/a

�⇡/a
dk ei�(k;x,t)

<latexit sha1_base64="SdUACWDdm0b3AJRbl/gZhokGn+E="></latexit>

�(k;x, t) = kx� ✏kt/~
<latexit sha1_base64="rSYQOCdNwTmY5iQw7ZqBM2oWZV0=">AAACCXicbVDLSgNBEJyNrxhfqx69DAYhgsbdKCiIEPTiMYJ5QDaE2ckkGXb2wUyvJCy5evFXvHhQxKt/4M2/cZLsQRMLGoqqbrq73EhwBZb1bWQWFpeWV7KrubX1jc0tc3unpsJYUlaloQhlwyWKCR6wKnAQrBFJRnxXsLrr3Yz9+gOTiofBPQwj1vJJL+BdTgloqW1ip9LnBe9ycASHV97g2GGR4kI7Hpw4fZfItpm3itYEeJ7YKcmjFJW2+eV0Qhr7LAAqiFJN24qglRAJnAo2yjmxYhGhHumxpqYB8ZlqJZNPRvhAKx3cDaWuAPBE/T2REF+poe/qTp9AX816Y/E/rxlD96KV8CCKgQV0uqgbCwwhHseCO1wyCmKoCaGS61sx7RNJKOjwcjoEe/bleVIrFe3TYunuLF++TuPIoj20jwrIRueojG5RBVURRY/oGb2iN+PJeDHejY9pa8ZIZ3bRHxifP2HdmYQ=</latexit>

vg = (1/~)|d✏k/dk|
<latexit sha1_base64="ZtXO3VPrRD2+6MxL16Mk9V6jzVA=">AAACJnicbVDLSsNAFJ34rPUVdelmsAh10yZV0E2h6MZlBfuAJoTJZNIOnTyYmRRKyNe48VfcuKiIuPNTnLQBtfXAwOGcc5l7jxszKqRhfGpr6xubW9ulnfLu3v7BoX503BVRwjHp4IhFvO8iQRgNSUdSyUg/5gQFLiM9d3yX+70J4YJG4aOcxsQO0DCkPsVIKsnRmxMnHWbNqlm3Ri7iF5YKS2gFSI54kHqZRWJBmUqO6z8iHMNFztErRs2YA64SsyAVUKDt6DPLi3ASkFBihoQYmEYs7RRxSTEjWdlKBIkRHqMhGSgaooAIO52fmcFzpXjQj7h6oYRz9fdEigIhpoGrkvmqYtnLxf+8QSL9GzulYZxIEuLFR37CoIxg3hn0KCdYsqkiCHOqdoV4hDjCUjVbViWYyyevkm6jZl7WGg9XldZtUUcJnIIzUAUmuAYtcA/aoAMweAIvYAbetGftVXvXPhbRNa2YOQF/oH19AwlJpiI=</latexit>

vLR = max
k

|d✏k/dk|
<latexit sha1_base64="KyDjU4GlVKAgov+/RkHK9HQhtYo=">AAACL3icbVDLSsNAFJ3UV62vqEs3g0VwVZMq6EYoCuLCRRX7gKaEyXTaDplJwsykWEL+yI2/0o2IIm79C6dthNp6YeDMOfdw7z1exKhUlvVm5JaWV1bX8uuFjc2t7R1zd68uw1hgUsMhC0XTQ5IwGpCaooqRZiQI4h4jDc+/HuuNARGShsGjGkakzVEvoF2KkdKUa94M3MThSPUFT+4e0vRSf55cHzrapOCv0kmhQyJJmbb4J7N01umaRatkTQouAjsDRZBV1TVHTifEMSeBwgxJ2bKtSLUTJBTFjKQFJ5YkQthHPdLSMECcyHYyuTeFR5rpwG4o9AsUnLCzjgRxKYfc053jTeW8Nib/01qx6l60ExpEsSIBng7qxgyqEI7Dgx0qCFZsqAHCgupdIe4jgbDSERd0CPb8yYugXi7Zp6Xy/VmxcpXFkQcH4BAcAxucgwq4BVVQAxg8gxF4Bx/Gi/FqfBpf09ackXn2wZ8yvn8Ak6Gqkg==</latexit>

@�/@k = 0
<latexit sha1_base64="s1w3QlagrOdxPeDOr/DinOTOh68=">AAACA3icbVDLSgMxFL3js9bXqDvdBIvgqs5UQTdC0Y3LCvYBnaFk0rQNzWSGJCOUoeDGX3HjQhG3/oQ7/8ZMO4i2HgicnHPvTe4JYs6Udpwva2FxaXlltbBWXN/Y3Nq2d3YbKkokoXUS8Ui2AqwoZ4LWNdOctmJJcRhw2gyG15nfvKdSsUjc6VFM/RD3BesxgrWROva+F2OpGebIqw3Yyc9teOl07JJTdiZA88TNSQly1Dr2p9eNSBJSoQnHSrVdJ9Z+mk0knI6LXqJojMkQ92nbUIFDqvx0ssMYHRmli3qRNEdoNFF/d6Q4VGoUBqYyxHqgZr1M/M9rJ7p34adMxImmgkwf6iUc6QhlgaAuk5RoPjIEE8nMXxEZYImJNrEVTQju7MrzpFEpu6flyu1ZqXqVx1GAAziEY3DhHKpwAzWoA4EHeIIXeLUerWfrzXqfli5Yec8e/IH18Q3o9ZcJ</latexit>

@2�/@k2 = 0
<latexit sha1_base64="9Tx5IxBoytdhCVFGg5/oG8+aXI0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwVWdGQTdC0Y3LCvYBnWnJpGkbmnmQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnHPvTe7xY86ksqwvY2FxaXlltbBWXN/Y3No2d3brMkoEoTUS8Ug0fSwpZyGtKaY4bcaC4sDntOEPrzO/cU+FZFF4p0Yx9QLcD1mPEay01DEP3BgLxTBvO8itDtjJzx0N286l1TFLVtmaAM0TOyclyFHtmJ9uNyJJQENFOJayZVux8tJsJuF0XHQTSWNMhrhPW5qGOKDSSyd7jNGRVrqoFwl9QoUm6u+OFAdSjgJfVwZYDeSsl4n/ea1E9S68lIVxomhIpg/1Eo5UhLJQUJcJShQfaYKJYPqviAywwETp6Io6BHt25XlSd8r2adm5PStVrvI4CrAPh3AMNpxDBW6gCjUg8ABP8AKvxqPxbLwZ79PSBSPv2YM/MD6+AVgCmFE=</latexit>

}
<latexit sha1_base64="z9I03uDaA3bS8qEriCB/zLQ+3nM=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh960X664VXcOskq8nFQgR6Nf/uoNYpZGXCGT1Jiu5yboZ1SjYJJPS73U8ISyMR3yrqWKRtz42fzSKTmzyoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbTglG4K3/PIqadWq3kW1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD5/ajWs=</latexit>

light cone equations 
match caustic 
conditions!



Prediction of catastrophe theory
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structurally stable catastrophes in 2D 
(x,t) plane are fold lines and cusps…..



Transverse Field Ising model (TFIM)
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H = �J

X

hiji

�
x
i �

x
j � h

X

i

�
z
i

<latexit sha1_base64="z+r5RTbuqWGlyV2OUe7sXB25d44="></latexit>

• Can be exactly diagonalized to give fermionic quasiparticles with dispersion relation:

✏k = 2J
q
(cos(ka)� g)2 + sin2(ka)

<latexit sha1_base64="Bd/AOSh45QHabNdsG9Etqa638Rk=">AAACFnicbZBNS8MwGMfT+Tbn29Sjl+IQNmSjrYJehKEX8TTBvcDajTRLt9A0rUkqjLJP4cWv4sWDIl7Fm9/GdOtBN/8Q+OX/PA/J83cjSoQ0jG8tt7S8srqWXy9sbG5t7xR391oijDnCTRTSkHdcKDAlDDclkRR3Io5h4FLcdv2rtN5+wFyQkN3JcYSdAA4Z8QiCUln9YtXGkSBUoX9h3djinsukbKNQlH1YqQ4rPevYFoT1rPQ+6RdLRs2YSl8EM4MSyNToF7/sQYjiADOJKBSiaxqRdBLIJUEUTwp2LHAEkQ+HuKuQwQALJ5muNdGPlDPQvZCrw6Q+dX9PJDAQYhy4qjOAciTma6n5X60bS+/cSQiLYokZmj3kxVSXoZ5mpA8Ix0jSsQKIOFF/1dEIcoikSrKgQjDnV16EllUzT2rW7WmpfpnFkQcH4BCUgQnOQB1cgwZoAgQewTN4BW/ak/aivWsfs9acls3sgz/SPn8AMj2eGQ==</latexit>

g = h/J
<latexit sha1_base64="fzv5mq9/CI7aMv25kkl7RzW6qCc=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU92tgl6EohfxVMFtC+1Ssmm2DU2yS5IVytLf4MWDIl79Qd78N6btHrT1wcDjvRlm5oUJZ9q47rdTWFldW98obpa2tnd298r7B00dp4pQn8Q8Vu0Qa8qZpL5hhtN2oigWIaetcHQ79VtPVGkWy0czTmgg8ECyiBFsrOQProdn971yxa26M6Bl4uWkAjkavfJXtx+TVFBpCMdadzw3MUGGlWGE00mpm2qaYDLCA9qxVGJBdZDNjp2gE6v0URQrW9Kgmfp7IsNC67EIbafAZqgXvan4n9dJTXQVZEwmqaGSzBdFKUcmRtPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJp1qreebX2cFGp3+RxFOEIjuEUPLiEOtxBA3wgwOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AFlaONQ==</latexit>

generating 
function

�(k, x, t) = kx� 2Jt
q
(cos(ka)� g)2 + sin2(ka)/~

<latexit sha1_base64="ElZpvKEurQkVt2dex1fpM+YOTcg="></latexit>

x=0 
t=1 x=0.5 

t=1
x=0.8 
t=1

x=1.1 
t=1



TFIM light cone
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 Ai(C
j ; J) ⇡ 1

2⇡t1/3

 
2Jg

2�j
3

vI~

! 1
2 Z �j

↵j

dsj e
iJ
~ �1(sj ;C

j) t!1/
✓
J

~

◆ 1
6

Ai

"✓
J

~

◆ 2
3

Cj

#

<latexit sha1_base64="CurYWuxEjNf4Y4ed84mv95CXFpc="></latexit>

Cj(x, t) = 2(x/vI � t)(g2�j/
p
t)2/3

<latexit sha1_base64="pw7/WhjDf1h06foPvJq3YOOABCE="></latexit>

j = {1, 2} when {g > 1, g < 1}
<latexit sha1_base64="rZEdl3Kb7zwUk7do30DcWKIWDJ0=">AAACEXicbVC7TsMwFHXKq4RXgJHFokLqUFVJQYIBUAULY5HoQ2qqynHd1tRxItsBqii/wMKvsDCAECsbG3+D02aAliNd6fice+V7jxcyKpVtfxu5hcWl5ZX8qrm2vrG5ZW3vNGQQCUzqOGCBaHlIEkY5qSuqGGmFgiDfY6TpjS5Tv3lHhKQBv1HjkHR8NOC0TzFSWupaxdszN3ZKFRO6CYQudH0veIjvh4Qn6SsenDulwanjJl2rYJftCeA8cTJSABlqXevL7QU48glXmCEp244dqk6MhKKYkcR0I0lChEdoQNqacuQT2YknFyXwQCs92A+ELq7gRP09ESNfyrHv6U4fqaGc9VLxP68dqf5JJ6Y8jBThePpRP2JQBTCNB/aoIFixsSYIC6p3hXiIBMJKh2jqEJzZk+dJo1J2DsuV66NC9SKLIw/2wD4oAgccgyq4AjVQBxg8gmfwCt6MJ+PFeDc+pq05I5vZBX9gfP4Acs+a6Q==</latexit>

vLR ⌘
(

2Jag
~ 0 < |g| < 1

2Ja
~ 1 < |g|

<latexit sha1_base64="llh/NppSAiKVDHd3hB+HdgsM1/A="></latexit>



Self-similar scaling
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<latexit sha1_base64="Ke2v5WJxBRMRelvVOkTxyzRRm8M="></latexit>

Oscillation period, T, is found from the time difference between maxima in the 
wavefunction immediately following the light cone for the TFIM quench

Berry indexArnol’d index

slope= 0.654 ± 0.003Exact results
(numerical):

Analytical 
prediction:



XY spin chain
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H = �J

X

hiji

✓
(1 + �)

2
�
x
i �

x
j +

(1� �)

2
�
y
i �

y
j

◆
� h

X

i

�
z
i

<latexit sha1_base64="YgxDITIIAqCfBw65af/hoCmu8cE="></latexit>

• Reduces to transverse field Ising model when 𝛾=1 
• Can be exactly diagonalized to give fermionic quasiparticles with dispersion relation:

✏k = 2J
q

(cos(ka)� g)2 + �2 sin2(ka)
<latexit sha1_base64="cMwOUW8PlvZk4ilygA+fBZrgpXo="></latexit>

g = h/J
<latexit sha1_base64="fzv5mq9/CI7aMv25kkl7RzW6qCc=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU92tgl6EohfxVMFtC+1Ssmm2DU2yS5IVytLf4MWDIl79Qd78N6btHrT1wcDjvRlm5oUJZ9q47rdTWFldW98obpa2tnd298r7B00dp4pQn8Q8Vu0Qa8qZpL5hhtN2oigWIaetcHQ79VtPVGkWy0czTmgg8ECyiBFsrOQProdn971yxa26M6Bl4uWkAjkavfJXtx+TVFBpCMdadzw3MUGGlWGE00mpm2qaYDLCA9qxVGJBdZDNjp2gE6v0URQrW9Kgmfp7IsNC67EIbafAZqgXvan4n9dJTXQVZEwmqaGSzBdFKUcmRtPPUZ8pSgwfW4KJYvZWRIZYYWJsPiUbgrf48jJp1qreebX2cFGp3+RxFOEIjuEUPLiEOtxBA3wgwOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AFlaONQ==</latexit>

�(k, x, t) = kx� 2Jt
q

(cos(ka)� g)2 + �2 sin2(ka)/~
<latexit sha1_base64="9sknWcFiuXYEph1JT1GMSqrS6VU="></latexit>

generating 
function

4 stationary points



Double cones
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Inner cone wave function:
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<latexit sha1_base64="Powz/sV/niAvYjmzjeDBFWH4878="></latexit>

C1 = �
p
2x/[vI (t�)

1
4 ]

<latexit sha1_base64="LkF2RCmeNWAC/B2Xd0RwllFULW4="></latexit>

C2 = �
p
t(�2 + g � 1)/[

p
�(g � 1)]

<latexit sha1_base64="cHm46YYh6C8sZUcVBWOftSaES4Q=">AAACGXicbZDLSsNAFIYn9VbrrerSTbAIFWlNqqAbodiFLivYCzSxTKbTduhMEmdOhBL6Gm58FTcuFHGpK9/GSduFtv4w8POdczhzfi/kTIFlfRuphcWl5ZX0amZtfWNzK7u9U1dBJAmtkYAHsulhRTnzaQ0YcNoMJcXC47ThDSpJvfFApWKBfwvDkLoC93zWZQSDRu2sVWmXLgqOupcQwyjv9LAQ+K501CvYh8etCXeuEjjKJ8xtZ3NW0RrLnDf21OTQVNV29tPpBCQS1AfCsVIt2wrBjbEERjgdZZxI0RCTAe7RlrY+FlS58fiykXmgScfsBlI/H8wx/T0RY6HUUHi6U2Doq9laAv+rtSLonrsx88MIqE8mi7oRNyEwk5jMDpOUAB9qg4lk+q8m6WOJCegwMzoEe/bkeVMvFe2TYunmNFe+nMaRRntoH+WRjc5QGV2jKqohgh7RM3pFb8aT8WK8Gx+T1pQxndlFf2R8/QDLbJ7p</latexit>

� =
(g3 � 1� 2�2 + 3�4 + g(3� 2�2) + g2(4�2 � 3))

12(g � 1)3
<latexit sha1_base64="QwYt0R2p+Q4LsUUzFKe+RSJPEUU="></latexit>

where:

Arnol’d index
Berry indices



Vortices

!20

• Less vortices as QCP at g=gc=1 is approached.
• Critical slowing down
• Vortices much more sensitive to to QCP than light cone
• Can extract dynamical critical exponent z from vortex-

antivortex annihilation as g —> gc

QCP: g=h/J = 1g=h/J = 0.5 g=h/J = 1

⌧ / ⇠z
<latexit sha1_base64="ZPftO1k+dEUD2nJdQUpchkgeJtk=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWaqoMuiG5cV7AM6Y8mkmTY0k4QkI7ZD8VfcuFDErf/hzr8xbWehrQcuHM65l3vviSSj2njet7O0vLK6tl7YKG5ube/sunv7DS1ShUkdCyZUK0KaMMpJ3VDDSEsqgpKIkWY0uJ74zQeiNBX8zgwlCRPU4zSmGBkrddzDwKAUBlIJaQQMHul9Nhp33JJX9qaAi8TPSQnkqHXcr6ArcJoQbjBDWrd9T5owQ8pQzMi4GKSaSIQHqEfalnKUEB1m0+vH8MQqXRgLZYsbOFV/T2Qo0XqYRLYzQaav572J+J/XTk18GWaUy9QQjmeL4pRB++gkCtilimDDhpYgrKi9FeI+UggbG1jRhuDPv7xIGpWyf1au3J6Xqld5HAVwBI7BKfDBBaiCG1ADdYDBCDyDV/DmPDkvzrvzMWtdcvKZA/AHzucPvlKVag==</latexit>

⇠ = |g � gc|�⌫
<latexit sha1_base64="VTGe5+1vfOoSHPt36b+doUNyMZQ=">AAACB3icbVDNS8MwHE39nPOr6lGQ4BC8bLRT0Isw9OJxgvuAtZY0S7uwNC1JKo7Smxf/FS8eFPHqv+DN/8as20E3HwRe3ns/kt/zE0alsqxvY2FxaXlltbRWXt/Y3No2d3bbMk4FJi0cs1h0fSQJo5y0FFWMdBNBUOQz0vGHV2O/c0+EpDG/VaOEuBEKOQ0oRkpLnnngPNALRycUDKuhl+EcFre7rOrwNPfMilWzCsB5Yk9JBUzR9Mwvpx/jNCJcYYak7NlWotwMCUUxI3nZSSVJEB6ikPQ05Sgi0s2KPXJ4pJU+DGKhD1ewUH9PZCiSchT5OhkhNZCz3lj8z+ulKjh3M8qTVBGOJw8FKYMqhuNSYJ8KghUbaYKwoPqvEA+QQFjp6sq6BHt25XnSrtfsk1r95rTSuJzWUQL74BAcAxucgQa4Bk3QAhg8gmfwCt6MJ+PFeDc+JtEFYzqzB/7A+PwBzf6ZRg==</latexit>

⌫z = 1
<latexit sha1_base64="AcbusaXADMzDfkM+FhpNeU9+Lv0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EohePFeyHtEvJptk2NMkuSVaoS3+FFw+KePXnePPfmG73oK0PBh7vzTAzL4g508Z1v53Cyura+kZxs7S1vbO7V94/aOkoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG9mfvuRKs0ieW8mMfUFHkoWMoKNlR56MkFP6Ap5/XLFrboZ0DLxclKBHI1++as3iEgiqDSEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqsaDaT7ODp+jEKgMURsqWNChTf0+kWGg9EYHtFNiM9KI3E//zuokJL/2UyTgxVJL5ojDhyERo9j0aMEWJ4RNLMFHM3orICCtMjM2oZEPwFl9eJq1a1Tur1u7OK/XrPI4iHMExnIIHF1CHW2hAEwgIeIZXeHOU8+K8Ox/z1oKTzxzCHzifPzoIj18=</latexit>We recover: ⌫z = 0.9999± 0.0004

<latexit sha1_base64="gE9ptovHNWl62LY82VoHFwr/qSI=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYBFdDphbUhVB047KCvUBnKJk004ZmMkOSEerYha/ixoUibn0Nd76NaTsLbf0h8PGfczgnf5BwpjRC31ZhaXllda24XtrY3NresXf3mipOJaENEvNYtgOsKGeCNjTTnLYTSXEUcNoKhteTeuueSsVicadHCfUj3BcsZARrY3XtA0+k8OESORdGXhJB5CCEql27PAUjuAhuDmWQq961v7xeTNKICk04VqrjokT7GZaaEU7HJS9VNMFkiPu0Y1DgiCo/m94/hsfG6cEwluYJDafu74kMR0qNosB0RlgP1HxtYv5X66Q6PPczJpJUU0Fmi8KUQx3DSRiwxyQlmo8MYCKZuRWSAZaYaBNZyYTgzn95EZoVxz11KrfVcu0qj6MIDsEROAEuOAM1cAPqoAEIeATP4BW8WU/Wi/VufcxaC1Y+sw/+yPr8Acrbk14=</latexit>

consistent with known scaling



Summary
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• Light cones in condensed matter systems can be understood as caustics
• Underlying mathematical description is catastrophe theory
• Structural stability
• Universality classes each with their own characteristic wavefunctions and 

scaling exponents
• Universality in dynamics!

J. Mumford, E. Turner, D.W.L. Sprung, and D.H.J. O'Dell, Quantum Spin Dynamics in Fock Space 
Following Quenches: Caustics and Vortices, Phys. Rev. Lett. 122, 170402 (2019).

W. Kirkby, J. Mumford and D.H.J. O’Dell, Light-cones and quantum caustics in quenched spin chains arXiv:
1710.01289

For more information see:

https://arxiv.org/abs/1710.01289
https://arxiv.org/abs/1710.01289


Fold caustic: the rainbow

Single'ray'in'a'raindrop' Many%rays%in%
a%raindrop%

Caustic = envelope of a family of rays

In ray theory the light intensity diverges 
on a caustic: “a lot goes into a little”

Caustics are the singularities of ray theory, 
i.e. places where it fails
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Dynamics of  N particles on a ring
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Julien Barre ́, Freddy Bouchet, Thierry Dauxois, and Stefano Ruffo, Phys. Rev. Lett. 89, 110 (2002).  T. Dauxois, V. Latora, A. 
Rapisarda, S. Ruffo, A. Torcini, “The Hamiltonian Mean Field Model: from Dynamics to Statistical Mechanics and back” in:  T. 
Dauxois, S. Ruffo, E. Arimondo, M. Wilkens (Eds.), Dynamics and Thermodynamics of Systems with Long-Range Interactions, 
Lecture Notes in Physics 602, Springer (2002).  !23



Molecular wave packets
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Angular Focusing, Squeezing, and Rainbow Formation in a Strongly Driven Quantum Rotor 

I. Sh. Averbukh and R. Arvieu

PRL 87, 163601 (2001)



Caustics in atom optics
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Serge Rosenblum, Orel Bechler, Itay Shomroni, 
Roy Kaner, Talya Arusi-Parpar, Oren Raz, and 
Barak Dayan

PRL 112, 120403 (2014)  

Demonstration of Fold and Cusp 
Catastrophes in an Atomic Cloud 
Reflected from an Optical Barrier in 
the Presence of Gravity



Gravity-driven catastrophes

Geophys. Astrophys. Fluid 
Dynamics 20, 111 (1982)
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Self-similarity: scaling exponents
Catastrophe Arnold Index b Berry Indices sj Berry Index g

Fold 1/6 2/3 2/3

Cusp 1/4 3/4, 1/2 5/4

Swallowtail 3/10 4/5, 3/5, 2/5 9/5

Elliptic umbilic 1/3 2/3, 2/3, 1/3 5/3

Hyperbolic umbilic 1/3 2/3, 2/3, 1/3 5/3

Butterfly 1/3 5/6, 2/3, 1/2, 1/3 7/3

Parabolic umbilic 3/8 5/8, 3/4, 1/2, 1/4 17/8
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e.g. Cusp (Pearcey function)  cusp(C1, C2) =
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